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Three  rorlze  on  Mathiaa-bicc  are  'zno'^n.-i  to  have 
interested  Abrahara  Lincoln.    During  his  hrief 
school   days  he   studied   Pi've's  Arithmetic . 

''"nile   riding  the   Circuit  in  the  40s  he   car- 
ried with  hid  a   copy  of  Euclid. 

Just  when  he   studied  Da^-'s  Alr-ehra  is  uncer- 
tain,   l-ut  his  oY/n   copy  vrith  his  name  on  its 
fly-leaf,    is  omied  "by  the   Chicago  Historical 
Socioty,   and  as   it  is  an  edition  of    Iv-'iy^    '■-''^ 
is  aore   than  li'r.ely  that  he   stiiidied  "both  L-eoa- 
etry  and  Algebra   during  the   same  period. 
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fFEEFME. 


'FY^HE  following  summaiy  view  of  tlie  first  principles  of  al- 
gebra,  is  intended  to  be  accommodated  to  ilie  niciliod 
of  instruction  generaj]y  adopted  in  tlie  American  Ci^llegc^. 

The  books  v/hich  have  been  piiblislied,  in  (Jreat-Biitain. 
on  math ematic 0^1  subjects,  are  principally  of  tAo  classes. — 
-One  consists  of  extended  treatises,  which  enter  into  a  ihor- 
ough  investigation  of  the  particular  departments  ulilch  are 
the  objects  of  their  inquiry.  Many  of  these  are  excel- 
lent intheir  kind ;  but  they  are  too  voluminous  for  tlic  u;se  of 
the  body  of  students  in  a  collef:e. 

The  other  class  are  expressly  intended  for  beginners;  V-ut 
.many  of  them  are  written  in  so  concise  a  manner,  tliat  ii!i- 
portant  proofs  and  illustrations  are  e^icludtd.  Tliey  are 
mere  text-hooJcs,  containing  only  the  ontlincs  of  subjects 
which  are  to  be  explained  and  enlarged  upon,  by  the  pro- 
fessor in  his  lecture  room,  or  by  the  pidvate  tiJtor  in  his 
.chamber. 

In  the,  colleges  in  this  country,  :there  is  generally  put  into 
the  hands  of  a. class,  a  book  from  which  they  are  expected 
■of  themselves  to  acquire  the  principles  of  the  science  to 
which  they  are  attending;  receiving,  however,  from  tb.  ir 
instructor,  any  additional  assistance  which  may  be  found  ne- 
cessary. An  elementary  w^ork  for  such  a  purpose,  ought  ev- 
idently to  con^.riin  the  explanations  whixih  are  requisite,  to 
bring  the  subjects  treated  of  within  the  compmhension  of 
the  body  of  the  class. 

If  the  design  of  studyij^g  the  matliematics  v/ere  merely 
to  obtain  such  a  knowledge  of  ilie  irracticni  parts,  as  i^j  re- 
quired for  transacting  business;  it  miglit  be  sufficient  to 
commit  tO; memory  some, of  the  principal  rules,  and  to  make 
the  operations  familiar,  by  attending  to  the  examples.  In 
this  mechanical  way,  the  accountant,  the  pavigator,  and  the 
land-surveyor,  may  be  qualified  for  their  respective  employ- 
ments, with  very  little  knowledge  of  ihe  jjriaciphs  that  lie  at 
•the  foundation  of  the  calculations  wliich  tliey  are  to  make. 

But  a  higher  object  is  proposed,  in  the  case  of  those   who 
are  acquiring  a. liberal  education.     The   mcdii  Jcjign  -houltJ, 
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be  to  call  into  exercise,  to  discipline,  and  to  invigorate  the 
powers  of  the  mind.  It  is  the  logic  of  the  mathematics  Avhich 
constitutes  their  principal  value,  as  a  part  of  a  course  of  col- 
legiate instruction.  The  time  and  attention  devoted  to  them, 
is  for  the  purpose  of  forming  sound  teasoners,  rather  than  ex- 
pert mathematicians.  To  accomplish  this  object,  it  is  necessary 
that  the  principles  be  clearly  explained  and  demonstrated, 
and  that  the  several  parts  be  arranged  in  such  a  manner,  as 
to  show  the  dependence  of  one  upon  another.  The  whole 
should  be  so  conducted,  as  to  keep  the  reasoning  powers  in 
continual  exercise,  without  greatly  fatiguins;  them.  No  oth- 
er subject  affords  a  better  opportunity  for  exemplifying  the 
rules  of  correct  thinking.  A  more  finished  specimen  of 
clear  and  exact  logic  has,  perhaps,  never  been  produced, 
than  the  Elements  of  Geometry  by  Euclid. 

It  may  be  thought,  by  some,  to  be  unwise  to  form  our  gen- 
eral habits  of  arguing,  on  the  model  of  a  science  in  which 
the  inquiries  are  accompanied  with  absolute  certainty ;  while 
the  common  business  of  life  must  be  conducted  upon  proba- 
ble evidence,  and  not  upon  principles  which  admit  of  com- 
plete demonstration.  There  would  be  weight  in  this  objec- 
tion, if  the  attention  were  confined  to  the  pure  mathematics. 
But  when  these  are  connected  with  the  physical  sciences,  as- 
tronomy, chemistry,  and  natural  philosophy,  the  mind  has 
opportunity  to  exercise  its  judgment,  upon  all  the  various 
degrees  of  probability  which  occur  in  the  concerns  of  life. 

So  far  as  it  is  desirable  to  form  a  taste  for  mathematical 
studies,  it  is  important  that  the  books  by  Avhich  the  student 
is  first  introduced  to  an  acquaintance  with  these  subjects, 
should  not  be  rendered  obscure  and  forbidding  by  their  con- 
ciseness. Here  is  no  opportunity  to  awaken  interest,  by  rhe- 
torical elegance,  by  excising  the  passions,  or  by  presenting 
images  to  the  imagination.  The  beauty  of  the  mathe- 
matics depends  on  the  distinctness  of  the  objects  of  inquiry, 
the  symmetry  of  their  relations,  the  luminous  nature  of  the 
arguments,  and  the  certainty  of  the  conclusions.  But  hov*^  is 
this  beauty  to  be  perceived,  in  a  work  which  is  so  much 
abridged,  that  the  chain  of  reasoning  is  often  interrupted, 
many  dilEcuIties  left  unexplained,  important  demonstrations 
omitted,  and  the  transitions  from  one  subject  to  another  so 
abrupt,  as  to  keep  their  connections  and  dependencies  out 
of  view .'' 

It  may  not  be  necessary  to  state  every  proposition  and  its 
proofs  with    all  the  formality  which  is  so  strictly  adiisred  to 
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by  Euclid;  as  it  is  not  essential  to  a  logical  argument,  that 
it  be  expressed  in  regular  and  entire  syllogisms. _  A  step  of  a 
demonstration  may  be  safely  left  out,  when  it  is  so  simple 
and  obvious,  that  no  one  possessing  a  moderate  acquaintance 
with  the  subject,  could  fail  to  supply  it  for  himself.  But  this 
liberty  of  omission  ought  not  to  be  extended,  to  cases  in 
which  it  might  occasion  obscurity  and  embarrassment.  If  it. 
be  desirable'to  give  opportunity  for  the  mind  to  display  and 
enlarge  its  powers,  by  surmounting  obstacles  •  full  scope 
may  be  found  for  this  kind  of  exercise,  especially  hi  the 
higher  branches  of  the  mathematics,  from  difficulties  v;hich 
will  unavoidably  occur,  without  creating  new  ones  for  the 
sake  of  perplexing. 

The  purpose  for  which  abridged  compilations  are  com- 
monly made  is,  probably,  to  save  time.  The  expense  of  an 
additional  volume  or  two,  in  that  part  of  a  public  education 
which  is  to  occupy  a  large  portion  of  three  or  four  years, 
can  hardly  be  supposed  to  be  an  object  of  great  comparative 
importance.  The  principal  saving  of  expense,  in  this  case, 
is  included  in  the  saving  of  time.  But  is  not  the  progress 
of  the  student  impeded,  rather  than  accelerated,  by  abridg- 
ments ?  The  time  requisite  to  become  master  of  a  subject, 
is  not  always  proportioned  to  the  number  of  pages  which  it 
occupies.  I-Iours  may  be  spent,  in  supplying  an  explanation, 
or  an  article  of  proof,  which,  i^  it  had  been  inserted  in  its 
place,  might  have  been  read  and  understood,  in  a  few  m.in- 
utes. 

Algebra  requires  to  be  treated  in  a  more  plain  and  diffuse 
manner,  than  some  other  parts  of  the  mathematics :  because 
it  is  to  be  attended  to,  early  in  the  course,  while  the  mind  of 
the  learner  has  not^been  habituated  to  a  mode  of  thinkmg  so 
abstract,  as  that  which  will  now  become  necessary.  He  lias 
also  a  new  language  to  learn,  at  the  same  time  he  is  settling 
ilie  principles  upon  which  his  future  inquiries  are  to  be  con- 
ducted. These  principles  ought  to  be  established,  in  the 
most  clear  and  satisfactory  manner  v.hich  the  nature  of  the 
case  will  admit  of.  Algebra  and  geometry  may  be  consider- 
ed as  lying  at  the  foundation  of  the  succeeding  branches  of 
the  mathemaiics,  both  pure  and  mixed.  Euclid  and  others 
have  given  to  the  geometrical  part,  a  degree  of  clearnrss 
g„nd  precision  which  would  be  very  desirable,  but  is-  hardly 
to  be  expected,  in  algebra. 

For  the  reasons  v/liich  have  been  mentioned,  the  manner 
'm.  which  the  following  pages  are  written,  is  not   die  mo-^t 
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'of"subtrt  ^"t.  •^^'  T^  'u  ."^^^^^^%  ^^n^ited  in  extent 
cl  sabject  h  IS  far  from  being  a  complete  treatise  of  ake- 
bra.  It  IS  merely  an  introduction.  It  is  intended  to  cSn- 
taan  as  much  matter,  as  the  student  at  college  can  attend  to, 
witn  advantage  during  the  short  time  allotted  to  this  partid 
ular  s.udy.  rhere  is  generally  but  a  small  portion  of  a  class, 
wno  have  either  eisure  or  indination,  to  pursue  mathematic- 
al mquines  much  farther,  than  is  necessary  to  maintain  an 
Jionourable  standmg,  in  the  institution  of  which  thev  are  mem- 
bers. ^  1  hose  few  who  have  an  unasualtaste  ^or  this  science, 
and  aim  to  become  adepts  in  it,  ought  to  be  referred  to  sepa- 
rate and  complete  treatises,  on  the  different  branches.  No 
.one  who  wishes  to  be  thoroughly  versed  in  mathematics, 
sliould  look  to  compendiuras  and  eleiiientary  books,  for  any 
thmg  more,  than  the  first  principles.  As  soon  as  these  are 
acquired,  he  should  be  guided  in  hisinquiries,  by  the  genius 
and  spirit  of  original  .authors. 

In  the  selection  of  materials,  those  articles  have  been  ta- 
i^en  which  have  a  practical  application,  which  are  not  of 
very  diihcult  comprehension,  and  which  are  preparatory  to 
succeeding  parts  of  the  mathematics,  philosophy,  and  astron- 
omy The  object  has  not  been,  to  introduce  original  matter. 
In  the  mathematics,  whicn  have  been  cultivated  with  success 
from  the  days  oi  Pythagoras,  and  in  which  the  principles  al- 
ready estabhshed  are  sufficient  to  occupy  the  most  active 
mind  for  years,  the  parts  to  which  tlie  student  ought  first  to 
attend,  are  not  those  recently  discovered.  Free  use  has 
been  made  of  the  works  of  Newton,  Maclaurin,  Saunderson 
bimpson  Euler,  Emerson,  Lacroix,  and  others,  but  in  a  way 
that  rendered  It  inconvenient  to  refer  to  them,  in  particular 
anstances.^  Tne  proper  field  for  the  display  of  mathematical 
gemus,  IS  in  tne  region  of  invention.  But  what  is  requisite 
ioran  e  ementary  work,  is  to  coileet,  arrange,  and  illustrate 
materials  already  provided.  However  humble  this  employ- 
ment, he  ought  patiently  to  submit  to  it,  whose  object  i^  to 
-instruct,  not  those  who  have  made  considerable  proffress  in 
?the  mathematics,  but  those  who  are  just  commencing-  the 
study  Original  discoveries  are  not  for  the  benefit  of  be^in- 
ners,.though  they  may  be  of  great  importapce  to  the  ^ad- 
vancement of  science. 

The  arrangement  of  the  parts  is  such,  that  the  explanation 
■ot  one  IS  not  made  to  depend  on  another  which  is  to  follow, 
llie  addition,  multiphcation,  and  division  of  powers,  for  in- 
stance, IS  placed  after  involution.     In  the  statement  of  gene- 
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tJ.  rules,  if  they  are  reduced  to  a  small  number,  their  ampli- 
cations to  particular  cases  may  not,  always,  be  readily  under- 
wood. On  the  other  hand,  if  they  are  very  numerous,  they 
become  tedious  and  burdensome  to  the  memory.  The  rales 
given,  in  this  introduction,  are  most  of  them  comprehensive - 
6at  tiiey  are  explained  and  applied,  in  subordinate  articles.' 
A  particular  demonstration  is  sometimes  substituted  for  a, 
general  one,  when  the  apphcation  of  the  principle  to  other 
sases  IS  obvious.  The  examples  aro  not  often  taken  from 
philosophical  subjects,  as  the  learner  is  supposed  to  be  famil- 
iar with  none  of  the  sciences  except  arithmetic.  In  treat-. 
mg  of  negative  quantities,  frequent  references  are  made  to 
mercantile  concerns,  to  debt  and  credit,  &c.  These  are  mere- 
ly tor  the  purpose  of  illustration.  The  whole  doctrine  of 
negatives  is  made  to  depend  on  the  single  principle,  that 
t^iey  are  quantities  to  be  subtracted.  But  the  student,  at 
tins  eany  period,  is  not  accustomed  to  abstraction.  He  re- 
qmres  particular  examples,  to  catch  his  attention,  and  aid  his 
conceptions. 

^  The  section  on  proportion  will,  perliaps,  be  thought  use- 
less to  those  who  read  the  fifth  book  of  Euclid.  That  is 
siiflicient  for  the  purposes  of  pure  ^eo/?2eincaZ  demonstration  • 
liut  It  is  important  that  the  propositions  should  also  be  pre- 
sented, under  the  algebraic  forms.  In  addition  to  this,  nreat 
assistance  may  be  derived  from  the  algebraic  notation,  in  de- 
monstrating, and  reducing  to  system,  the  laws  of  proportion, 
Ihe  subject,  instead  of  being  broken  up  into  a  multitude  of 
distinct  propositions,  may  be  comprehended  in  a  kw  cone. 
ral  principles,  ^^ 
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MATHEMATICS  in  GENERAL. 


Art.  1.  "Mathematics  is  the  science  of  qtiAN- 

TITY* 

Any  thing  which  can  be  in€reased  or  diminished,  or 
which  is  capable  of  being  measured,  is  called  quantity. 
Thus,  a  line  is  a  quantity,  because  it  can  be  made  long^ 
er  or  shorter;  and  can  be  measured,  by  applying  to  it 
another  line,  as  a  foot,  a  yard,  or  an  ell.  if  eight  is  a 
quantity,  which  can  be  measured,  in  poimds,  ounces, 
and  grains.  Time  is  a  species  of  quantity,  whose  mea- 
sure can  be  expressed,  in  hoin-s,  minutes,  and  seconds. 
But  colour  is  not  a  quantity.  It  cannot  be  said,  with 
propriety,  that  one  colour  is  either  greater  or  less  than 
another.  The  operations  of  the  mind,  such  as  thought, 
choice,  desire,  hatred,  Sic.  are  not  quantities.  They 
are  incapable  of  mensuration. 

2.  Those  parts  of  the  MatJ^ematics,  on  which  all 
the  others  are  founded,  are  Arithmetic^  Algehra,  and 
Geometry. 

3.  Arithmetic  is  the  science  of  numbers.  Its  aid 
is  requix'cd,  to  complete  and  apply  the  calculations,  in 
almost  evevv  other  department  of  the  niathematics, 
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4.  Algebra  is  a  method  of  computing  principal!/ 
by  letters.  Fluxions  may  be  considered  as  belong- 
ing to  the  higher  branches  of  algebra. 

5.  Geometry  is  that  part  of  the  mathematics,  which 
treats  of  magnitude.  By  magnitude,in  the  appropri- 
ate sense  of  the  term,  is  meant  that  species  of  quan- 
tity, which  is  extended;  that  is,  which  has  one  or  more 
of  the  three  dimensions,  length,  breadth,  and  thickness. 
Thus,  a  line  is  a  magnitude,  because  it  is  extended,  in 
length.  A  surface  is  a  magnitude,  having  length  and 
breadth.  Asolid  is  a  magnitude,  having  length,  breadth, 
and  thickness.  But  motion,  though  a  quantity,  is  not, 
strictly  speaking,  a  magnitude.  It  has  neither  length, 
breadth,  nor  thickness.* 

6.  Trigonometry  and  Conic  Sections  are  branch- 
es of  the  mathematics,  in  which,  the  principles  of  ge- 
ometry are  applied  to  triangles,  and  the  sections  of  a 
cone, 

7.  Mathematics  are  either  pure,  or  mixed.  Inpure 
mathematics,  quantities  are  considered,  independent- 
ly of  any  substances  actually  existing.  But,  in  mixed 
mathematics,  the  relations  of  quantities  are  investiga- 
ted, in  connection  with  some  of  the  properties  of 
matter,  or  with  reference  to  the  common  transactions 
of  business.  Thus,  in  Surveying,  mathematical  prin- 
ciples are  applied  to  the  measuring  of  land;  in  Op- 
tics, to  the  properties  of  light;  and  in  Astronomy,  ts> 
the  motions  of  the  heavenly  bodies. 

8.  The  science  of  the  pure  mathematics  has  long 
been  distinguished,  for  the  clearness  and  distinctness 
of  its  principles ;  and  the  irresistible  conviction,  which 
they  carry  to  the  mind  of  every  one  who  is  once  made 
acquainted  with  them.  This  is  to  be  ascribed,  partly 
to  the  nature  of  the  subjects,  and  partly  to  the  ex- 
actness of  the  definitions,  the  axioms,  and  the  demon- 
strationis. 

*  Note.  Some  writers,  however,  use  magnitude,  as  sy- 
noflymous  with  quantity. 
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9.  The  foundation  of  all  mathematical  knowledge 
must  be  laid,  in  definitions  and  selfevident  ti'uths.  A 
definition  is  an  explanation  of  what  is  meant,  by  any 
word  or  phrase.  Thus,  an  equilateral  triangle  is  de- 
fined, by  saying,  that  it  is  a  figure  bounded  by  three 
equal  sides. 

It  is  essential  to  a  complete  definition,  that  it  per- 
fectly distinguish  the  thing  defined,  from  every  thing 
else.  On  many  subjects,  it  is  difficult  to  give  such 
precision  to  language,  that  it  shall  convey,  t©  every 
hearer  or  reader,  exactly  the  same  ideas.  But,  in  the 
mathematics,  the  principal  terms  may  be  so  defined, 
as  not  to  leave  room  for  the  least  difference  of  appre- 
hension, respecting  their  meaning.  All  inust  be 
agreed,  as  to  the  nature  of  a  circle,  a  square,  and  a 
triangle,  when  they  have  once  learned  the  definitions 
t)f  these  figures. 

Under  the  head  of  definitions,  may  be  included  ex- 
planations of  the  characters  which  are  used  to  denote 
the  relations  of  quantities.  Thus,  the  character  ■/  is 
explained  or  defined,  by  saj-ing  that  it  signifies  the 
same  as  the  words  square  root. 

10.  The  next  step,  after  becoming  acquainted  with 
the  meaning  of  mathematical  terms,  is  to  bring  them 
together,  in  the  form  of  propositions.  Some  of  the 
relations  of  quantities  require  no  process  of  reason- 
ing, to  render  th^m  evident.  To  be  understood,  they 
need  only  to  be  proposed.  That  a  square  is  a  differ- 
ent figure  from  a  circle ;  that  the  whole  of  a  thing  is 
greater,  than  one  of  its  parts;  and,  that  two  straight 
lines  cannot  inclose  a  space,  are  propositions  so  mani- 
festly true,  that  no  reasoning  upon  them  could  make 
them  more  certain.  They  are,  therefore,  called  self- 
evident  truths,  or  axioms. 

11.  There  are,  however,  comparatively  few  mathe- 
matical truths  which  are  selfevident.  Most  require 
to  be  proved,  by  a  chain  of  reasoning.  Propositions 
of  this  nature  are  denominated  theorems;  and  the 
-process,  by  which,  they  are  shewn  to  be  true,  is  called 
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demonstration.  This  is  a  mode  of  arguing,  in  which, 
every  inference  is  immediately  derived,  either  from 
definitions  and  selfevident  axioms,  or  from  principles 
which  have  been  previously  demonstrated.  In  this 
way,  complete  certainty  is  made  to  accompany  every 
step,  in  a  long  course  of  reasoning, 

12.  Demonstration  is  either  direct,  or  indirect.  The 
former  is  the  common,  obvious  mode  of  conducting 
a  demonstrative  argument.  But,  in  some  instances, 
it  is  necessary  to  resort  to  indirect  demonstration; 
which  is  a  method  of  establishing  a  proposition,  by 
proving  that  fo  suppose  it  not  true,  would  lead  to  an 
absurdity.  Tliis  is  frequently  called  reductio  ad  ahsur- 
dum.  Thus,  in  certain  cases  in  geometry,  two  lines 
may  he  proved  to  be  equal,  by  shewing  that  to  supr 
pose  them  unequal,  would  involve  an  absurdity. 

13.  Besides  the  principal  theorems  in  the  mathe- 
anatics,  tbere  are  also  Lemmas,  and  Corollaries.  A 
Lemma  is  a  proposition  which  is  demonstrated,  for 
the  purpose  of  usin^  it,  in  the  demonstration  of  some 
other  proposition.  This  preparatory  step  is  taken,  to 
prevent  the  proof  of  the  principal  theorem  from  be- 
coming complicated  and  tedious. 

14.  A  Corollary  is  an  inference  from  a  preceding 
proposition.  A  Scholium  is  a  remark  of  any  kind, 
suggested  by  something  which  has  gone  before, 
ihough  not,  like  a  eorollaiy,  immediately  depending 
m\  it. 

15.  The  immediate  object  of  inquiry,  in  the  math- 
:Cmatics,  is,  frequently,  not  the  demonstration  of  a 
general  truth,  but  a  method  of  performing  some  op- 
eration, such  as  reducing  a  vulgar  fraction  to  a  decim- 
al, extracting  the  cube  root,  or  inscribing  a  circle  is 
a  square.  This  is  call/gd  solving  a  problem.  A  theor 
rem  is  something  to  be  proved.  A  problem  is  some- 
thing to  be  done. 

16.  When  that  which  is  required  to  be  done,  is  so 
.easy,  as  to  be  obvious  to  everj'^  one,  without  an  exr 
^lanation,  it  is  called  a  postulate.     Of  this  nature,  h 
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the  drawing  of  a  straight  hne,  from  one  point  to  an- 
other. A  postulate  is,  to  a  problem,  what  an  axiom 
is,  to  a  theorem. 

17.  A  quantity  is  said  to  be  given,  when  it  is  either 
supposed  to  be  already  known,  or  is  made  a  condition, 
in  the  statement  of  any  theorem  or  problem.  In  the 
rule  of  proportion  in  arithmetic,  for  instance,  three 
terms  must  be  given,  to  enable  us  to  find  a  fourth. — 
These  three  terms  are  the  data,  upon  which  the  cal- 
culation is  founded.  If  we  are  required  to  find  the 
number  of  acres,  in  a  circular  island  ten  miles  in  cir- 
cumference, the  circular  figure,  and  the  length  of  the 
circumference,  are  the  data.  They  are  said  to  be 
given  by  supposition,  that  is,  by  the  conditions  of  the 
problem.  A  quantity  is  also  said  to  be  given,  when  it 
jnay  be  directly  and  easily  inferred,  from  something 
else  which  is  given.  Thus,  if  two  numbers  are  giv- 
en, their  sum  is  given;  because  it  is  obtained,  by 
merely  adding  the  numbers  together. 

In  Geometry,  a  quantity  may  be  given,  either  in 
■position,  or  magnitude,  or  both.  A  line  is  given  in 
position,  when  its  situation  and  direction  are  known. — 
It  is  given  in  magnitude,  when  its  length  is  kno^^-n.  A 
circle  is  given  \n  position,  when  the  place  of  its  centre 
is  known.  It  is  given  in  7nagnitude,  when  the  length 
of  its  diameter  is  knowTi. 

18.  One  quantity  is  contrary,  or  contradictory  to 
-another,  when,  what  is  affirmed,  in  the  one,  is  denied, 
in  the  other.  A  proposition  and  its  contrary,  can 
never  both  be  true.  It  cannot  be  true,  that  two  given 
lines  are  equal,  and  that  they  are  not  equal,  at  the 
same  time. 

19.  One  proposition  is  the  converse  of  another, 
when  the  order  is  inverted;  so  that,  what  h  given  or 
supposed,  in  the  first,  becomes  the  conclusion,  ir 
the  last ;  and  what  is  given  in  the  last,  is  the  conclu- 
sion, in  the  first.  Thus,  it  can  be  proved,  first,  that  if 
the  sides  of  a  triangle  are  equal,  the  angles  are  equal; 
gnd  secondly,  that  if  the  angles  are  equal,  the  sides 
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are  equal.  Here,  in  the  first  proposition,  the  equal- 
it}'  of  the  sides  is  given;  and  the  equaUty  of  the  angles^ 
inferred:  in  the  second,  the  equality  of  the  angles  is 
given,  and  tlie  equality  of  the  sides  inferred.  In  ma- 
ny instances,  a  proposition  and  its  converse  are  both 
true ;  as  in  the  preceding  example.  But  this  is  not 
always  the  case.  A  circle  is  a  figure  bounded  by  a 
curve;  but  a  figiu'e  bounded  by  a  curve  is  not  of 
•course  a  circle. 

20.  The  practical  applications  of  the  mathematics, 
in  the  common  concerns  of  business,  in  the  useful 
arts,  and  in  the  various  branches  of  physical  science, 
are  almost  innumerable.  Mathematical  principles  are 
necessary,  in  mercantile  transactions,  for  keeping,  ar- 
ranging, and  settling  accounts,  adjusting  the  prices  of 
commodities,  and  calculating  the  profits  of  trade  :  in 
Js^avigaiiQu,  for  directing  the  course  of  a  ship  on  the 
ocean,  adapting  the  position  of  her  sails  to  the  direc- 
tion of  the  vvind,  finding  her  latitude  and  longitude, 
and  determining  the  bearings  and  distances  of  objects 
on  shore  :  in  Surveying,  for  measuring,  dividing,  and 
laying  out  grounds,  taking  the  elevation  of  hills,  and 
fixing  the  boundaries  of  fields,  estates  and  public  ter- 
ritories :  in  Mechanics,  for  understanding  the  laws  of 
motion,  the  composition  of  forces,  the  equilibrium  of 
the  mechanical  powers,  and  the  structure  of  machines: 
in  Architecture,  for  calculating  the  comparative  strength 
of  timbers,  the  pressure  which  each  will  be  required  to 
sustain,  the  forms  of  arches,  the  proportions  of  col- 
umns, fee. :  in  Fortijication,  for  adjusting  the  position, 
lines,  and  angles,  of  the  several  parts  of  the  works  : 
in  Gunnery,  for  regulating  the  elevation  of  the  can- 
non, the  force  of  the  powder,  and  the  velocity  and 
range  of  the  shot :  in  Optics,  for  tracing  the  direction 
of  the  rays  of  light,  understanding  the  formation  of 
images,  the  laws  of  vision,  the  separation  of  colours, 
the  nature  of  the  rainbow,  and  the  construction  of  mi- 
croscopes and  telescopes  :  in  Astronomy,  for  compu- 
ting the  distances,  magnitudes,  and  revolutions  of  the 
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heavenly  bodies;  and  the  influence  of  the  law  of  grav- 
itation, in  raising  the  tides,  disturbing  the  motions  of 
the  moon,  causing  the  return  of  tlie  comets,  and  re- 
taining the  planets  in  their  orbits  :  in  Geography,. 
for  determining  the  figure  and  dimensions  of  the 
earth,  the  extent  of  oceans,  islands,  continents,  and 
countries  ;  the  latitude  and  longitude  of  places,  the 
courses  of  rivers,  the  height  of  mountains,  and  the 
boundaries  of  kingdoms  :  in  History,  for  fixing  the 
chronology  of  remarkable  events,  and  estimating  the 
strength  of  armies,  the  wealth  of  nations,  the  value  of 
their  revenues,  and  the  amount  of  their  population  : 
and,  in  the  concerns  of  Government,  for  apportioning 
taxes,  arranging  schemes  of  finance,  and  regulating 
national  expenses.  The  mathematics  have  also  im- 
portant applications  to  Chemistry,  Mineralogy,  Music, 
Painting,  Sculpture,  and  indeed  to  a  great  proportion 
of  the  whole  circle  of  arts  and  sciences. 

21.  It  is  true,  that,  in  nmny  of  the  branches  which 
have  been  mentioned,  the  ordinary  business  is  fre- 
quently transacted,  and  the  mechanical  operations 
performed,  by  persons  who  have  not  been  regularly 
instructed  in  a  course  of  mathematics.  Machines  are 
tramed,  lands  are  surveyed,  and  ships  ai'e  steered,  by 
men  who  have  never  thoroughly  investigated  the  prin- 
ciples, which  lie  at  the  foundation  of  their  respective 
arts.  The  reason  of  this  is,  that  flie  methods  of  pro- 
ceeding, in  their  several  occupations,  have  been  point- 
ed out  to  them,  by  the  genius  and  labour  of  others. 
The  mechanic  often  works  by  rules,  which  men  of 
science  have  provided,  for  his  use,  and  of  which  he 
knows  nothing  more,  than  the  practical  application. 
The  mariner  calculates  his  longitude  by  tables,  for 
which  he  is  indebted  to  mathematicians  and  astrono- 
mers of  no  ordinary  attainments.  In  this  manner, 
even  the  abstruse  parts  of  the  mathematics  are  made 
to  contribute  their  aiil,  to  the  common  arts  of  life. 

22.  But  an  additional  and  more  important  advan- 
tage, to  person?  of  a  libci-al  education,  is  to  be  found. 
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in  the  enlargement  and  improvement  of  the  reason- 
ing poAvers.  The  mind,  like  the  body,  acquires 
strength  by  exertion.  The  art  of  reasoning,  like  other 
arts,  is  learned  by  practice.  It  is  perfected,  only  by 
long  continued  exercise.  Mathematical  studies  are 
peculiarly  fitted  for  this  discipline  of  the  mind.  They 
are  calculated  to  form  it  to  habits  of  fixed  attention  ; 
of  sagacity,  in  detecting  sophistry  ;  of  caution,  in  the 
admission  of  proof ;  oidexterity,  in  the  arrangement 
of  arguments  ;  and  of  skill,  in  making  all  the  parts  of 
a  lon^  continued  process  tend  to  a  result,  in  which  the 
truth  IS  clearly  and  firmly  estabUshed.  When  a  habit 
of  close  and  accurate  thinking  is  thus  acquired ;  it  may 
be  applied  to  any  subject,  on  which  a  man  of  letters 
or  of  business  may  be  called  to  employ  his  talents. 
"  The  youth,"  says  Plato,  "  who  are  furnished  with 
mathematical  knowledge,  are  prompt  and  quick,  at  all 
other  sciences." 

It  is  not  pretended,  that  an  attention  to  other  ob- 
jects of  inquiry,  is  rendered  unnecessary,  by  the  study 
of  the  mathematics.  It  is  not  their  office,  to  lay  be- 
fore us  historical  facts ;  to  teach  the  principles  of 
morals  ;  to  store  the  fancy  with  brilliant  images  j  or 
to  enable  us  to  speak  and  write  with  rhetorical  vigour 
and  elegance.  The  beneficial  effects  which  they  pro- 
duce on  the  mind,  are  to  be  seen,  principally,  in  the 
regulation  and  increased  energy  of  the  reasoning  pow- 
ers. These  they  are  calculated  to  call  into  frequent 
and  vigorous  exercise.  At  the  same  time,  mathe- 
matical studies  may  be  so  conducted,  as  not  often  to 
require  excessive  exertion  and  fatigue.  Beginning 
with  the  more  simple  subjects,  and  ascending  gradu- 
ally to  tliose  which  are  more  complicated  ;  the  mind 
acquires  strength,  as  it  advances  ;  and  by  a  succession 
of  steps,  rising  regularly  one  above  another,  is  ena- 
bled to  surmount  tlie  obstacles  which  lie  in  its  way. 
In  a  course  of  mathematics,  the  parts  succeed  each 
other  in  such  a  connected  series,  that  the  preceding 
propositions  are  preparatory  to  those  which,  follow^ 
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The  student  who  has  made  himself  master  of  the 
former,  is  quahfied  for  a  successful  investigation  of 
the  latter.  But  he  who  has  passed  over  any  of  the 
ground  superficially,  will  find  that  the  obstructions  to 
his  future  progress  are  yet  to  be  removed.  In  math- 
ematics, as  in  war,  it  should  be  made  a  principle,  not 
to  advance,  vvhile  any  thing  is  left  unconquered  be- 
hind. It  is  important  that  the  student  should  be 
deeply  impressed  mth  a  conviction  of  the  necessity 
of  this.  Neither  is  it  sufficient  that  he  understands 
the  nature  of  one  proposition  or  method  of  opera- 
tion, before  proceeding  to  another.  He  ought  also 
to  make  h\mse\i  familiar  with  every  step,  by  a  careful 
attention  to  the  examples.  He  must  not  expect  to 
become  thoroughly  versed  in  the  science,  by  Merely 
reading  ihe  main  principles,  rules  and  observations. 
It  is  practice  only,  which  can  put  these  completely  in 
his  possession.  The  method  of  studying,  here  recom- 
mended, is  not  only  that  which  promises  success,  but 
that  which  will  be  found,  in  the  end,  to  be  the  most 
expeditious,  and  by  far  the  most  pleasant.  While  a 
superficial  attention  occasions  perplexity  and  conse- 
quent aversion  ;  a  thorough  investigation  is  rewarded 
with  a  high  degree  of  gratification.  The  peculiar  en- 
tertainment which  mathematical  studies  are  calculated 
to  furnish  to  the  mind,  is  reserved  for  those  who  make 
themselves  masters  of  the  subjects  to  which  their  at- 
tention is  called. 

Note.  Tlio  principal  definitions,  theorems,  rules,  &c. 
which  it  is  necessary  to  commli  ta  v\tmor\i,  are  distinguished 
Ijy  being  put  in  Italiaa* 


c 


ALGEBRA. 


SECTION  I. 

JVotation,  JVegative  Qiiantities,  Axioms,  ^c. 

A  2"^  A  LGEBRA  may  be  defined,  a  general 
method  of  invesiigating  the  relations  of 
quantities,  principally  by  letters.  This,  it  must  be  ac- 
knowledged, is  an  imperfect  account  of  the  subject ; 
as  every  account  must  necessarily  be,  which  is  com- 
prised in  the  compass  of  a  definition.  Its  real  nature 
is  to  be  learned,  rather  by  an  attentive  examination 
of  its  parts,  than  from  any  summary  description. 

The  solutions  in  Algebra,  are  of  a  more  general 
nature,  than  those  in  common  Arithmetic.  The  lat- 
ter relate  to  particular  numbere  ;  the  former,  to  whole 
classes  of  quantities.  On  this  account.  Algebra  has 
been  termed  a  kind  of  universal  Arithmetic.  The 
generalit}^  of  its  solutions  is  principally  owing  to  the 
use  of  letters,  instead  of  numeral  figiu'es,  to  express 
the  several  quantities  which  are  subjected  to  calcula- 
tion. In  Arithmetic,  when  a  problem  is  solved,  the 
answer  is  limited  to  the  particular  numbers  which  are 
specified,  in  the  statement  of  the  question.  But  an 
algebraic  solution  may  be  equally  applicable  to  all 
other  quantities  which  have  the  same  relations.  This 
important  advantage  is  owing  tJ^-he  difference  be- 
tween the  customary  use  of  figures,  and  the  manner 
in  which  letters  are  employed  in  Algebra.  One  of 
the  nine  digits  invariably  expresses  the  same  number : 
but  a  letter  may  be  put  for  any  number  whatever. 
The  figure  8  always  signifies  eight ;  the  figure  5,  five^ 
Sic.    And,  though  one  of  tJie  digits,  in  connection  with 
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others,  may  have  a  local  value,  different  from  its  sim- 
ple value  when  alone  ;  yet  the  same  combination  al- 
ways expresses  the  same  number.  Thus  263  has  one 
uniform  signification.  And  this  is  the  case  with  eve- 
vj  other  combination  of  figures.  But  in  Algebra,  a 
letter  may  stand  for  any  quantity  which  we  wish  it  to 
represent.  Thus  h  may  be  put  for  2,  or  10,  or  50,  or 
1000.  It  must  not  be  understood  from  this,  however, 
that  the  letter  has  no  determinate  value.  Its  value  is 
"fixed  for  the  occasion.  For  the  present  purpose,  it 
•remains  unaltered.  But  on  a  different  occasion,  the 
■same  letter  may  be  put  for  any  otlier  number. 

A  calculation  may  be  greatly  abridged  by  the  use 
of  letters  ;  especially  when  very  large  numbers  are 
concerned.  And  when  several  such  numbers  are  to 
be  combined,  as  in  multiplication,  the  process  becomes 
extremely  tedious.  But  a  single  letter  may  be  put 
for  a  large  number,  as  well  as  for  a  small  one.  The 
numbers  26347297,  68347823,  and  27462498,  for  in- 
stance, may  be  expressed  by  the  letters  6,  c  and  d. 
The  multiplying  them  together,  as  will  be  seen  here- 
after, will  be  nothing  more,  than  writing  them,  one  af- 
ter another,  in  the  form  of  a  word,  and  the  product 
will  be  simply  led..  Thus,  in  Algebra,  much  of  the  la- 
bour of  calculation  may  be  saved,  by  the  rapidity  of 
the  operations.  Solutions  are  sometimes  effected,  m 
the  compass  of  a  few  lines,  which,  in  common  Arith- 
inetic,  must  be  extended  through  many  pages. 

24.  Another  advantage  obtained  from  the  notation 
by  letters  instead  of  figures,  is,  that  the  several  quan- 
tities v/hich  are  brought  into  a  calculation,  may  be 
preserved  distinct  from  each  other,  though  carried 
through  a  number  of  complicated  processes ;  where- 
tis,  in  arithmetic,  they  arie  so  blended  togeCher,  that 
no  trace  is  left  of  what  they  were,  before  the  opera- 
tion began.  To  give  a  very  simple  example :  sup- 
pose it  is  required  to  multiply  itogether  74,  23  and 
41.  By  arithmetic,  the  product  is  found  to  be  69782. 
This  product,  however,  would  not  of  itself  suggest 
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the  numbers  which  had  been  multiplied  together  to 
produce  it.  But  in  algebra,  if  74  be  represented  by 
rt,  23,  by  &,  and  41,  by  c;  the  product  will  be  abc^ 
which  not  only  stands  for  69782;  but  also  indicates 
the  factors,  a,  b,  and  c,  which  were  multiplied,  to  ob- 
tain this  product. 

25.  Algebra  differs  farther  from  arithmetic,  in 
making  use  of  unknoivn  quantities,  in  carrying  on  its 
operations.  In  arithmetic,  all  the  quantities  which 
enter  into  a  calculation  must  be  known.  For  they 
are  expressed  in  numbers.  And  every  number  must 
necessarily  be  a  determinate  quantity.  But  in  alge- 
bra, a  letter  may  be  put  for  a  quantity,  before  its 
value  has  been  ascertained.  And  yet  it  may  have 
such  relations,  to  other  quantities,  with  which  it  iff 
connected,  as  to  answer  an  important  purpose  in  the 
calculation. 
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26.  To  facilitate  the  investigations  in  algebra,  the 
several  steps  of  the  reasoning,  instead  of  being  ex- 
pressed in  ivQrds,  are  translated  into  the  language  of 
signs  and  symbols,  which  may  be  considered  as  a 
species  of  short-hand.  This  serves  to  place  the  quan- 
tities and  their  relations  distinctly  before  the  eye,  and 
to  bring  them  all  into  view  at  once.  They  are  thus 
more  readily  compared  and  understood,  than  when 
removed  at  a  distance  from  each  othei",  as  in  the 
common  mode  of  writing.  But  before  any  one  can 
avail  himself  of  this  advantage,  he  must  become  per- 
fectly familiar  with  the  new  language. 

27.  The  qimnlltks  in  algebra,  as  has  been  already 
observed,  are  generally  expressed  by  letters.  The 
Jirst  letters  of  the   alphahet  are  used,  to  represent 

knoivn  quantities ;  and  the  last  letters,  those  which  are 
iunknown.  Thus  b  may  be  put  for  a  known,  and  ?/,  for 
an  unknown  quantity.     Sometimes  the  quantities,  in- 


NOTATION.  iS 

stead  of  being  expressed  by  letters,  are  set  down  in 
figures,  as  in  common  arithmetic. 

28.  Besides  the  letters  and  figures,  there  are  cer- 
tain characters  used,  to  indicate  the  relations  of  the 
quantities,  or  the  operations  which  are  performed 
with  them.  Among  these  are  the  signs  +  and  — , 
which  are  read  j?/t<s  and  minus,  or  more  and  less.  The 
former  is  prefixed  to  quantities  which  are  to  be  added; 
the  latter,  to  those  which  are  to  be  subtracted.  Thus 
a  +  h  signifies  that  h  is  to  be  added  to  a.  If  a  stands 
for  10,  and  h,  for  6;  then  a  +  6  is  16.  It  is  read  a 
plus  h,  or  a  added  to  h,  or  a  and  h.  If  the  expression 
be  a  —  Z>,  i.  e.  a  minus  h;  it  indicates  that  h  is  to  be 
subtracted  from  a.  In  figures  10  —  6  is  10  diminish- 
ed by  6  i.  e.  4. 

29.  The  sign  +  is  prefixed  to  quantities  which  are 
considered  as  affirmative  or  positive;  and  the  sign  — , 
to  those  which  are  supposed  to  be  negative.  For  the 
nature  of  this  distinction,  see  art.  54. 

All  the  quantities  which  enter  into  an  algebraic 
process,  are  considered,  for  the  purposes  of  calcula- 
tion, as  either  positive  or  negative.  Before  the  Jiist 
one,  unless  it  be  negative,  the  sign  is  generally  omit- 
ted. But  it  is  always  to  be  understood.  Thus  a  -{-  b, 
is  the  same  q.s  -{-  a  -r  b.  For  a  is  as  much  added 
to  b,  as  b  is,  to  a.  They  are  added  together:  a  -\-  b 
is  a  and  b;  or,  which  is  the  same  thing,  b  and  a. 

30.  Sometimes  both  +  and  —  are  prefixed  to  the 
same  letter.     The  sign  is  then  said  to  be  ambiguom. 

Thus  a  b  signifies  that  in  certain  cases,  compre- 
hended in  a  general  solution,  b  is  to  be  added  to  a, 
and,  in  other  cases,  subtracted  from  it. 

31.  When  it  is  intended  to  express  the  difference 
between  tv/o  quantities  without  deciding  which  is  the 
one  to  be  subtracted,  the  character  cr  or  ^  is  used. 
Thus  a  ■^  b,  or  a  (d  b  denotes  the  difference  between 
<t  and  6,  without  determining  w'lrther  a  is  to  be  sub- 
tracted from  6,  or  b  from  c. 
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32.  The  equality  between  two  quantities  or  sets  of 
quantities  is  expressed,  by  parallel  lines  =.  Thus 
n  -\-  b  =  d  signifies  that  a  and  b  together  are  equal 
to  ^7.  So  8  +  3  =  11  i.  e.  8  and  3  equal  11.  And 
a-\-d  =  c  =  b-{-g  =  h  signifies  that  a  and  d  equal 
c,  which  is  equal  to  o  and  g,  which  are  equal  to  /*. — 
Again  8  +  4  =16 -4  =  10  +  2  =  7  +  2  +  3 
=  12.  This  is  read  8  +  4  is  equal  to  16  —  4,  which 
is  equal  to  10  +  2,  which  is  equal  to  7  +  2  +  3, 
which  is  equal  to  12. 

33.  When  the  first  of  the  two  quantities  compared! 
is  greater,  than  the  other,  the  character  >  is  placed 
between  them.  TJms  a  :>  b  signifies  that  a  is  great- 
er than  b. 

If  the  first  is  less  than  the  other,  the  character  < 
is  used;  as  e  <  6;  i.  e.  a  is  less  than  b.  In  both  ca- 
ses, the  quantity  towards  which  the  character  ojyens, 
is  greater  than  the  other. 

34.  A  numeral  figure  is  often  prefixed  to  a  letter. 
This  is  called  a,  co-efficient.  It  shows  how  often  the 
quantity  expressed  by  the  letter  is  to  be  taken.  Thus 
26  signifies  twice  6,  and  96,  9  times  b,  or  9  multiplied 
into  6.  If  b  stands  for  10,  then  96  is  9  times  10  or 
90. 

The  co-efficient  may  be  either  a  whole  number  or 
a  fraction.  Thus  1 6  is  two  thirds  of  6.  When  the 
co-efficient  is  not  expressed,  1  is  always  to  be  under- 
etood.     Thus  a  is  the  same  as  1  a  i.  e.  once  a. 

35.  The  co-efficient  may  be  a  letter,  as  well  as  a 
figure.  In  the  quantity  mb,  m  maybe  considered  the 
co-efficient  of  6;  because  6  is  to  be  taken  as  many 
times  as  there  are  units  in  m.  If  6  stands  for  6,  then 
mb  is  6  times  b.  In  3a 6c,  3  may  be  considered  as 
the  co-efficient  of  abcj  So,  the  co-efficient  of  6c; 
or  3  c  6,  the  co-efficient  of  c.     See  art.  42, 

36.  A  simple  quantity  is  either  a  single  letter  or 
number,  or  several  letters  connected  together,  with- 
out the  signs  +  and  — .  Thus  a,  ab,  abd,  and  86 
are  each  of  them   simple    quantities.      A   compound 
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quantity  consists  of  a  number  of  sImpLe  qaantitie?, 
connected  by  the  sign  +  or  — .  Thus  a  +  h,  d  —  y, 
b—d-{-3h,  are  each  compound  quantities.  Tile 
members,  of  which  it  is  composed,  are  called  terms. 

37.  If  there  are  two  terms  in  a  compound  quan- 
tity, it  is  called  a  binomial.  Thus  a  +  6  and  «  —  h  are 
bmomials.  The  latter  is  also  called  a  residual  quan- 
tity, because  it  expresses  the  diiference  of  two  quan- 
tities, or  the  remainder,  after  one  is  taken  from  the 
other.  _  A  compound  quantity  consisting  of  three 
terms,  is  sometimes  called  a  trmomial ;  one  oi  four 
terms,  a.  quadritiomial,  Sic. 

38.  ■\Vlien  the  several  members  of  a  compound 
quantity  are  to  be  subjected  to  the  same  operation, 
they  are  frequently  connected  by  a  line  called  a.  vincu- 
lum. Thus  a  —  b  -^  c  shows  that  the  sum  of  b  and 
c  is  to  be  subtracted  from  a.  But  a  —  b  +  c  signifies 
that  b  only  is  to  be  subtracted  from  a,  while  c  is  to  be 
added.  The  sum  of  c  and  ^,_subtracted  from  the 
sum  of  a  and  J,  is  a  +  6  -  c  -f  17.  The  marks  used 
for  parentheses,  (  )  are  often  substituted,  instead  of 
a  Ime,  for  a_vinculum.  Thus  x  — ,_(a  -[-  c)  is  the 
same  as  x  —  a  -{-  c.      Tlie   equality   of  two    sets  of 

.  quantities  is  expressed,   without  using  a  vinculum. 

Thus  a  -\-  b  =c  +  d  signifies,  not  that  b  is  equal  to 
e;  but  that  the  sum  of  a  and  b  is  equal  to  the  sum  of 
c  and  d. 

39.  A  single  letter,  or  a  number  of  letters,  repre- 
senting any  quantities  with  their  relations,  is  called  an 
algebi-aic  CTp7-mw7i;  and  sometimes  a /orTww/a.  Thus 
«  -{-  6  +  3fZ  is  an  algebraic  expression. 

40.  The  character  x  denotes  multiplication.  Thus 
ax  b  is  a  multiphed  into  b:  and  6  x  3  is  6  times  3, 
or  6  into  3.  Sometimes  a  jwint  is  used  to  indicate 
multiphcation.  Thus  a.b  h  the  same  as  a  x  b.  But 
the  sign  of  multiplication  is  more  commonly  omitted, 
between  simple  quantities;  and  the  letters  arc  con- 
nected together,  in  the  form  of  a  word  or  syllable.— 
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Thus  ab  is  the  same  ks  a.b  or  n  x  Ij.  And  hede  is 
the  same  as  Z>  x  c  X  c?  X  e.  Wlien  a  compomid  quan- 
tity is  to  be  multiplied,  a  vinculum  is  used,  as  in  the 
case  of  subtraction.  Thus  the  sum  of  a  and  b,  mul- 
tiplied into  the  sum  of  c  and  d,isa  -\-  b  X  c  +  </,  or 
{a-{-  b)  X  {c+  d).  And  (6  -1-  2)  x  5  is  8  x  5  or 
40.  Bute  4-  2  X  5  is  6  +  10  or  16.  When  the 
marks  of  parenthesis  are  used,  the  sign  of  multiplica- 
tion is  frequently  omitted.  Thus  {x  -{-  y)  {x  —  y)  is 
{x  +  y)  X  [oc  ~  y).  ^  ,  .  V   J 

41.  When  two  or  more  quantities  are  multiplied 
together,  each  of  them  is  called  a  factor.  In  the 
product  a  6,  a  is  a  factor,  and  so  is  b.  In  the  product 
cc  X  a  +  m,  X  is  one  of  the  factors,  and  a  +  m,  the 
other.  Hence  every  co-efficient  may  be  considered  a 
factor.  (Art.  35.)  In  the  product  3  y,  3  is  a  factor^ 
as  well  as  y. 

42.  A  quantity  is  said  to  be  resolved  into  factors^ 
when  any  factors  are  taken  which,  being  multiplied 
together,  will  produce  the  given  quantity.  Thus  3  a  & 
may  be  resolved  into  the  two  factors  3  a  and  b  be- 
cause 3a  X  6  is  3 a 6.  And  5amn  may  be  resolved 
into  the  three  factors  5  a,  and  m,  and  n;  because  5  a 

X  m  X  n  is  5 amn.  And  48  may  be  resolved,  into 
the  two  factors  2  x  24,  or  3  x  16,  or  4  x  12,  or 
6  X  8;  or  into  tlie  three  factors  2  x  3  X  8,  or  4  x  G 

X2,&c. 

43.  The  character  —  is  used  to  show,  that  the 
quantity  which  precedes  it,  is  to  be  divided,  by  that 
which  follows.  Thus  a  4-  c  is  a  divided  by  c:  and 
a  -\-  b  —  c  -{-  d  is  the  sum  of  a  and  b,  divided  by 
the  sum  of  c  and  d.  But  in  algebra,  division  is  more 
commonly  expressed,  by  writing  the  divisor  under  the 
dividend,  in  the  form  of  a  vulgar  fraction.  Thus 
a  .  c^  6  . 

J  is  the  same  as  a  -^  & :  and  tTT  is  the  difference  of 

c  and  b  divided  by  the  sum  of  d  and  h.  A  charac- 
ter prefixed  to  the  dividing  line  of  a  fractional  ex- 
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pression,  is  to  be  understood  as  referring  to  all  the 
parts  taken  collectively;  that  is,  to  the  whole  value  of 

h  ■+-  c 
the  quotient.     Thus  a  —  — ; —    sia-nifies    that    the 

Tti  -\-  n      ^ 

quotient  of  5  +  e  divided  by  m  +  n  is  to  be  subtract- 

1  i-  *    .  ^  ~  ^       A  4-  «    , 

ed  trom  a.     And  — ; —  x  denotes  that  the 

a  -\-  Tfi        X  ^  y 

first  quotient  is  to  be  multiplied  into  the  second. 

44.  When  four  quantities  are  proportional,  the 
proportion  is  expressed  by  points,  in  the  same  man- 
ner, as  in  the  Rule  of  Three  in  arithmetic.  Thus 
a  :b  ::  c  :  d  signifies  that  a  has  to  b,  the  same  i-atio, 
which  c  has  to  d.  And'  ab  :  c  d  ::  a -^  m  :  b  -\-  w, 
means,  that  a  J  is  to  c  cZ;  as  the  sum  of  a  and  m,  to 
the  sum  of  b  and  n. 

45.  Algebraic  quantities  are  said  to  be  cdiJce,  when 
they  are  expressed  by  the  same  letters,  and  are  of  the 
same  power;  and  unlike,  when  the  letters  are  diifer- 
ent,  or  when  the  same  letter  is  raised  to  different 
powers.*  Thus  ab,3ab,  —a  h,  and  —  6;a  b,  are  like 
quantities,  because  the  letters  are  the  same  in  each, 
although  the  signs  and  co-efficients  are  different.  But 
3«,  Sy,  and  3b  x,  are  unlike  quantities,  because  the 
letters  are  unlike,  although  there  is  no  dilference  in 
the  signs  and  co-efficients. 

46.  One  quantity  is  said  to  be  a  rmdtiple  of  an-* 
other,  when  the  former  contains  the  latter  a  certain 
number  of  times,  without  a  remainder.  Thus  10  a 
is  a  muhiple  of  2a,  because  the  one  contains  the 
Other  just  5  times.     So  24  is  a  multiple  of  6. 

47.  One  quantity  is  said  to  be  a  measure  of  an- 
other, when  the  former  is  contained  in  the  latter,  any 
number  of  times,  without  a  remainder.  Thus  36  is 
a  measure  of  15  6.-  and  7  is  a  measure  of  35. 

48.  The  value  of  an  expression,  is  the  number  or 

*For  the  notation  q^  powers  and  roots,  see  tbe  sectionis  on 
those  suhjects. 
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quantity,  for  which  the  expression  stands.     Tlius  the 
vahie  of  3  +  4  is  7;  of  3  X  4  is  12;  of  V  is  2. 

49.  The  RECIPROCAL  of  a  quantity,  is  the  quotient 
arising  from  dividing  an  unit  by  that  quantity.      Thus 

the  reciprocal  of  a  is  —  j  the  reciprocal  of  a  +  Z>  is 

1  .  .1 

—7-7 ;  the  reciprocal  of  4  is  -j' 

50.  The  relations  of  quantities,  which,  in  ordinary 
language,  are  signified  by  ivords,  are  represented,  in 
the  algebraic  notation,  by  dgns.  The  latter  mode  of 
expressing  these  relations,  ought  to  be  made  so  fa- 
miliar to  the  mathematical  student,  that  he  can,  at 
any  time,  substitute  the  one  for  the  other.  A  few 
examples  are  here  added,  in  which,  words  are  to  be 
converted  into  signs. 

1.  What  is  the  algebraic  expression  for  the  fol- 
lowing statement,  in  which,  the  letters  a,  b,  c,  he. 
may  be  supposed  to  represent  any  given  quantities .'' 

The  product  of  a,  b,  and  c,  divided  by  the  diiFer- 
ence  of  c  and  d,  is  equal  to  the  sura  of  b  and  c  added 
to  15  times  h. 

a  b  c 

Ans. J  =  b  '\-  c  +  loh. 

C'^  d 

2.  The  product  of  the  difference  of  a  and  h  int©- 
the  sum  of  6,  c,  and  d,  is  equal  to  37  times  m,  added 
to  the  quotient  of  b  divided  by  the  sum  of  h  and  b. — 
Ans. 

3.  The  sum  of  a  and  &,  is  to  the  quotient  of  b  di- 
vided by  c ;  as  the  product  of  a  into  c,  to  12  times  h. 
Ans. 

4.  The  sum  of  a,  &,  and  c  divided  by  six  times 
their  product,  is  equal  to  four  times  their  sum  dimin- 
ished by  d.     Ans. 

5.  The  quotient  of  6  divided  by  the  sum  of  a  and 
J,  is  equal  to  7  times  d,  diminished  by  the  quotient  of 
h,  divided  by  36.     Ans. 

'-    51.  It  is  necessarv  also,  to  be  able  to  reverse  what 
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is  done  in  the  preceding  examples,  that  is,  to  trans- 
late the  algebraic  signs  into  common  language. 

What  will  the  following  expressions  become,  when 
words  are  substituted  for  the  signs  ? 
a  +  Ij  a 

1 .  — -J —  =  abc  —  6in  +  — ; — . 

Ans.  The  sum  of  a  and  b  di\ided  by  ^,  is  equal  to 
the  product  of  a,  b,  and  c,  diminished  by  6  times  ?», 
and  increased  by  the  quotient  of  a  divided  by  the, 
;sum  of  a  and  c. 

3h  —  c  7i 

d  X  a-j-b  +  c  —  ^    ,     7. 


2.  a 
Ans. 

b  + 

z 

+ 

y 

3.  a 

+  7 

[h 

+ 

X 

Ans. 

4.  a 

-  b 

:  a 

c  : 

;: 

Ans. 

a  — 

h 

-1- 

c  —  6d 
(1-4. 


3  X  h  -{-  d  +  y. 

no 

d  ■\-  ab  _  bax'd+'h  _ _c  d 
^-  2  +  b  -  c    '       2  m  ^a^'~      h  +  d^ 

Ans. 

52.  At  the  close  of  an  algebraic  process,  it  is  fre- 
quently necessary  to  restore  the  numbers,  for  which 
letters  had  been  substituted,  at  the  beginning.  In  do- 
ing this,  the  sign  of  multiplication  must  not  be  omit- 
ted, as  it  generally  is,  between  factors  expressed  by 
letters.  Thus  if  a  stands  for  3,  and  b,  for  fourj  the 
jptoduct  a  J  is  not  34,  but  3  x  4  i.  e.  12. 
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In  the  following  examples, 

Let  a  =  3  And  d  —  6. 

5=4  m  =  S. 

c  =  2  n  =  10. 

a  -\.  m        hc^ii      3+8      4x2—10 
Then,  L  --J-  4-  -^d' =  2xQ-^ '~irx~^~ 


h  -^  a  d  d  —  iicn 

2. -y—  —  hcmn  4-  — E — T — 

c  ~  a  m  oab 

a  b  ~  3  d        3b  n  —  b  c 


3.  b  m  d  -\- , —  T", — , — .TTT  +   "  ^  — 

c  d  m  4a  +  oca  « 

S3.  An  algebraic  expression,  in  which  numbers 
jiave,  in  this  manner,  been  substituted  for  letters,  may 
often  be  rendered  much  more  simple,  by  reducing 
several  terms  to  one.  This  can  not  generally  be, 
done,  while  the  letters  remain.  If  a  +  6  is  used  for 
the  sum  of  two  quantities,  a  can  not  be  united  in  the 
same  term  with  b.  But  if  a  stands  for  3,  and  b,  for  4, 
then  «  +  6  =  3  +  4=7.  The  value  of  an  expres- 
sion consisting  of  many  terms  may  thus.be  found,  by 
^actually  performing,  with  the  numbei-s,  the  operations 
of  addition,  subtraction,  multiplication,  Jkc.  indicated 
by  the  algebraic  characters. 

Find  the  value  of  tlie  following  expressions,  in 
vvhich,  the  letters  are  supposed  to  stand  for  the  same 
plumbers,  as  in  the  preceding  article. 

ad  3x6 

1.  —  4-  «  +  m  21  ==  —^     +  3  +  8  X  10  =  9 

+  3  4-  80  =  92. 

2b  2x4 

2.  «  &  m  4-  ——"d  4- 2w  =3x4x84-  q-z:~q 

4-  2  X  10  =  120. 

m  —  b 

^^  a  ■\-  c  X  n  —  m  +  ^ZTd  — «  X  ft  —  ?n  =  6. 
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POSITIVE  AND  NEGATIVE  QUANTITIES  * 

54.  To  one  who  has  just  entered  on  the  study  of 
algebra,  there  is  generally  nothing  more  perplexing, 
than  the  use  of  what  are  called  negaiive  quantities. — 
He  supposes  he  is  about  to  be  introduced,  to  a  class 
of  quantities,  which  are  entirely  new;  a  sort  of  math- 
ematical nothings,  of  which  he  can  form  no  distinct 
conception.  As  positive  quantities  are  real,  he  con- 
cludes that  those  which  are  negative  must  be  imagin- 
ary. But  this  is  owing  to  a  misapprehension  of  the 
term  negative,  as  used  in  the  mathematics. 

55.  A  NEGATIVE  quantity  is  one  which  is  required  to 
he  SUBTRACTED.  When  several  quantities  enter  into 
a  calculation,  it  is  frequently  necessary  that  some  of 
them  should  be  added  together,  while  others  are  sub- 
tracted. The  former  are  called  affirmative  or  posi- 
tive, and  are  marked  with  the  sign  +  ;  the  latter  are 
termed  negative,  and  distinguished  by  the  sign  — . 
If,  for  instance,  the  profits  of  trade  are  the  subject  of 
calculation,  and  the  gain  is  considered  positive ;  the 
loss  will  be  negative ;  because  the  latter  must  be  sub- 
tracted from  the  former,  to  determine  the  clear  profit. 
If  the  sums  of  a  book  account,  are  brought  into  an 
algebraic  process,  the  debt  and  the  credit  are  distin- 
guished by  opposite  signs.  If  a  man  on  a  journey  is, 
by  any  accident  necessitated  to  return  several  miles, 

*  Ob  the  subject  of  Negative  quantities,  see  Newton's  Uni- 
versal Arithmetic,  Maseres  on  the  Negative  Sign,  Mansfield's 
Mathematical  Essays,|  and  Maclaurin's,  Simpson's,  EuIer'Sj 
Sdundei'son's  and  Ludlain'«  Algebra. 
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this  backward  motion  is  to  be  considered  negative* 
because  that,  in  determining  his  real  progress,  it  must 
be  subtracted,  from  the  distance  which  he  has  travel- 
led in  the  opposite  direction.  If  the  ascent  of  a  body 
from  the  earth  be  called  positive,  its  descent  will  be 
negative.  These  are  only  different  examples  of  the 
same  general  principle.  In  each  of  the  instances, 
one  of  the  quantities  is  to  be  subtracted  from  the 
other. 

56.  Tlie  terms  positive  and  negative,  as  used  in  the 
mathematics,  are  merely  relative.  They  imply  that 
there  is,  either  in  the  nature  of  the  quantities,  or  in 
their  circumstances,  or  in  the  pui'poses  which  they 
are  to  answer  in  calculation,  some  such  opposition  as 
requires  that  one  should  be  subtracted  from  the  other. 
But  this  opposition  is  not  that  of  e^dstence  and  non- 
existence, nor  of  one  thing  greater  than  nothing,  and 
another  less  than  nothing.  For,  in  many  cases,  ei- 
ther of  the  signs  may  be,  indifferently  and  at  pleas- 
ure, applied  to  the  very  same  quantity;  that  is,  the 
two  characters  may  change  places.  In  determining 
the  progress  of  a  ship,  for  instance,  her  easting  may 
be  marked  +.,  and  her  westing  — ;  or  the  westing 
may  be  +,  and  the  easting  — .  All  that  is  necessary 
is,  that  the  two  signs  be  prefixed  to  the  quantities,  in 
such  a  manner  as  to  show,  which  are  to  be  added, 
and  which  subtracted.  In  different  processes,  they 
may  be  differently  applied.  On  one  occasion,  a 
downward  motion  may  be  called  positive,  and  on  an- 
©ther  occasion,  negative. 

57.  In  every  algebraic  calculation,  some  one  of  the 
4|uantities  must  be  fixed  upon,  to  be  considered  posi- 
tive. All  other  quantities  which  will  increase  this, 
must  be  positive  also.  But  those  which  will  tend  to 
diminish  it,  must  be  negative.  In  a  mercantile  con- 
c^ern,  if  the  stock  is  supposed  to  be  positive,  the  profits 
will  be  positive;  for  they  increase  the  stock;  they  are 
to  be  added  to  it.  But  the  losses  will  be  negative ; 
fo,"  they  diminish  the  stock;  they  are  to  be  subtracted 
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from  it.  When  a  boat,  in  attempting  t»  ascend  a 
river,  is  occasionally  driven  back  by  the  current;  if 
the  progress  up  the  stream,  to  any  particular  point,  la 
considered  positive,  eveiy  succeeding  instance  of  for- 
ward motion  will  be  positive,  while  tlie  backward  mo- 
lion  will  be  negative. 

58.  A  negative  quantity  is  frequently  greater,  than 
the  positive  one  vvith  v/hich  it  is  connected.  But 
Jiow,  it  may  be  asked,  can  the  former  be  subtracted 
from  the  latter?  The  greater  is  certainly  not  contain- 
ed in  the  less :  how  then  can  it  be  taken  out  of  it  ? 
The  answer  to  this  is,  that  the  greater  may  be  suppo- 
sed first  to  exhaust  the  less,  and  then  to  leave  a  re- 
mainder equal  to  the  difference  between  the  two.  If 
a  man  has  in  his  possession,  1000  dollai-s,  and  has 
contracted  a  debt  of  1500;  the  latter  subtracted  from 
the  former,  not  only  exhausts  the  whole  of  it,  but 
leaves  a  balance  of  500  against  him.  In  common 
language,  he  is  500  dollars  worse  than  nothing. 

59.  In  this  way,  it  frequently  happens,  m  the  course 
of  an  algebraic  process,  that  a  negative  quantity  is 
brought  to  stttTid  alone.  It  has  the  sign  of  subtraction, 
without  being  connected  with  any  otlier  quantity, 
from  which  it  is  to  be  subtracted.  This  denotes  that 
a  previous  subtraction  has  left  a  remainder,  which  is 
a  part  of  the  quantity  subtracted.  If  the  latitude  of 
a  ship  which  is  20  degrees  north  of  the  equator,  is 
considered  positive,  and  if  she  sails  south  25  degrees; 
her  motion  tii'st  diminishes  her  latitude,  then  reduces 
it  to  nothing,  and  finally  gives  her  5  degrees  of  south 
latitude.  The  sign  — ,  prefixed  to  the  25  degrees  is 
retained  before  Uie  5,  to  sjiow  that  this  is  what  re- 
mains of  the  southioard  motion,  after  balancing  the 
20  degrees  of  north  latitude.  If  the  motion  south- 
ward is  only  15  degrees,  the  remainder  must  be  +  5, 
instead  of  —  5,  to  show  that  it  is  a  part  of  the  ship's 
northern  latitude,  which  has  been  thus  far  diminished, 
but  not  reduced  to  nothing.  The  balance  of  a  boot 
accoiuit  will  be  positive  or  negative^  according  as  tu<^ 
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debt  or  the  credit  is  the  greater  of  the  two.  To  de* 
termine  to  which  sid€  the  remainder  belongs,  the  sign 
must  be  retained,  though  there  is  no  other  quantity, 
from  which  this  is  again  to  be  subtracted,  or  to  which 
it  is  to  be  added. 

60.  When  a  quantity  continually  decreasing  is  re- 
duced to  nothing,  it  is  sometimes  said  to  become  af- 
terwards less  than  nothing.  But  this  is  an  exception- 
able manner  of  speaking.*  No  quantity  can  be  real- 
ly less  than  nothing.  It  may  be  diminished,  till  it 
vanishes,  and  gives  place  to  an  opposite  quantity.  The 
latitude  of  a  ship  crossing  the  equator,  is  first  made 
less,  then  nothing,  and  afterwards  contrary  to  what  it 
was  before.  The  north  and  south  latitudes  may 
therefore  be  properly  distinguished,  by  the  signs  -f- 
and  —  ;  all  the  positive  degi"ees  being  on  one  side  of 
0,  and  all  the  negative,  on  the  other;  thus, 

-f  6,  -f-  5,  -t-4,  +  3,  +  1,0,  -  1, -  2,  -  3,  - 4,-5, &c. 
The  numbers  belonging  to  any  other  series  of  op- 
posite quantities,  may  be  arranged  in  a  similar  man- 
ner. So  that  0  may  be  conceived  to  be  a  kind  of 
dividing  point  between  positive  and  negative  numbers. 
On  a  thermometer,  the  degrees  above  0  may  be  con- 
sidered positive,  and  those  below  0,  negative. 

61.  A  quantity  is  sometimes  said  to  be  subtracted 
from  0.  By  this  is  meant,  that  it  belongs  on  the  nega- 
tive side  of  0.  But  a  quantity  is  said  to  be  added  to  0, 
when  it  belongs  on  the  positive  side.  Thus  in  speak- 
ing of  the  degrees  of  a  thermometer,  0  -f-  6  means  6 
degrees  above  0;  and  0  —  6,  6  degrees  below  0. 

*  Note.  The  expression  "  less  than  nothing^^  may  not  be 
tvholly  improper ;  if  it  is  intended  to  be  understood,  not  lite- 
rally, but  merely  as  a  conrenlent  phrase  adopted  fer  the  sake 
of  avoiding  a  tedious  circumlocution;  as  we  say  "the  Sun  ri- 
ses," instead  of  saying  "the  earth  rolls  round,  and  brings  the 
sun  into  view."  The  use  of  it  in  this  manner,  is  warranted  by 
Newton,  Euler,  and  others. 
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62.  The  object  of  mathematical  inquiry  is,  generally,  to' 
investigate  some  unkn0^vn  quantity,  and  discover  how  great 
it  is.  This  is  effected,  by  comparing  it  with  some  other 
quantity  or  quantities  already  knoAvn.  The  dimensions  of 
a  stick  of  timber  are  found,  by  applying  to  it  a  measuring 
rule  of  known  length.  The  weight  of  a  body  is  ascertained^ 
by  placing  it  in  one  scale  of  a  balance,  and  observing  how 
many  pounds  in  the  opposite  scale,  will  equal  it.  And  any 
quantity  is  determinecf,  when  it  is  found  to  be  equal  to 
some  knovrn  quantity  or  quantities. 

Let  a  and  b  be  known  quantities,  and  y,  one  which  is  un- 
knovATi.  Then  y  will  become  known,  if  it  is  discovered  to 
be  equal  to  the  siim  of  a  and  b :  that  is,  if 

y  =  a  -Jr  b. 
An  expression  like  this,  representing  the  equality  between 
one  quantity  or  set  of  quantities,  and  another,  is  called  an 
equation.  It  will  be  seen  hereafter,  that  much  of  the  busi- 
ness of  algebra  consists  in  finding  equations,  in  which,  some 
unknown  quantity  is  shown  to  be  equal  to  other's  which  are 
known.  But  it  is  not  often  the  fact,  that  the  first  compari- 
son of  the  quantities,  furnishes  the  equation  required.  It 
will  generally  be  necessary  to  make  a  number  of  additions, 
subtractions,  multiphcations,  &c.  before  the  unknown  quan- 
tity is  discovered.  But  in  all  these  changes,  a  constant 
equality  must  be  preserved,  between  the  two  sets  of  quanti- 
ties compared.  This  will  be  done,  if  in  making  the  altera- 
tions, we  are  guided  by  the  following  axio7ns.  These  are 
not  inserted  here,  for  the  purpose  of  being  proved;  for 
they  are  self-evident.  (Art.  10.)  But  as  they  must  be  con- 
tinually introduced  or  implied,  in  demonstrations  and  the  so- 
lutions of  problems,  they  are  placed  together,  for  the  con- 
venience of  reference- 

63.  Axiom  L  If  the  same  quantity  or  equal  quantities 
be  added  to  equal  quantities,  their  sums  will  be  equal. 

2.  If  the  same  quantity  or  equal  quantities  be  sultracted 
from  equal  quantities,  the  remainders  will  be  equal. 

3.  If  equal  quantities  be  multiplied  into  the  same,  or 
equal  quantities,  \h.e products  will  be  equal. 

4.    If  equal  quantities  be  divided  by  the  some  or  equal 
quantities,  the  quotients  will  be  equal. 
E 
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5.  If  the  sauie  quantity  be  botJi  added  to  and  subtracted 
front  another,  the  viiluo  of  the  latter  will  not  be  altered. 

6.  If  a  quaiiiliy  be  hoUi  midiiplied  and  divided  by  another, 
the  value  of  the  former  wul  not  be  altered. 

7.  M  to  unequal  quantities,  equals  be  added,  the  greater 
■will  give  the  greater  sum. 

8.  If  from  unequal  quantilies,  equals  be  subtracted,  the 
greater  will  give  the  greater  remainder. 

9.  If  unequal  quantities  be  raultipled  hj  equals,  the  great- 
er will  give  the  greater  product. 

10.  If  unequfil  quantities  be  divided  by  equals,  the  great- 
er will  give  th€  greater  quotient. 

11.  (-Quantities  which  are  respectively  equal  to  any  other 
quantity,  are  equal  to  each  other. 

12.  The  whole  of  a  quantity  is  greater  than  a  part. 

This  is,  by  no  means  a  complete  list  of  tho  self-evident 
propositions,  which  are  furnished  by  the  mathematics.  It  is 
not  necessary  to  enumerate  them  all.  Those  have  been  se- 
lected, to  which  we  shall  have  the  most  frequent  occasion  to 
refer. 


If  a=bc- 

And  if  a>-  cd 

Tlien  by  ax.l.  a-\-m=bc-\-m 

By  ax.l.  a+m>-  cd-j-m 

ax. 2.  a~m=bc-'m 

ax.8.  a  —  m;>  cd — m 

ar.3.  am=bciii 

ax.9.  am>-  cdm 

a      be 

a     cd 

ax  A. — =— 
■m      in 

fla;.10.— >  — 

m,     m 

ax.5.a  —a+m—m 

Ub^ch  ^ 
Andd=ch  L 

am 

cr.6.  b=- 

in 

By  ax.n.b=:d. 

64.  The  investigations  In  algebra  are  carried  on  principal- 
ly, by  means  of  a  series  of  equations  and  proportions.  But 
instead  of  entering  directly  upon  these,  it  will  be  necessary 
to  attend,  in  the  first  place,  to  a  number  of  processes,  on 
which  tile  management  of  equations  and  proportions  de- 
pends. These  preparatory  operations  are  similar  to  the  Cal- 
culations under  the  common  rules  of  arithmetic.  We  have 
addition,  multiplication,  division,  involution,  &,c.  in  algebra, 
as  well  as  in  arithmetic.  But  this  application  of  a  common 
aarae,  to  operations  iii  these  two  branches  of  the  raathemat- 
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ics,  is  often  the  occasion  of  perplexity  and  mistake.  The 
learner  naturally  expects  to  find  addition  in  algebra  the  same 
as  addition  in  arithmetic.  They  are  in  fact  the  same,  in 
many  respects :  in  all  respects  perhaps,  in  which  the  steps  of 
the  one  will  admit  of  a  direct  comparison,  witli  those  of  the 
other.  But  addition  in  algebra  is  more  extensive,  than  in 
arithmetic.  The«ame  observation  may  be  made,  concern- 
ing several  other  operations  in  algebra.  They  are,  in  many 
points  of  \iev/,  the  same  as  those  which  bear  the  same  name^; 
in  arithmetir.  But  they  are  frequently  extende<l  farther, 
and  comprehend  processes  which  are  unknot^ii  to  arithme- 
tic. This  is  commonly  owing  to  the  introduction  of  nega- 
tive quantities.  The  management  of  these  requires  step-i 
which  arc  unnecessary,  where  quantities  of  one  class  only 
are  concerned.  It  vvill  be  important  therefore,  as  we  pass 
along,  to  mark  the  difference,  as  well  as  the  rcsemhlance,  be- 
tween arithmetic  and  algebra;  and,  in  some  instances,  ty 
give  a  new  definition,  accoiiimodafed  ^o  the  latter. 
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A  r '  T^^  entering  on  an  algebraic  calculation,  the  first 
Art.  i).  i  tiling  to  be  done,  is  evidently  to  collect  the  ma- 
terials. Several  distinct  quantities  are  to  be  concerned  in 
the  process.  These  must  be  brought  together.  They  must 
be  connected  in  some  form  of  expression,  which  will  pre- 
sent them  at  once  to  our  view,  and  show  the  relations  which 
they  have  to  each  other.  This  collecting  of  quantities  is 
what,  in  algebra,  is  called  aJdition.  It  may  be  defined,  the 
connecting  of  several  quantities,  iviih  tLtir  signs,  in  one  alge- 
braic expression. 

66.  It  is  common  to  include  in  the  definition,  "uniting  in 
one  tei'ra,  such  quantities,  as  will  admit  of  being  united.' 
But  this  is  not  so  much  a  part  of  the  addition  itself,  as  a 
reduction,  v/hich  accompanies  or  follows  it.  The  addition 
may,  in  all  cases,  be  performed,  by  merely  connecting  the 
quantities,  by  their  proper  signs.  Thus  a  added  to  b  is,  evi- 
dently, a  and  b  :  that  is,  according  to  the  algebraic  notation 

a  +  b.     And  a,  added  to  the  sum  of  b  and  c,  is  a+b-\-c. 

And  a  +  b,  added  to  c-\-d,  is  a  +  b-{-c-{-d.  In  the  same  man- 
ner, if  the  sum  of  any  quantities  whatever,  be  added  to  the 
sum  of  any  others,  the  expression  for  the  whole,  will  contain 
all  these  quantities,  connected  by  the  sign  +. 

Thus  the  sum  of  a-\-2b  and  /ic-^d-^h  and  m-\-y,  is 
a  +  2b+4^c  +  d-\-h-\-m-{-y. 

67.  Again,  if  the  difference  of  a  and  b  be  added  to  c ;  the 
5ura  will  be  a—b  added  to  c,  that  is  a—b-^c.  And  if  a~b 
be  added  to  c—d,  the  sum  will  be  a—b  +  c—d.  In  one  of 
the  compound  quantities  added  here,  a  is  to  be  diminished 
by  b,  and  in  the  other,  c  is  to  be  diminished  by  d;  the  sum 
,of  a  and  c  must  therefore  be  diminished,  both  by  b,  and  by 
jd,  that  is,  the  expression  for  the  the  sum  total,  must  contain 

—b  and   —d.      On  the  same  principle,   all   tlie   quantities 
.which,  in  the  parts  to  be  added,  have  the  negative  sign,  must 
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retain  this  sign;  in  the  amount.      Thus  a+25  — c,  added  to 
d—h—m,\s  a  +  2b--c  +  d~-h~m. 

68,  The  sign  must  be  retained  also,  when  a  positive  quan- 
tity is  to  be  added,  to  a  single  negative  quantity.  If  a  be  added 
to  —5,  the  sum  vvill  be  —b  +  a.  Here  it  may  be  objected, 
that  the  negative  sign  prefixed  to  6,  shov/s  that  it  is  to  be 
svUmctedo  What  propriety  then  can  there  be  in  adding  it  ? 
In  reply  to  this,  it  may  be  observed,  that  the  sign  prefixed 
to  b  while  standing  alone,  signifies  that  b  is  to  be  subtracted, 
not  from  a,  but  from  some  other  quantity,  vrhich  is  not  here 
expressed.  Thus  —b  may  represent  the  loss,  which  is  to  be 
subtracted  from  the  stock' in  trade.  (Art.  55.)  The  object 
of  the  calculation,  hovv^ever,  may  not  require  that  the  value 
of  this  stock  should  be  specified.  But  the  loss  is  to  be  con- 
nected with  a  projjt  on  some  other  article.  Suppose  the  profit 
is  2000  dollars,  and  the  loss  400.  The  inquiry  then  is,  v.  hat 
is  the  value  of  2000  dollars  profit,  when  connected  with 
400  dollars  loss  ? 

The  answer  is,  evidently,  2000—400,  v.hich  shows  that 
2000  doliai-s  are  to  he  added  to  the  stock,  and  400  suhiracted 
from  it ;  or,  which  will  amount  to  the  same,  that  the  diftr-^ 
encc  betweei]  2000  and  400  is  to  be  added  to  the  stock. 

.69.  (Quantities  arc  added,  then,  hij  ivriting  them  one  after 
another,  uithont  aJterivg  their  signs;  observing  alwavs  that  a 
quantity,  to  which  no  sign  is  prefixed,  is  to  be  considered 
positive.  (Art.  29.) 

The  sur^  .of  a-\-m,  and.J  — S,  and  2/;— 3/?;  +  J,  and  A  —  ;?, 
and  r-{-^rii—y,  is 

a-[-m-\'h-Q+2Ji~-^m-{-d-\-h—n  +  r-^2>m—y. 
■  70.  It  is  immaterial  in  what  order  the  terms  are  arranged. 
The  sum  of  a  and  b  and  c  is  either  a-\-b-\-c,  or  c  +  c  +  6,  or 
c-\-b-\-a.  For  it  -evidently  makes  no  difference,  which  of 
the  quantities  is  added  first.  The  sum  of  6  and  3  and  9,  is 
the  same  as  3  and  9  and  6,  or  9  and  6  and  3. 

And  c-f  m  — ?^,  is  the  same  as  a—n-\-m..  For  it  is  plainly 
cf  no  consequence,  , whether  we  first  add  m  to  a,  and  after- 
wards subtract  n ;  or  first  subtract  n,  and  then  add  m. 

'"*}■  Though  connecting  quantities  by  their  signs,  is  all 
%vhich  is  essential  to  addition ;  yet  it  is  desirable  to  make  the 
expression  as  simple  as  may  be,  by  reducing  several  terms  to 
one.     The  amount  of  ^a,  and  Qh,  and  4«,  and  5h,  is 

3a-l-6^)H-4a-l-55 
But  this  may  be  abridged.      The  first  and  third  terms  may 
r^  brouglit  into  one;  and  so  may  the  second  aad  fourth.—— 
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For  3  fimes  a,  and  4  times  a,  make  7  times  ri.  And  6  rimes. 
b,  and  5  times  b,  make  11  times  b.  The  sum,  when  redu- 
ced, is  therefore 

7a  +  ll&. 

For  making  the  reductions  connected  with  addition,  two 
rules  are  given,  adapted  to  the  two  cases,  in  one  of  which, 
the  quantities  and  signs  are  ahke,  and  in  the  other,  the  quan- 
tities are  alike,  but  the  signs  are  unhke.  Like  quantities  are 
the  same  powers  of  the  same  letters.  (Art.  45.)  But  as  the 
addition  of  powers  and  radical  quantities  will  be  considered, 
in  a  future  section,  the  examples  given  in  this  place,  will  be 
all  of  the  first  power. 

72.  Casi:  L  To  reduce  several  terms  to  one,  when  the  quan- 
tities are  alike  and  the  signs  alike,  add  the  co-efficients,  anneoa 
the  common  letter  or  letters,  and  prefix  the  common  sign. 

Thus,  to  reduce  ?yb-\-lb,  that  is,  +36  +  76  to  ortc  term, 
add  the  co-efficients  3  and  7,  to  the  sum  10,  annex  the  com- 
mon letter  6,  and  prefix  the  sign  +.  Tlie  expression  will 
fhen  be  +106.  That  3  times  any  quantity,  and  7  times  the 
same  (Quantity,  make  10  times  that  quantity,  needs  no  proof. 
In  the  same  manner 

6c  +  26c  +  96c  +  36c  becomes,  when  reduced,  156c. 

And  ^Ty-\-lxy-\-xy-\-2xy=:\oxy.  See  the  two  first  of  the 
following  examples. 


6c 
26c 
96c 
36c 

156c 


Sty 

Ixy 

xy 

2xy 


76+  xy 
86  +  3r?/ 
26  +  2x1/ 
6b-\-5xy 


j'y-\-3ahh 
3ry  +  abh 
Gry+i-ahh 
2r_y+   abh 


236+ 11a:?/ 


cdxy-{-3mg 
2cdxy-{-  mg 
5cdxy  +  Img 
Icdxy-^-Qmg 

I5cdxy4-ldmg 


The  mode  of  proceeding  %nll  be  the  same,  if  the  signs 
are  negative. 

Thus  —3bc—bc—5bc,  becomes,  when  reduced,  —96c. 
And  —ax  —  '3ax—2ax=:—(iax.     Or  thus. 


-36c 

—  ax 

-  be 

— 3a:c 

-Bbc 

—2ax 

■96c 


—2ab—  my 
—  ab  —  omy 
—7ab  —  Smy 

—  10ah  —  12my 


—  '3ach  —  Sbdy 

—  ach—  bdy 

—  bach  —  lbdy 
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73.  Il  may  perhaps  be  asked  here,  as  in  art.  68,  what  pro- 
priety there  is,  in  adding  quantities,  to  which  the  negative 
5?ign  is  prelixed ;  a  sign  which  denotes  subtraction"}  The  an- 
swer to  this  13,  that  when  tlie  negative  sign  is  applied  to  seve- 
]  al  quantities,  it  is  intended  to  indicate  tliat  these  quantities 
are  to  be  subtracted,  not  from  each  other,  bat  from  some  oth- 
er quantity,  marked  with  the  contrary  sign.  Suppose  that, 
in  estimating  a  m.an's  property,  the  sum  o?  money  "in  his  pos- 
session is  marked  -f ,  and  the  debts  which  he  owes  are  mark- 
ed -.  If  these  debts  are  200,  300,  500  and  700  dollars,  and 
if  a  is  put  for  100;  they  will  together  be  —2a  —  3a—5a~7a. 
And  the  several  terms  reduced  to  one,  will  evidently  be  —17 a, 
that  is,  1700  dollars. 

74.  Case  II.  To  reduce  several  terms  to  one,  when  the 
quantities  are  alike,  but  the  signs  unlike,  take  the  less  co-efficient 

from  the  greater;  to  the  difference,  annex  the  comtnon  letter  or 
letters,  and  prefix  the  sign  of  the  greater  co-effixient. 

Thus  instead  of  Sa  —  Qa,  we  may  write  2a. 

And  instead  of  lb— 2b,  v^e  may  put  5b. 

For  the  simple  expression,  m  ea:ch  of  these  instances,  is 
equivalent  to  the  compound  one,  for  which  it  is  substituted. 

To  +6b  +46  5bc  2hm  -  dy  +  6m  3A-  dx 
Add  -46       -66     —76c     —9kn        My—  m       5h-^Mx 

Sum  H- 26  —26c  Sdy+5m 


75.  Here  again,  it  may  excite  surprise,  that  what  appears 
to  be  subtraction,  should  be  introduced  under  addition.  But 
according  to  what  has  been  observed,  (Art.  66,)  this  subtrac- 
tion is,  strictly  speaking,  no  part  of  the  addition.  It  belongs 
to  a  consequent  reduction.  Suppose  66  is  to  be  added  to 
a— 46.     The  sum  is 

a— 46  +  66. 
But  this  expression  may  be  rendered  more  simple.  As  it 
HOW  stands,  46  is  to  be  subtracted  from  a,  and  66  added.— 
But  the  amount  will  be  the  same,  if,  without  subtracting  any 
thing,  we  add  26,  making  the  whole  a +26.  And  in  all  sim- 
ilar instances,  the  balance  of  two  or  more  quantities,  may 
be  substituted  for  the  quantities  themselves. 

76.  The  co-efficient  of  a  sum  when  reduced  to  one  term, 
may  be  less,  than  either  of  the  co-efficients  of  the  quanti- 
^*^  which  are  thus  reduced.      In  one  of  the  precpding  ex- 
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amples,  6J— 4J=26.  Here  2,  the  co-efficient  of  ibe  single- 
term,  is  less  than  6  or  4,  the  co-efficients  of  the  two  terms, 
to  which  the  single  one  is  equal.  The  balance  of  a  book 
account  may  be  less,  than  either  the  debt,  or  the  credit.  It 
may  even  be  nothing.     Hence, 

77,  If  two  equal  quantities  have  contrary  signs,  they  de- 
stroy each  other,  and  may  be   cancelled.     Thus   -\-Gb  —  Qb 

^0:    And  3x^-18=0:  And  75c— 7^=0. 

Let  there  be  any  two  quantities  whatever,  of  which  a  is 
the  greater,  and  b  the  less. 

Their  sum  will  be       a-\-b 
And  their  difference    a~b 

The  sum  and  difference  added,  will  be  2a +  0,  or  dimply 
2a.  That  is,  if  the  sum  and  difference  of  any  tv/o  quantities 
be  added  together,  the  tvhole  will  be  ttvice  the  greater  quan- 
tity. This  is  one  instance,  among  multitudes,  of  the  rapidity 
with  which  general  truths  are  discovered  and  demonstrated 
in  algebra.  (Art.  23.) 

78.  If  several  positive,  and  several  negative  quantities' arc 
to  be  reduced  to  one  term ;  first  reduce  those  v/hich  are 
positive,  next  those  which  are  negative,  and  then  take  the 
difference  of  the  co-efficients,  of  the  two  terms  thus  found. 

Ex.  1.  Reduce  13b-{-Qb  +  b—.ib—5b  —  '7b,  to  one  term. 

By  art.  72,  15b  +  6b+  b=     205    > 
And  -45 -56 -75  =  -166    $ 


By  art.  74        205  —  165=       45,  which  is  the  val- 
ue of  all  the  given  quantities,  taken  together. 

Ex.2.  Reduce  Sxy—xy-\-2xij—7xy+4xCif'~9xy+'7xy—Gxy. 

The  positive  terms  are  3xy  The  negative  terms  are  —  xy 

2ay  -Ixy 

i^xy  —Qxy 

Ixy  —6xy 


And  their  sum  is       13xy  —2oxy 

Th  en  1  Q:ry — 23xy  =  —  Ixy. 
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Ex.  3.  3ad—Gad+ad+'7ad—2ad+9ad—Sad—1ad=zO. 

4.  2abm—ahm-\-'7ahm—3abrn-{-labm=. 

5.  axy—'7axy+&axy--axy—8axy+9axy= 

79.  If  the  letters,  in  the  several  terms  to  be  added,  are 
different,  they  can  only  be  placed  after  each  other,  with 
their  proper  signs.  They  cannot  be  united  in  one  simple 
term.  If  45,  and  —  6y,  and  3x,  and  17^,  and  —5d,  and  6, 
be  added;  their  sum  will  be 

^-Qy+Sx+nh—5d-}r6.  (Art.  69.) 
Different  letters  can  no  more  be  united  in  the  same  term, 
than  dollars  and  guineas  can  be  added,  so  as  to  make  a  sin- 
gle sum.  Six  guineas  and  4  dollars  are  neither  ten  guineas 
nor  ten  dollars.  Seven  hundred,  and  five  dozen  are  neither 
12  hundred  nor  12  dozen.  But,  in  such  cases,  the  algebraic 
«igns  serve  to  show  how  the  different  quantities  stand  related 
to  each  other ;  and  to  indicate  future  operations,  which  are 
to  be  performed^  whenever  the  letters  are  converted  into 
numbers.  In  the  expression  a +6,  the  two  terms  can  not 
be  united  in  one.  But  if  a  stands  for  15,  and  if,  in  the 
course  of  a  calculation,  this  number  is  restored;  then  «+6 
will  become  15  +  6,  which  is  equivalent  to  the  single  term  21. 
In  the  same  manner,  a— 6  becomes  15—6,  which  is  equal  to 
9.  The  signs  keep  in  view  the  relations  of  the  quantities, 
till  an  opportunity  occurs  of  reducing  several  terms  to  one. 

80.  When  the  quantities  to  be  added  contain  several 
terms  which  are  alike,  and  several  which  are  unlike,  it  will 
be  convenient  to  arrange  them  in  such  a  manner,  that  the 
similar  terms  may  stand  one  under  the  other. 

To        3bc—Qd-r2b  —  3y  ^     These  may  be  arranged  thus. 

Add  —3bc+x—3d+bg    >      3bc—6d+2b—3y 

And      2d-{-y+3x+b        )  —3bc—3d  +  x+bg 

2d         +  y+3x         +b 

The  sum  will  be  —'7d-\-2b—2y+^x+bg+L 

In  the  first  term,  3bc  is  balanced  by  —35c,  so  that  this 
terra  disappears  in  the  general  amount,     (Art.  77.) 
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EXAMPLES. 

1.  Add  and  reduce  a6  +  8  to  cd—S  and  5a6— 4m  +  2^- 
The  sum  is  Qab-{-l  +  cd~Am. 

2.  Addx+3r/—dx,  to  l—x—S+hm. 
Ans.     3y—dx  —  l-\-hm. 

3.  Add  aim— ox+bm,  to  y—x+l,  and  dx— 6?/  +  9. 
AnSo 

4.  4dd  ^am+Q—lxy—8,  to  lOa:;?/— 9  +  5am. 

Ans. 

5.  Add  &ah.y +7 d—l+mxy,  to  Sahy— Id +11 —mxy. 
Ans. 

6.  Add  lad—Ji+Qxy—ad,  to  5ad-\-li—lxy. 

Ans. 


SECTION  III. 


SUBTRACTION. 


Ak.t   Ri     a  I^I^JTION  is  bringing  quantities  together,  to 
'         find   their   amount.      On  the   contrary,  Sub- 
traction is  finding  the  difference  of  tivo  quantities,  or  sets 
of  quantities. 

Particular  rules  might  be  given,  for  the  several  cases  i.i 
subtraction.  But  it  is  more  convenient  to  have  one  g;eneral 
rule,  founded  on  the  principle,  that  taJcing  cmay  2i  positive 
quantity,  from  an  algebraic  expression,  is  the  same  in  effect, 
as  annexing  an  equal  negative  quantity ;  and  taking  away  a 
negative  quantity  is  the  same,  as  annexing  an  equal  positive 
one. 

Suppose  +^  is  to  be  subtracted  from  a  +  6,- 

Taking  away  -{-b,  from  a-^b,  leaves  d. 

And  annexing  ~-b,  to  aH-6, gives  a-\-h—h. 

But  by  axiom  5th,  a-\-b—b  is  eqiiaT  to  a. 

That  is,  taJcing  away  a. positive  term,  from  an  algebraic  ex- 
pression, is  the  same  in  effect,  as  annexing  an  equal  negative 
term. 

Again,  suppose  —b  is  to  be  subtracted  from  a—h 

Taking  av.'ay  —b,  from  a—b,  leaves  a 

And  annexing  -\-b,  to  a—b,  gives  (i_5_|-5 

But  a—b-^b  is  equal  to  a 

That  is,  taking  away  a  negative  term,  is  equivalent  to  ««- 
nexing  a  positive  one.     If  an  estate  is  encumbered  with  a 
debt ;  to  cancel  this  debt,  is  to  add  so  much  to  the  value  of 
the  estate.     Subtracting  an  item  from  one  side  of  a  book-ac- 
count, will  produce  the  same   alterat/on  in  the  balance,  as 
adding  an  equal  sum  to  the  opposite  side. 
To  place  this  in  another  point  of  view. 
If  m  is  added  to  b,  the  sum  is  by  the  notation,      b+m\ 
But  if  m  is  subtracted  from  b,  the  remainder  is     l—m  V 
So  if  m  and  h  are  each  added  to  b,  the  sum  is  b-[-inA-h  > 

But  if  mand^are  each  subtracted  from  J,the  rem'dr  hb~~m  —  h\ 
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The  only  difference  then  between  adding  a  positive  quan- 
tity and  subtracting  it,  is,  that  the  sign  is  changed  from  + 
to  — . 

Again,  if  m—n  is  subtracted  from  b,  the  remainder  is, 
b—m+n 
For  the  less  the  quantity  subtracted,  the  greater  will  be  the 
remainder.  But  in  the  expression  m—n,  m  is  diminished  by 
n;  therefore,  b—m  must  be  increased  by  n;  so  as  to  become 
b—m+n:  that  is,  wi— «  is  subtracted  fr©m  b,  by  changing 
■\-m  into  —m,  and  —n  into  +w,  and  then  writing  them  after 
b,  as  in  addition.  The  explanation  will  be  the  same,  if 
there  are  several  quantities  which  have  the  negative  sign. 
Hence, 

82.  To  perform  subtraction  in  algebra,  change  the  signs  of 
all  the  quantities  to  be  subtracted,  or  suppose  them  to  be  changed, 
from  +  to  — ,  or  from  —  to  -\-y  and  then  proceed  as  in  addi- 
tion. 

The  signs  are  to  be  changed,  in  the  subtrahend  only. — 
Those  in  the  minuend  are  not  to  be  altered.  Although  the 
rule  here  given  is  adapted  to  every  case  of  subtraction;  yet 
there  may  be  an  advantage  in  giving  some  of  the  examples 
in  distinct  classes. 

83.  In  the  first  place,  the  signs  may  be  alike,  and  the  min- 
uend greazSer  than  the  subtrahend. 

From  +28       165       Uda       -28       -1Gb        -Uda 

Subtract     +16       126         Gda       -16       -12b        -  6da 


Difference  +12        46         Qda       -12         -46  -Sda 

Here,  in  the  first  example,  the  +  before  16  is  supposed 
to  be  changed  into  — .  and  then,  the  signs  being  unlike,  the 
two  terms  are  brought  into  one,  by  the  second  case  of  re- 
duction in  addition.  (Art.  74.)  The  two  next  examples  are 
subtracted  in  the  same  way.  In  the  three  last,  the  —  in  the 
subtrahend,  is  supposed  to  be  changed  into  +.  It  may  be 
well  for  the  learner,  at  first,  to  WTite  out  the  examples;  and 
actually  to  change  the  signs,  instead  of  merely  conceiving 
them  to  be  changed.  When  he  has  become  familiar  with 
the  operation,  he  can  save  himself  the  trouble  of  transcrib- 
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84.  In  the  secoBd  place,  the  signs  maj  be  alike,  and  the 
minuend  less  than  the  subtrahend. 

From  +16&       126           6da         -16  -l2h        -   Qda 

Sub.    +286       1G6         Uda         -28  -166        -lida 


Dif.     -12       -46       -Qda         +12  46  Sda 

The  same  quantities  are  given  here,  as  in  the  preceding 
article,  for  the  purpose  of  comparing  them  together.  But 
the  minuend  and  subtrahend  are  made  to  change  places. 
The  mode  of  subtracting  is  the  same.  In  this  class  a  greater 
quantity  is  taken  from  a /ess :  hi  the  preceding,  a  less  from  a 
greater.  By  comparing  them,  it  will  be  seen,  that  there  i^ 
no  difference  in  the  answers,  except  that  the  signs  are  oppo- 
site. Thus  166— 126  is  the  same  as  126  — 166,  except  that 
one  is  +46,  and  the  other  —46:  That  is,  a  greater  quantity 
subtracted  from  a  less,  gives  the  same  result,  as  a  less  sub- 
tracted from  a  greater,  except  that  the  9ne  is  positive  and 
the  other  negative.      See  art.  58  and  59. 

85.  In  the  third  place,  the  signs  may  be  wilike. 

From  +28       +l66       -{-Uda       -28        -166        -14J: 
Sub.    -^IG       -126       -  6da       +16       +126       +  Cft^ 


Dif.      +44  286  20c?a       -44       -2S         -2Qdu 

From  these  examples,  it  will  be  seen  that  the  difference 
between  a  positive  and  a  negative  quantity,  may  be  grcaier 
than  either  of  the  two  quantities.  In  the  first  example,  4  * 
the  difference  is  greater,  than  28  the  minuend,  or  16  tlie 
subtrahend.  In  a  thermometer,  the  diiference  between  2:> 
degrees  above  cypher,  and  16  below,  is  44  degrees.  Tlu- 
dift'erence  between  gaining  1000  dollars  in  trade  and  losing; 
500,  is  equivalent  to  1500  dollars. 

86.  Subtraction  may  be  proved,  as  in  arithmetic,  by  ad- 
ding the  remainder  to  the  subtrahend.  The  sum  ought  to 
be  equal  to  the  minuend,  upon  the  obvious  principle,  tiia' 
the  difference  of  two  quantities  added  to  one  of  them,  i^ 
equal  to  the  other.  This  serves  not  only  to  correct  any 
particular  errour,  but  to  verify  the  general  rule. 
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From    3ahm—  xy     —  17+4ar  ax+  7 J  ^ah-^axy 

Sub.  —lahm-\-Qxy     —20—  ax     —^ax-\-\5h      —lah-^axy 


Rem.  10abm—7xy  Box—  8b 

87.  When  there  are  several  terms  alike,  they  may  be  redH- 
ced  as  in  addition. 

1.  From  ah,  subtract  3am+awi+7am4-2rtw+6am. 

Ans.  ah  —  3am—arn—liam—2am—Gam=ab  —  lda'm,  (Art.72.) 

2.  From  y,  subtract  —a— -a— a— a. 
Ans.  y-\-a-^a-{-a+a=y-\-^a. 

3.  From  ax—bc+^ax+lbc,  subtract  4:hc—2ax+bc+4:ax. 
Ans.     ax—bc+2ax-\-lhc—4:bc-{-2ax—bc—4rax=2ax+bc. 
(Art.  78.) 

4.  From  ad-\-2dc—hx,  subtract  3a£?+7Z'a:—£?c +«£?.• 
Ans. 

88.  When  the  letters  in  the  minuend  are  different  from 
(hose  in  the  subtrahend,  the  latter  are  subtracted,  by  first 
changing  the  signs,  and  then  placing  the  several  terms  one 
after  another,  as  in  addition.  (Art.  79.) 

1.  From  3ab  +  8—my+dh,  subtract  x—dr-{-fiJiy—hmx. 
Ans.  3ah  +  8 — niy  +  dh  —x+ dr — ^hy + bmx. 

2.     l^d-{-xy-\-d—{lad—xy-\-d+h'm—ry)=Qad-\-'2ay-^ 
km+ry. 

3.  labc —8  +  1x  —  {3ahc -8-dx+r)  =4t?5c J,- 7a  +  dx -r. 

4.  3ad+h—2y  —  {7y  +  3h—mx-\-4.ad—hy—ad)  — 

5.  6am-dy+8--{lQ  +  3dy—8-\-am—d+r)^ 


SECTION    lY, 


MULTIPLICATION* 


An     R<)    T^  addition,  one  quantity  is  connected  with  an- 
'        other.     It  h  frequently  the  case,  that  the  quan- 
tities broudit  together  are  equal;  that  is,  a  quantity  is  ad- 
jded  to  itself. 

As  3  +  3=G  3+3  +  3  +  3  =  12 

3+3  +  3=9  3  +  3  +  3  +  3+3  =  15,  &c. 

And  a  +  rt— 2a  a+c  +  a  +  «=4a 

a+a  +  a=3a  a  +  a  +  (r  +  a  +  a=5cr,  &c. 

This  repeated  addition  of  a  quantity  to  itself,  is  what  was, 
originally,  called  multiplication.  But  the  term,  as  it  is  now 
used,  has  a  more  extensive  signification.  We  have  frequent 
occasion  to  repeat,  not  only  the  whole  of  a  quantity,  but  a 
ceTizin  -portion  of  it.  If  the  stock  of  an  incorporated  com- 
pany is  divided  into  shares,  one  man  may  own  ten  of  them, 
another  five,  and  another  a  part  only  of  a  sliare,  say  two 
filths.  When  a  dividend  is  made,  of  a  certain  sum  on  a 
share,  the  first  is  entitled  to  ten  times  this  sum,  the  second  to 
jive  times,  and  the  third  to  only  two  fifths  of  it.  As  the  ap- 
portioning of  the  dividend,  in  each  of  these  instances,  is 
upon  the  same  principle,  it  is  called  multiplication  in  the 
Jast,  as  well  as  in  the  two  first. 

Again,  suppose  a  man  is  obligated  to  pay  an  annuity  of  100 
dollars  a  year,  As  this  is  to  be  subtracted  from  his  estate,  it 
may  be  represented  by  —a.  And  as  it  is  to  be  subtracted 
year  after  year,  it  will  become,  in  four  years,  —a— a— a  — a 
_=  — 4rt.  This  repeated  subtraction  is  also  called'  multiplica- 
lion.     According  to  tiiis  vievy  of  the  subject; 

*  Newton's  Universal  Arithmetic,  p.  4.  Maseres  on  the  Negativs 
Sip;n,  Sec.  II.  Camus'  Arithmetic,  Book  II.  Chap.  3.  Ruler's  Alge- 
bra, Sec.  I.  and  II.  Chap.  3.  Simpson's  Algebra,  Sec.  IV.  Maclau- 
.rin,  Saurjderso.i.  Lacroix,  Ludlam. 
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90.  Multiplying  by  a  whole  number  is  taking  the  multipli- 
cand as  inany  times,  as  there  are  units  in  the  multiplier.''' 
Multiplying  by  1,  is  taking  the  multiplicand  once,  as  a. 
Multiplying  by  2,  is  taking  the  multiplicand  tivice,  asa+fl- 
Multiplying  by  3,  is  taking  the  mult'd  three  times,2iS  a  -f  a  +  a,&c. 

Multiplying  by  a  fraction  is  taking  a  certain  portion  of 
the  multiplicand  as  many  times,  as  there  are  like  portions  of  an 
unit  in  the  multiplier. 

Multiplying  by  |,  is  taking  ^  of  the  mult'd  once,  as  -]  a. 
Multiplying  by  |,  is  taking  i  of  the  mult'd  twice,^.s  ^a-{-^a. 
MultipFg  by|,is  taking-|^of  the  mult'd  three  times,a.s  |a+ ■ia+ |a^ 

Hence,  if  the  multiplier  is  an  unit,  the  product  is  equal  to 
the  multiplicand :  If  the  multiplier  is  greater  than  an  unit, 
the  product  is  greater  than  the  multiplicand :  And  if  the  mul- 
tiplier is  less  than  an  unit,  the  product  is  less  than  the  multi- 
plicand. 

Multiplication  by  a  negative  quantity,  has  the  same  rela- 
tion to  multipliciriion  by  a  positive  quantity,  which  strsTRAC- 
TioN  has  to  addition.  In  the  one,  the  sum  of  the  repetitions 
of  the  multiplicand  is  to  be  added,  to  the  other  quantities 
with  which  the  multiplier  is  connected.  In  the  other,  the 
sum  of  these  repetitions  is  to  be  subtracted  from  the  other 
quantities.  This  subtraction  is  performed  at  the  time  of 
multiplyina;,  by  changing  the  sign  of  the  product.  See  Art, 
107  and  108. 

91.  Every  multiplier  is  to  be  considered  a  number.  We 
sometimes  speak  of  multiplying  by  a  given  iveight,  or  ineas- 
ure,  a  sum  of  money,  Sic.  But  this  is  abbreviated  language. 
If  construed  literally,  it  is  absurd.  Multiplying  is  taking 
either  the  whole  or  a  part  of  a  quantity,  a  certain  number  of 
times.  To  say  that  one  quantity  is  repeated  as  many  times, 
as  another  is  heavy,  is  nonsense.  But  if  a  part  of  the  weight 
of  a  body  be  fixed  upon  as  an  unit,  a  quantity  may  be  mul- 
tiplied by  a  number  equal  to  the  number  of  these  parts  con- 
tained in  the  body.  If  a  diamond  is  sold  by  weight,  a  par- 
ticular price  may  be  agreed  upon  for  each  grain.  A  grain  is 
ijere  the  unit;  and  it  is  evident  that  the  value  of  the  dia- 
mond, is  equal  to  the  given  price  repeated  as  many  times, 
as  there  are  grains  in  the  whole  weight.  We' say  concisely 
that  the  price  is  multiplied  by  the  weight ;  meaning  that  it 
is  multiplied  by  a  numhcr  equal  to  the  number  of  grains  in 
ithe   weight.      In  a  similar  manner,  any  quantity  v/hatever 

*  See  note  A.  at  the  end. 


MULTIPLICATION.  it 

Jnay  be  supposed  to  be  made  up  of  parts,  each  being  con- 
sidered a  unit,  and  anj  number  of  these  may  become  a 
multiplier. 

92.  As  multiplying  is  taking  the  whole  or  a  part  of  a 
quantity  a  certain  number  of  times,  it  is  evident  that  the 
product  must  be  of  the  same  nature  as  the  multljpUcand. 

If  the  multiplicand  is  an  abstract  mmber ;  the  product 
will  be  a  number. 

If  the  multiplicand  is  iveight,  the  product  will  be  weight. 
If  the  multiplicand  is  a  line,  the  product  will  be  a  Hne.  i?e- 
peating  a  quantity  does  not  alter  its  nature.  It  is  frequently 
said,  that  the  product  of  two  lines  is  a  surface,  and  that  the 
product  of  three  lines  is  n  solid.  But  these  are  abrido-ed  ex- 
pressions, which  if  interpreted  literally  are  not  correct.  See 
the  section  on  the  application  of  Algebra  to  Geometry, 

93.  The  multiplication  of  fractions  will  be  the  subject  of 
a  future  section.  We  have  first  to  attend  to  multiphcation" 
by  positive  whole  numbers.  This,  according  to  the  defini- 
tion (Art.  90)  is  taking  the  multiplicand  as  many  times,  as 
there  are  units  in  the  multiplier.  Suppose  a  is  to  be  multiplied 
by  b,  and  that  b  stands  for  3.  There  are,  then,  three  units 
in  the  mukiplier  b.  The  multiplicand  must  therefore  be 
taken  three  times ;  thus, 

a 
a 
a 

The  amount  is  3«,  that  is,  3  times  a;  which,  if  h  stands 
for  3,  is  the  same  as  Z*  x  a  or  ba.  (Art.  40.)  Or  thus,  a-\-a-\-ii 
=3fi,  which  is  the  same  as  ba.  So  that,  multiplying  two 
letters  together  is  nothing  more,  than  ivriting  them  one  after  the 
other,  either  with,  or  without,  the  sign  of'multiplication  be- 
tween them.  Thus  b  multipUed  mto  c,  is  bxc,  or  be.  And 
X  into  y,  is  xxy,  or  x.y,  or  xy. 

94.  If  more  than  two  letters  are  to  be  multiplied,  they 
must  be  connected  in  the  same  manner.  Thus  a  into  b  and 
c,  is  cba.  For  by  the  last  article,  a  into  b,  is  ba.  This  pro- 
duct is  now  to  bo  multiplied  into  c.  If  c  stands  for  5,  then 
ba  is  to  be  taken  five  times,  thus, 

ba+ba-\-ba-\-ba-\-ba~ t)ba,  or  cba. 
The  same  explanation  may  be  apphed  to  any  number  of 
letters.      Thus  am  into   xy,   is  amxy.     And  bh  into  mrx,  is 
bhmrx. 

95.  It  is  immaterial  in  what  order  the  letters  are  arranged. 
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The  product  ba  is  the  same  as  ah.  Three  times  five  is 
equal  to  five  times  three.  Let  the  number  5  be  represented 
by  as  many  points,  in  a  horizontal  line ;  and  the  number  3, 
by  as  many  points  in  a  perpendicular  line. 


Here  it  is  evident  that  the  ivhole  number  of  points  is  equal, 
either  to  the  number  in  the  horizontal  row  three  times  repeat- 
ed, or  to  the  number  in  the  perpendicular  row  five  times  re- 
peated ;  that  is  to  5  X  3,  or  3  X  5.  This  explanation  may  be 
extended  to  a  series  of  factors  consisting  of  any  numbers 
Avhatever.  For  the  product  of  two  of  the  factors  may  be 
considered  as  one  number.  This  may  be  placed  before  or 
after  a  third  factor:  the  product  of  three,  before  or  after  a 
fourth,  fcc. 

Thus  24=4x6  or  6x4=4x3x2  or  4x2x3  or  2x3x4. 
The  product  of  o,  6,  c,  and  c/,  is  abed,  or  acdb,  or  dcba,  qr  bade. 
It  will  generally  be  convenient,  however,  to  place  the  letters 
in  alphabetical  order. 

SS.  When  the  letters  have  numerical  co-efficients,  these 
must  be  multiplied  together,  and  prefixed  to  the  product  of  the 
letters. 

Thus  3«  into  2b  is  Qab.      For  if  a  into  b  is  ab,  then  3 
times  a  into  b,  is  evidently  3a6 :  and  if,  instead  of  multiply- 
ing by  b,  we   multiply  by  twice  b,  the  product  must  be  twice  i 
as  great,  that  is  2  x  Sab  or  (Jab. 

Mult'y     9ah         I2hy        2>dh  2ad  Ibdh         Saij 

Into         ^y  2rx  my         13hmg  x  Smx 

Prod,    21abxy  $dhmy  Ibdhx 


97.  If  either  of  the  factors  consists  of  figures  only,  these 
must  be  multiplied  into  the  co-efficients  and  letters  of  the- 
other  factors. 

Thus  3a5  into  4,  u  V2ab.  And  36  into  2r,  is  72r.  And 
24  into  hy,  is  24.^2/. 

98.  If  the  multiplicand  is  a  compound  quantity,  each  of  its 
terms  must  be  multiplied  into  the  multiplier.  Thus  b-\-c-\-d 
into  a  is  ab-\-aC'\"ad.  For  the  whole  of  the  multiplicand  is 
to  be  taken  as  many  times,  7.s  there  are  units  in  the  raulti- 
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plier.      If  then  a  stands  for  3,  the  repetitions  of  the  multi- 
plicand are 

b-\-c+d 

b-{-c-\-d 

b  +  c+d 


And  their  sum  is      3b  +  3c+3d,  that  is,  ab-\-ac-{-ad. 

Muh.     d+2ay  2h+m  2hl+l  2Am+3+J,- 

Into     36  Idy  my  46 


Prod .  36c? + 6  bxy  3hlmy + my 


99.  The  preceding  instances  must  not  be  confounded 
with  those  in  which  several  factors  are  connected  by  the 
sign  X ,  or  by  a  point.  In  the  latter  case,  the  multiplier  is 
to  be  written  before  the  other  factors  loithout  being  repeated. 
The  product  of  6 x t?  into  g,  is  abxd,  and  not  ah x  ad.  For 
bxd  is  bd,  and  this  into  a,  is  ahd.  (Art.  94.)  The  expression 
bxd  is  not  to  be  considered,  like  b-\-d,  a.  compound  quantity 
consisting  of  two  terms.  Different  term^  are  always  separa- 
ted by  +  or  — .  (Art.  36.)  The  product  of  6  x  Ax  wxy 
into  fl,  is  axbxTiXmxy  or  abhmy.  But  b-{-1i-\-m+y  into  cr, 
is  ab-{-ah-{-am-\-ay. 

100.  If  both  tlie  factors  are  compound  quantities,  each 
term  in  the  multiplier  must  be  multiplied  into  each  in  the  mxdti- 
plicand. 

Thus  a+b  into  c+d  is  ac-\-ad-\-bc-\-bd. 

For  the  units  in  the  multiplier  a-\-b  are  equal  to  the  units 
in  a  added  to  the  units  in  b.     Therefore  the  product  produ- 
ced by  a,  must  be  added  to  the  product  produced  by  6. 
The  product  of  c+^  into  a  is  ac-\- ad   \    .       qq 
The  product  of  c+^  into  b  is  hc-ybd    \  ^^'  ^^' 
The  product  of  c+rf  into  a+6  is  therefore  eic+ad-\-bc-\-hd. 

Mult.  3x-\-d  4^ay-[-2b        a  +  1 

Into     2a+hm  3c   -{-rx      3«+4 


Prod.  6ax-\-2ad-{-3hmx+dh7n  3aa:+3a:+4a+4 
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P*Iult.  2^ + "7  into  6t?+ 1  •     Prod.  1 2dh + 42(f  +  2h  +  "T. 
Mult.  dy-\-rx+h  into  6/» + 4 + 7y.     Prod . 
Mult.  l-\-QhA-ad  into  3r+44-2A.     Prod. 

101.  When  several  terms  in  the  product  are  alike,  it  will 
be  expedient  to  set  one  under  the  other,  and  then  to  unite 
them,  by  the  rules  for  reduction  in  addition. 

Mult.  h-\-a  5-fc  +  2  a-}-  y+l 

Jnto     b->ra  6  +  c+3  36+2a;+7 


hb-\-ab  bb+bc  +  2b 

r^-ab+aet  be         -{■cc-'r^c 

+  36         +3c+6 


Prod.  bb  +  2ab  +  aa    bb+2bc  +  5b  +  cc+5c+Q 


Mult.  Sa+d+4^  into  2a+3rf+l.     Prod. 
Mult,  b  +  cd+2  into  35+4c£?+7.     Prod. 

102. .  Here,  as  in  Art.  99,  care  must  be  taken  not  to  conr 
found  terms  with  factors. 

The  product  of  a  X  6  into  cxd,b  axbxcxd.ov  abed. 

But  the  product  ,of  a-{-b  into  c  +  d,  is  ac  +  ad+bc-\-bd. 

The  product  of  36-}- 2c  into  Axw»,  is  obhm-\-2ehm. 

The  product  of  axbxc  into  /'i  +  4?/,  is  abch+^abcy. 

103.  It  will  be  easy  to  see  that  when  the  multiplier  and 
multiplicand  consist  of  any  quantity  repeated  as  a  factor,  this 
factor  will  be  repeated  in  the  product,  as  many  times  as  in 
the  multiplier  and  multiplicand  together. 

Mult,  ax  ax  a        Here  a  is  repeated  three  times  as  a  factor. 
Into     ax  a  Here  it  is  repeated  tivice. 

IPvod.  axaxaxaxa  Here  it  is  repeated  fve  times. 


The  product  of  bbbb  into  bbb,  is  bbbbbbb. 

The  product  of  2a;  x  32?  x  4a;  into  5a;  x  6a?,  is  2r  X  3r  X  4a: 
X5xx  6a?. 

104.  But  the  numeral  co-efficients  of  several  fellow-factors 
Biay  be  brought  together  by  multiplication. 

Thus  2a  X  db  into  4a  x  56  is  2a  x  36  x  4a  x  56,  or  120ao66, 
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For  the  co-efficients  are  factors,  {AyI.  41,)  and  it  ls"imma- 
terial  in  what  order  these  are  arranged.  (Art.  95.)     So  that 
2ax3bx4.ax5b=2xSxAy5xaxaxbxb  =  l20aahh. 

The  product  of  3a  x  Abh  into  5m  x  6i/,  is  360  abhmy. 

The  product  of  46x6rf  into  2r-fl,  is  4.Sbdx+24^bd. 

105.  The  examples  in  multiphcation  thus  far  have  been 
confined  to  positive  quantities.  It  will  now  be  necessary  to 
consider,  in  what  manner  the  result  will  be  affected,  by  mul- 
tiplying positive  and  negative  quantities  together.     We  shall 

find, 

That    +  into  +  produces  + 

—  into  4-  ~ 
+  into  —  — 

—  into  —  +       .  1,-  1,  • 
All  these  maybe  comprised  in  one  generd  rule,  which  it 

will  be  important  to  have  always  familiar.  If  the  signs  of  ^  the 
factors  are  alike,  the  sign  of  the  product  will  be  affirmative; 
but  if  the  sig7is  of  the  factors  are  unlike,  the  sign  of  the  pro- 
duct mil  be  negative. 

106.  The  first  case,  that  of  4-  into  +,  needs  no  farther 
illustration.    The  second  is  -  into  +,  that  is,  the  multipli- 
cand is  negative,  and  the  multiplier  positive.      Here  -a  in- 
to +4  is  —4a.     For  the  repetitions  of  the  multiphcand  are, 
"-a— a— a— a=  — 4a. 

Mult.  b-Sa  2a-m  h-U-ii  a-2-ld-x 
Into     67/  ^h+x      2y     3&4-A 

Prod.  6%-18ay  2hy-6dy-Sy 


107.  In  the  two  preceding  cases,  the  affirmative  sign  prefix- 
ed to  the  multiplier  shows,  that  the  repetitions  of  the  multi- 
plicand are  to  be  added,  to  the  other  quantities  with  which 
the  multipher  is  connected.  But  in  the  two  remaining  cases, 
the  negative  sign  prefixed  to  the  multiplier,  indicates  that  the 
sum  of  the  repetitions  of  the  multiplicand  are  to  be  subtract- 
ed from  the  other  quantities.  (Art.  90.)  And  this  subtrac- 
tion is  performed,  at  the  time  of  muUiplying,  by  making  the 
sign  of  the  product  opposite  to  that  of  the  multiplicand. 
Thus  +a  into  -4,  is  -4a.  For  the  repetitions  of  the  mul- 
tiplicand are, 

+  a+a+fi  +  a  =  +  4a. 
But  this  sum  is  to  be  subtracted,  from  the  other  quantities 
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with  which  the  muhiplier  is  connected.    It  will  then  become 
—4^n.  (Art.  82.) 

Thus,  in  the  expression  6  -  (4  x  a),  it  is  manifest  that  4  x  a 
IS  to  be  subtracted  from  b.  Now  4Xais4a,  that  is,  +4a 
But,  to  subtract  this  from  b,  the  sign  +  must  be  changed  in- 
to -.  So  that  6-(4xa)  is  6 -4a.  And  ax  -4  is  there- 
lore  —4a. 

Again,  suppose  the  multiplicand  is  a,  and  the  multiplier 

1  ri;,  .  ^^^  ^^~^)  ^^  ^•i"^^  *°  ^'  the  product  will  be  equal  to 
2a.  This  IS  less  than  the  product  of  6  into  a.  To  obtain 
then  the  product  of  the  compound  multiplier  (6-4)  into  a 
we  must  subtract  the  product  of  the  negative  part,  from 
that  of  the  positive  part. 

Multiplying        ct'>  ( Multiplying  a 

Into  6-4  5  ^  ^'^^  ^^^^^  ^5  I  j^^^  ^  -^    o  ^ 

And  the  prod.  6a— 4a,  is  the  same  as  the  product     2ff. 
Therefore  a  into  —4,  is— 4a.  * 

But  if  the  multiplier  had  been  (6+4),  the  two  products 
must  have  been  added. 

Mjdtiplyi„5^^„^  is  the  same  a.  [^"'y^'^S^l 
And  the  prod.    6a4-4«  is  the  same  as  the  product  10a 

This  shows  at  once  the  difference  between  multiplyins  by 
^positive  factor,  and  multiplying  by  a  negative  one.  In  the 
former  case,  the  sum  of  the  repetitions  of  the  multiplicand 
IS  to  be  added  to,  m  the  latter,  SM^fmctet/ /ro?»,  the  other 
quantities,  with  which  the  multipher  is  connected.  For  eve- 
ry negative  quantity  must  be  supposed  to  have  a  reference 
to  some  other  which  is  positive ;  though  the  two  may  not  al- 
ways stand  m  connection,  when  the  multiplication  is  to  be 
performed. 

Mult,  a+b  3dy+hx+2         3h  +3 

^to     b—x  mr—ah  ad—Q 


Prod,  ab+bb-ax-bx  3adh  +  3ad-18h-18 

XOS,    If  tivo  negatives  be  multiplied  together,  the  product 
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will  be  affirmative  :— 4x  —  a  =  +  4a.  In  this  case,  as  in  the 
preceding,  the  repetitions  of  the  multipHcand  are  to  be  sub- 
tracted, because  the  muhiplier  has  the  negative  sign.  These 
repetitions,  if  the  multiplicand  is  —a  and  the  multiplier— 4, 
are  —a— a— a— «  =  — 4fl.  "But  this  is  to  be  subtracted  by 
changing  the  sign.     It  then  becomes  +4a. 

Suppose  —a  is  multiplied  into  (6—4).  As  6—4=2,  the 
product  is  evidently,  twice  the  multiplicand,  that  is  —  2a- 
But  if  we  multiply  '—a  into  6  and  4  separately;  —a  into  6 
is  —  6fl,  and  —a  into  4  is  —  4«.  (Art.  106.)  As,  in  the  mul- 
tiplier, 4  is  to  be  subtracted  from  6 ;  so,  in  the  product,  — 4« 
must  be  subtracted  from  -6a.  Now  —4a  becomes  by  sub- 
traction +  ia.  The  whole  product  then  is  —  6a-i-4a,  which 
is  equal  to  2a.     Or  thus, 

Multiplying     -a  >  .     ,  ( Multiplying  -a 

Into  ^  '        6-45''  "'^  ^^""^  ^  I  Into  2 

And  the  prod.     —  6a-i-4a,  is  equal  to  the  product       —2a. 

In  Double  Fellowship  In  arithmetic,  each  man's  stock  is 
to  be  multiplied  into  the  time  for  which  it  is  employed.  Sup- 
pose there  are  two  partners  A  and  B ;  that  B's  stock  is  300 
dollars  less  than  A's;  and  that  the  time  of  the  former  is  two 
years  less,  than  that  of  tlie  latter :  then 

If  A's  share  is  equal  to  c;  B's  share  will  equal  c— 300  } 
And  If  A's  time  is  equal  to  d;  B's  time  will  equal   d—2      ^ 

Multiplying  c- 300 
into  rf— 2 


The  product  will  be       ccf-300c^-2c4-600. 

Here  the  two  first  terms  are  obtained,  by  multiplying 
(c-300)  into  flf;  that  is,  B's  stock  into  the  whole  time  repre- 
j^ented  by  d.  But  this  time  is  two  years  too  much.  The  pro- 
duct is  therefore  too  great.  It  ought  to  be  diminished,  by 
the  product  of  the  stock  (c-300)  into  2.  The  whole  pro- 
duct will  then  be 

{cd-300d)-{2c-600)=cd-300d-2c-\-Q00. 
Here  2c— 600  is  subtracted  hy  changing  the  signs  (Art.  88.) 
so  that  — 300x  —2  is  -f  600.      On  the  same  principle,  it  is 
necessary  to  change  the  signs  of  every  term  in  a  compound 
quantity  which  is  multiplied  by  a  negative  factor. 
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It  is  often  considered  a  great  mystery,  that  the  product  of 
two  negatives  should  be  affirmative.  But  it  amounts  to  no- 
thing more  than  this,  that  the  subtraction  of  a  negative 
quantity,  is  equivalent  to  the  addition  of  an  affirmative, 
(Art.  81,)  and,  therefore,  that  the  repeated  subtraction  of  a 
negative,  is  equivalent  to  a  repeated  addition  of  an  affirma- 
tive. Taking  off  from  a  man's  hands  a  debt  of  ten  dollars 
every  month,  Is  adding  ten  dollars  a  month  to  the  value  of 
his  property. 

Mult.,    a -4  Sd—hy-2^   3ay—b 

Into     36—6  46—7  6t— 1 


Prod,  oai  — 126 -6a +  24  18axy—6bx—3ay+b 

Multiply  ^ad—ah—l  into  4:-^dy—hr. 
Multiply  2hy+3m  —  l  into  4.d  —2a; +3. 

109.  As  a  negative  multiplier  changes  the  sign  of  the 
quantity  vi^hich  it  multiplies;  if  there  are  several  negative 
factors  to  be  multiplied  together, 

The  two  first  will  make  the  product  positive ; 

The  third  will  make  it  negative ; 

The  fourth  will  make  it  positive,  &;c. 

Thus  —a  And  —abc 

Into    —b  Into  —d 

[factors.  ■     . 

Gives  +ab,  the  prod,  of  two  Gives  +a6c(/,/owr  fact's. 
This  into    —  c  This  into  —e 


Gives  —abc,  three  factors.      Gives  —abode,  Jive  fact's. 
That  is, 

The  product  of  any  even  number  of  negative  factors  is 
positive;  but  the  product  of  any  odd  number  of  negative 
factors  is  nescative. 


■ax  —ax  —ax  —a—aaaa 


Thus— ax— a=«a  And 

—ax  —ax  —a=-aaa    —ax— ax  —ax  —ax-a^-aaaaa. 

The  product  of  several  factors  which  are  all  positive,  is 
invariably  positive. 

110.  Positive  and  negative  terms  may  frequently  lahiKe 
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each  other,  so  as  to  disappear  in  the  product.  (Ai't.  77.)     A 
star  is  sometimes  put  in  the  place  of  the  deficient  term. 

Mult,  a—h  mm—yy        aa-{-ab-^lb 

Into     a-\-b  mm-\-yy  a  —  h 


aa—ah  *         aaa-\-aah-\-ahh 

-\-ah — hh  — aab — abh—hhh 


Prod.  «a     *    —hh  acta      *         *    —bhb 


111.  For  many  purposes,  it  is  sufficient  merely  to  indicate 
the  multiplication  of  compound  quantities,  without  actually 
multiplying  tlie  several  terms.     Thus  the  product  of 

a+i  +  c  into  h-\-m+y,h  {a  +  bi-c)x{h-i-m  +  y).    (Art.  40.) 
The  product  of 

a-\-m  into  h-\-x  and  d-\-y/is  {a -^-vi)  x  {h-\-x)  X  {d-\-y). 
By  this  method  of  representing  multiplication,  an  important 
advantage  is  often  gained,  in  preserving  the  factors  distinct 
from  each  other. 

When  the  several  terms  are  multiplied  in  form,  the  ex- 
pression is  said  to  be  expanded.     Thus  [Art.  100. 

{a-\-b}x{c+d)  becomes  when  expanded  ac-{-ad-\-bc+bd. 

112.  With  a  given  multiplicand,  the  less  the  multiplier, 
the  less  will  be  the  product.  If  then  the  multiplier  be  redu- 
ced to  nothing,  the  product  will  be  nothing.  Thus  ax  0=0. 
And  if  0  be  one  of  any  number  of  fellow-factors,  the  product 
of  the  whole  will  be  Bothing. 

Thus  abxcx 3dx0=3abcdx0—0. 

And{a-\-b)x{c+d)x{h-m)xO=0. 

lis.  Although,  for  the  sake  of  illustrating  tlie  different 
points  in  multiplication,  the  subject  has  been  drawn  out  into 
a  considerable  number  of  particulars  ;  yet  it  will  scarcely  be 
necessary  for  the  learner,  after  he  has  become  familiar  with 
the  examples,  to  burden  his  memory  with  any  thing  more 
than  the  following  general  rule. 

JMidtiply  the  letters  and  co-efficients  of  each  term  in  the  mul- 
tiplicand, into  the  letters  and  co-cfftcients  of  each  term  in  the 
multiplier  ;  and  prefix,  to  each  term  of  the  product,  the  sign 
required  by  the  principle,  that  lil-p  signs  produce  ~i~,  i'.n(^  dif- 
ferent signs  ~ . 
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Mult.  cf4-35~2  into  4a-G&-4. 

Mult,  liab XX x2,  into  3my—l  +h. 

Mult.  {7ah—y)  x  4  into  4a:  x  3  X  5  X  <?. 

Mult.  (6a&-/«£?+l)x2into  (8+4j:  — 1)  x<^,. 

Mult.  3av+?/-4+A  into  (£?+a;)x(A+?^),- 
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A  114.  T^  multiplication,  we  have  two  factors  giver^, 
and  are  required  to  find  their  product.  By 
multiplying  the  factors  4  and  6,  we  obtain  the  product  24, 
1But  it  is  frequently  necessary  to  reverse  this  process.  The 
number  24,  and  one  of  the  factors,  may  be  given,  to  enable 
us  to  find  the  other.  The  operation  by  which  this  is  effect- 
ed is  called  Division.  We  obtain  the  number  4,  by  dividinj]; 
24  by  6.  The  quantity  to  be  divided  is  called  the  dividend ; 
the  given  factor,  the  divisor ;  and  that  which  is  required,  the 
quotient. 

115.  Divjsioji  is  finding  a  quotient^  which  multiplied  inte 
the  divisor  will  produce  the  dividend j^ 

In  multiplication,  the  multiplier  is  always  &  number.  (Art. 
91.)  And  the  product  is  a  quantity  of  the  same  kind,  as  the 
multiplicand.  (Art.  92.)  The  product  of  3  rods  into  4,  is 
12  rods.  When  we  come  to  division,  the  product  and  either 
of  the  factors  may  be  given,  to  find  the  other:  that  is. 

The  divisor  may  be  a  number,  and  then  the  quotient  will 
be  a  quantity  of  the  same  kind  as  the  dividend;  or 

The  divisor  may  be  a  quantity  of  the  same  kind  as  the  div- 
idend; and  then  the  quotient  will  be  a  number. 

12  rods  _       12  rods 

Thus 7— = 3  rods.  But 


4  ^'  3  rods 

12  rods  12  rods 

And  — 7^. — =4  rod.  And 


24     -  ^  '  ""•  """  24  rods  ~  * 

In  the  first  case,  the  divisor,  being  a  number,  shows  into 
hoio  many  parts  the  dividend  is  to  be  separated;  and  the  quo- 
ttient  shows  what  these  parts  are. 

*' The  remainder  \s  here  supposed  to  be  included  in  the  quotient, 
as  is  commonly  tlie  case  in  algebra. 
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If  12  rods  be  divided  into  4  parts,  each  will  be  3  rods  long. 
And  if  12rods  be  divided  into  24parts,each  will  be  half  a.  rod  long. 

In  the  other  case,  if  the  divisor  is  less  than  the  dividend, 
the  former  shows  into  what  parts  the  latter  is  to  be  divided ; 
and  the  quotient  shows  hoiv  many  of  these  parts  are  contain- 
jed  in  the  dividend.  In  other  words,  division  in  this  case 
consists  in  finding  koiv  oftc)i  one  quantity  is  contained  in  an- 
/other. 

A  line  of  3  rods,  is  contained  in  one  of  12  rods,  four  times. 

But  if  the  divisor  is  greater  than  the  dividend,  and  yet  a 
quantity  of  the  same  kmd,  the  quotient  shows  what  pari  of 
tlie  divisor  is  equal  to  the  dividend. 

Thus  one  half  of  24  rods  is  equal  to  12  rods. 

116..  As  the  product  of  the  divisor  and  quotient  is  equal  to 
the  dividend,  the  quotient  may  be  found,  by  resolving  the 
dividend  into  two  such  factors,  that  one  of  them  shall  be  the 
divisor.     The  other  will,  of  course,  be  the  quotient. 

Suppose  abd  is  to  be  divided  by  a.  The  factors  a  and 
hd  will  produce  the  dividend.  The  first  of  these,  being  a 
divisor,  may  be  set  aside.   The  other  is  the  quotient.    Hence, 

When  the  divisor  is  found  as  a  factor,  in  the  dividend,  the  di- 
vision  is  performed,  hy  cai'JCell.ing  this  factor. 


Pivide  zx 
By       c 

dh 
d 

drx 
dr 

hmy 
hm 

dhxy 

abed 
b 

ahxy 
ax 

Quot.    X 

X 

hx 

hy 

In  each  of  these  examples,  the  letters  which  are  common 
to  the  divisor  and  dividend,  are  set  aside,  and  the  other  let- 
ters form  the  quotient.  It  will  be  seen  at  once,  that  the 
product  of  the  quotient  and  divisor  is  equal  to  the  dividend. 

117.  If  a  letter  is  repeated  in  the  dividend,  care  must  be 
taken  that  the  factor  rejected  be  only  equal  to  the  divisor. 


Div. 

aab 

hbx 

uadddx 

aammyy 

aaaxxxh 

yyy 

^y 

a 

h 

ad 

amy 

aaxx 

yy 

Quot.    ab  addx  axh 

iji  such  instances,  it  is  obvious  that  we  are  not  to  reject 
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€very  letter  in  the  dividend  which  is  the  same  with  one  in  the 
divisor. 

118.  If  the  dividend  consists  of  any  factors  whatever,  ex- 
punging one  of  them  is  dividing  by  it. 

Div.  a{b  +  d)      a{b  +  d)        {b+cc){c+d)        {b+y)x{d-h)x 
By      a  b  +  d  b-'rx  d—h 

<^uot.  b  +  d  a  c+d  {b+y)xx 


In  all  these  instances  the  product  of  the  quotient  and  divi- 
sor is  equal  to  the  dividend  by  Art.  111. 

119.  In  performing  multiplication,  if  the  factors  contain 
numeral  figures,  these  are  multiplied  into  each  other.  (Art. 
96.)  Thus  3a  into  lb  is  2\ab.  Now  if  this  process  is  to  be 
reversed,  it  is  evident  that  dividing  the  number  in  the  pro- 
duct, by  the  number  in  one  of  the  factors,  will  give  the  num- 
ber in  the  other  factor.  The  quotient  oi  2\ab—oa  is  lb. 
Hence, 

In  division,  if  there  are  numeral  co-ejfficients  prefixed  to 
the  letters,  the  co-efficient  of  the  dividend  must  be  divided,  by 
the  co-efficient  of  the  divisor. 


Div.     6a6 
By      26 

IQdxy 
4^dx 

25dhr 
dh 

12xy 
C 

Sidrx 
34 

20hm 
m 

Q,uot.  3a 

25r 

drx 

120.  When  a  simple  factor  is  multiplied  into  a  compound 
one,  the  former  enters  into  every  term  of  the  latter.  (Art.  98.) 
Thus  a  into  b-\-d,  is  ab-\-ad.  Such  a  product  is  easily  resol- 
ved again  into  its  original  factors. 

Thus  ab  +  ad=ax{b  +  d) 

ab-{'ac-\-ah=ax{b-\-c4-h) 

amh  +  a7nx + amy =amx(h-^x+y) 

4^ad-{-8ah-\-l2am-{-4^ay=4.ax{d+2}i-^Sm-\-y) 

Nov/  if  the  whole  quantity  be  divided  by  one  of  these  fac- 
tors, according  to  Art.  118,  the  quotient  will  be  the  other 
factor. 

Thuo  {abA-ad)^a~a^d.       Aud  {ab  +  ad)^{a  +  d)=a. 
Hence, 


m  ALGEBRA. 

If  the  divisor  is  contained  in  every  term  of  a  compound  div- 
idend, it  must  be  cancelled  in  each. 

Div.     ab-{-ac        hdk-\-hdy        aah-\-ay         drx-{-dhx-\-dxy 
By      a  hd  a  dx 

Quot.  h-\-c  ah+y 


And  if  there  are  co-efficients,  these  must  be  divided,  m 
«ach  terra  also. 

Div.     Gab  +  12ac       lOdry+lQd  12}ix-\-S       Z5dm+Udx 

By      3a               ,      2d  4                   Id 

Quot.  26  4- 4c  3hx  +  2 


121.  On  the  oihev  h&nd,  if  a  compound  exjj^-ession  contain' 
ing  any  factor  in  every  term,  be  divided  by  the  other  quantities 
connected  by  their  signs,  the  quotient  ivill  be  that  factor.  See 
the  first  part  of  the  preceding  article. 

Div.     ab-\-ac  +  ah     amh-^amx+amy     iiab-\-8ay    (ihm-\-ahy 
By      J  +  c+A  h+x-\-y  b  +  2y        m-\-y 

^uot.  a  4a 


122.  In  division,  as  well  as  in  multiplication,  the  caution 
-must  be  observed,  not  to  confound  terms  with  factors.  See 
Arts.  99  and  102. 

Tlius  {ab-\-ac)^a-b  +  c.     (Art.  120.) 
Sut    {abxac\-^a-=iaabc-^a=ahc. 
And   {ab  +  ac)^{b-\-c)=a.     (Art.  121,) 
But    {ahxac)-^{bxc)=^aahc-~bc=^aa. 

123.  In  division  the  same  rule  is  to  be  observed  respecting 
the  signs,  as  in  multiplication ;  that  is,  if  the  divisor  and  div- 
idend are  both  positive^  or  both  negative,  the  quotient  must  be 
positive :  if  one  is  positive  and  the  other  negative,  the  quotient 
^must  be  negative.  (Art.  105.) 

This  is  manifest  from  the  consideration  that  the  product  of 
the  divisor  and  quotient  must  be  the  same  as  the  dividend, 
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-«><+6=-«H  then    <-i^-^i  =  Z'' 
—ax—b  =  -\-abj  \^+ab-. — b  =  —a 

Div.     abx        8a  —  l0ay  3ax—Qay       6am  xdh 

By        —a         —2a  2a  —2a 


Quot.  —bx         — 4  +  5y  —3mxdh=-3dhm 


124.  If  the  letters  of  the  divisor  are  not  to  be  found  in  the 
dividend,  the  division  is  expressed  by  ivriting  the  divisor  under 
the  dividend^  in  the  form  of  a  vulgar  fraction. 


Div.     xy 
By        a 

6hr       d—x 
My       —h 

d—x 
-h 

2d-r 
-'ix 

d—h  +  Sy 
m—x 

d-h  +  2y 
m—x 

r+x  +  I 
d+2h—y 

Quot.  — 

This  is  a  method  of  denoting  division,  rather  than  an  actu- 
al performing  of  the  operation.  But  the  purposes  of  division 
may  frequently  be  answered,  by  these  fractional  expressions. 
As  they  are  of  the  same  nature  with  other  vulgar  fractions^ 
they  may  be  added,  subtracted,  multipUed,  &«.  See  the  next 
section. 

125.  «When  the  dividend  is  a  compound  quantity,  the  divi- 
sor may  either  be  placed  under  the  whole  dividend,  as  in  the 
preceding  instances,  or  it  may  be  repeated  under  each  term^ 
taken  separately.  There  are  occasions  when  it  will  be  cou- 
\^enient  to  exchange  one  of  these  forms  of  expression  for 
the  other. 

5  +  c         b      c 

Thus  b+c  divided  by  x,  is  either  — — ,  or  "~+~' 

a  +  b 
And  a  +  b  divided  by  2,  is  either —h~  that   is,  half  the 

a      b 
sum  of  a  and  b;  or  2'+'H^  that  is,  the   sum  of  half  a  and 

half  b.  For  it  is  evident  that  half  the  sum  of  two  or  more 
quantities,  is  equal  to  the  sum  of  their  halves.  And  the  same 
principle  is  applicable,  to  a  third,  fomlh,  fifth,  or  any  other 
portion  of  the  di-vidend. 
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a—h         a       h 
So  also  a  —  h  divided  by  2,  is  either—^—,  or  2^~"2' 

For  half  the   difference  of  two   quantities,  is  equal   to  the 
difference  of  their  halves. 

a—2b  +  h      a     2h     h  3a— c       3ff        c 

So =—-—+—.   And = —  — T- 

m  m     m     m  —x        —x      —x 

126.  If  some  of  the  letters  in  the  divisor  are  in  each  term 

of  the  dividend,  the  fractional   expression  may  be  rendered 

more  simple,  by  rejecting  equal  factors  from  the  numerator 

and  denominator. 


Div.     ah 
By       ac 

dhx 
dy 

ahm—3ay 
ah            ^ 

ah-\-hx 

2am 
2xy 

^        ah     h 

Quot.  — or — 
^        ac      c 

hm—3y 
h 

am 
xy 

These  reductions  are  made  upon  the  principle,  that  a 
given  divisor  is  contained  in  a  given  dividend,  just  as  many 
times,  as  double  the  divisor  in  double  the  dividend  ;  triple 
the  divisor  in  triple  the  dividend,  h.c.  See  the  reduction  of 
fractions. 

127.  If  the  divisor  is  in  some  of  the  terms  of  the  dividend, 
but  not  in  all;  those  which  contain  the  divisor  may  be  divi- 
ded as  in  Art.  116,  and  the  others  set  down  in  the  form  of  a 
fraction. 

ah  +  d        ah     d  d 

Thus  {ah  +  d)—a  is  either ,  or — +—  or  6+ — . 

Div.     dxy+rx—hd         2ab  +  ad+x         hm+3y       2my+dh 
By      X  a  —h  2m 

hd  3y 

Quot.  dy+r-—  -^-^ZI^ 


In  the  four  last  articles,  more  than  usual  caution  will  be 
requisite,  in  applying  the  signs.  On  this  subject,  see  the 
next  section. 

128.  The  quotient  of  any  quantity  divided  by  itself  or  its' 
equal,  is  obviously  a  unit. 
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a  .     Sfl.r  6  a-{-b-3h 

Thus  —  =  I ,  And  ^  —  =  1  •  And  j-.-^  ~  1 .  And  ^rj"^  =  1  - 
a  3ax  4 +  2  a-{-D-2n 

Div.     ax-{-x       3bd~3d       Acixy—4fa  +  8ad         Sao  +  3—Qm 
By      X  3d  Aa  3 


Quot.  a  +  1  xy—l+2d 


Cor.  If  the  dividend  is  greater  than  the  divisor,  the  quo- 
tient must  be  greater  than  a  unit:  But  if  the  dividend  is  less 
than  the  divisor,  the  quotient  must  be  less  than  a  unit. 

Promiscuous  examples. 

1.  Divide  \2ahy-irQahx—l^hhn-\-2Ah,  by  6&. 

2.  Divide  16a-12+8j^+4-20ac?a:+TO,  by  4. 

3.  Divide  {a—2h)x{3m-\-\j)xx,  by  (a— 2A)  x  (Sm+^z). 

4.  Divide  ahd—Aad+Say—a,  by  hd—Ad-\-3ij—l. 

5.  Divide  ax—ry+ad—4/iny—Q-\-a,  by  —a. 

6.  Divide  a'iny-\-3my—mxy  +  am—d,  by  —dmy. 

129.  From  the  nature  of  division  it  is  evident,  that  the 
value  of  tlie  quotient  depends  both  on  the  divisor  and  the 
dividend.  With  a  given  divisor,  the  greater  the  dividend, 
the  greater  the  quotient.  And  with  a  given  dividend,  the 
greater  the  divisor,  the  less  the  quotient.  In  several  of  the 
succeeding  parts  of  algebra,  particularly  the  subjects  of 
fractions,  ratios,  and  proportion,  it  will  be  important  to  be 
able  to  determine  what  change  will  be  produced  in  the  quo- 
tient, by  increasing  or  diminishing  either  the  divisor  or  the 
dividend. 

If  the  given  dividend  be  24,  and  the  di\'isor  6 ;  the  quo-- 
tient  will  be  4.  But  this  same  dividend  may  be  supposed  to 
be  multiplied  or  di\ddexl  by  some  other  number,  before  it  is 
divided  by  o.  Or  the  dicisor  may  be  multiplied  or  divided 
hj  some  other  number,  before  it  is  used  in  dividing  24.  In 
each  of  these  cases,  the  quotient  will  be  altered. 

130.  In  the  first  place,  if  the  given  divisor  is  contained  in 
the  given  dividend  a  certain  number  of  times,  it  is  obvious 
that  the  same  divisor  is  contained. 

In  douile  that  dividend,  twice  as  many  times ; 
In  triple  the  dividend,  thrice  as  manv  times.  Sec, 
I 
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Tliat  is,  if  tJie  divisor  remains  the  same,  midtiplylng  tJie 
dividend  by  any  quantity,  is,  in  effect,  multiplying  the  quotient 
by  that  quantity. 

24 
Thus,  if  the  constant  divisor  is  6,  then  '^—^  the  quotient. 

2x24 
Multiplying  the  dividend  by  2,  ~'6  ~  ==^  ^  ^ 

3x24 
Multiplying  the  dividend  by  3,  —  g— =3x4 

n  X  24 
Multiplying  by  any  number  n,  —  g — =»  X  4. 

131.  Secondly,  if  the  given  divisor  is  contained  in  the  giv- 
en dividend  a  certain  number  of  times,  the  same  divisor  is 
contained, 

In  half  that  dividend,  half  as  many  times ; 

In  one  third  of  the  dividend,  one  third  as  many  times,  &«. 

That  is,  if  the  divisor  remains  the  same,  dividing  the  divi- 
dend by  any  other  quantity,  is,  in  effect,  dividing  t/ie'quotient 
by  that  quantity- 

24 
Thus  '6'=''^- 

Dividing  the  dividend  by  2;  -g— =  |4. 

^24 
Dividing  by  3,  ^~=i^i  &^c. 

132.  Thirdly,  if  the  given  divisor  is  contained  in  the  giv- 
en dividend  a  certain  number  of  times,  then,  in  the  same 
dividend, 

Tivice  that  divisor  is  contained  only  half  as  many  times ; 

Three  times  the  divisor  is  contained,  one  third  as  many  times. 

That  is,  if  the  dividend  remains  the  same,  multiplying  the 
divisor  by  any  quantity,  is,,  in  effect,  dividing  the  quotient  bjT 
that  quantity. 

24 
Thus  g-=4 

24 
Multiplying  the  divisor  by  2;  2x6~^ 

24 
Multiplying  by  3,  3x6~3  ^'^• 

133.  Lastly,  if  the  given  divisor  is  contained  in  the  given 
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■tiividend  a  certain  number  of  times,  then,  in  the  same  divi- 
dend, 

Half  that  divisor  is  contained,  Unce  as  many  times; 

One  third  of  the  divisor  is  contained  thrice  as  many  times. 

That  is,  if  the  dividend  remains  the  same,  dividing  the  di- 
visor by  any  other  quantity,  is,  in  affect,  multiplying  the  quo- 
timt  by  that  quantity. 

Thus  Tr=4. 

D 

24 
Dividing  the  divisor  hy  2,  —=2x4 

24 
J)ividmg  by  3,  —=3x4 


For  the  method  of  performing  division,  when  the  divisor 
-and  dividend  are  both  compound  quantities,  sf;*^  <"'ne  of  tl'^^ 
jfoUowina;  sections. 
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A  n4-  TTXPRESSIONS  in -the  form  of  fractions  oc- 
^  '  '  ^^  cur  more  frequently  in  algebra  than  in  arith- 
metic. Most  instances  in  division  belong  to  this  class.  In- 
deed the  numerator  of  every  fraction  may  be  considered  as 
a  dividend,  of  which  the  denominator  is  a  divisor. 

According  to  the  common  deiinition  in  arithmetic,  the 
denominator  shows  into  what  parts  an  integral  unit  is  sup- 
posed to  be  divided ;  and  the  numerator  shows  how  many  of 
these  parts  belong  to  the  fraction.  But  it  makes  no  diiTer- 
ence,  whether  the  ivhole  of  the  numerator  is  divided  by  the 
denominator;  or  only  07ie  of  the  integral  units  is  divided, 
and  then  the  quotient  taken  as  many  times,  as  the  number  of 
units  ia  the  mnnerator.  Thus  |-  is  the  same  as  i  +  -|  +  ^'  A 
fourth  part  of  three  dollars,  is  equal  to  three  fourths  of  one 
dollar. 

135.  The  valve  of  a  fraction,  is  the  quotient  of  the  nume- 
rator divided  \)y  the  denominator. 

Thus  the  value  of  -x  is  3.      The  value  of  -r  is  a. 

From  this  it  ir.  evident,  that  whatever  changes  are  made  m 

the   terms  of  a  fraction ;  if  the  quotient  is  not  altered,  the 

value  remains  the  same.    For  any  fraction  therefore,  we  may 

substitute  any  other  fraction  which  will  give  the  same  quotient, 

4     1.0     ^hn      6drx     6  +  2 

Thus    2  =y =^^-==^^-=3— ^  &c.     For  the  quotient 

in  each  of  these  instances  is  2. 

136.  As  the  value  of  a  fraction  is  the  quotient  of  the  nu- 
merator divided  by  the  denominator,  it  is  evident,  from  Art, 
128,  that  when  the  numerator  is  equal  to  the  denominator, 
the  value  of  the  fraction  is  a  unit;  when  the  numerator  is 

*  Horsley's  Mathematics,  Camus'  Arithmetic,  Emerson,  Euler, 
iSaundcrson,  and  Ludlam. 
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less  th7.n  the  clcnominator,  the  value  is  less  than  a  umt ;  and 
when  the  numerator  is  greater  than  the  denominator,  the  val- 
ue is  greater  than  a  unit. 

The  calculations  in  fraclions  depend  on  a  few  general 
principles,  which  Avill  here  be  stated  in  connection  with  each 
©ther. 

137.  If  the  denominator- of  a  fraction  remains  the  same, 
multiplying  the  numerator  by  any  quantity,  is  multiplying  the 
VALUE  by  that  quantity  ;  and  dividing  the  numcrc'tor,  is  divi- 
ding the  value.  For  the  numerator  and  denominator  are  a 
dividend  and  divisor,  of  which  the  value  of  the  fraction  is 
the  quotient.  And  by  Art.  130  and  131,  multiplying  the  div- 
idend is  in  effect  multiplying  the  quotient,  and  dividing  the 
dividend  is  dividing  the  cjuotient. 

,                     ^         ab     3ab      lahd     \ah      \abd 
Thus,  in  the  fi'actions  — , , , , ,  <zc. 

The  quot's  or  values  are  b,      3b,      Ibd,      ^h,        Ibd,  izc. 

Here  it  will  be  seen  that,  Avhile  the  denominator  is  not  al- 
tered, the  value  of  the  fraction  is  multiplied  or  divided  by 
the  same  quantity  as  the  numerator. 

Cor.  With  a  given  denominator,  the  greater  the  numera- 
tor, the  greater  will  be  the  vah^e  cf  the  fraction ;  and,  on  the 
other  hand,  the  greater  the  value,  the  greater  the  nume- 
rator. 

138.  If  the  numerator  remains  the  same,  nudtiplying  the  de- 
nominator by  any  quantity,  is  dividing  the  v^flue  by  that  quan- 
tity; and  dividing  the  denominator,  is  multiplying  the  value. 
For  multiplying  the  divisor  is  dividing  the  quotient ;  and 
dividing  the  divisor  is  multiplying  the  quotient.  (Art.  132, 
133.) 

24a5    2Aab    2'iab    2lab 
In  the  fractions  -^,  -j^-,  -^y,   -^— ,  &c. 

The  values  are       4«,       2a,       8a,      2-la,  &c. 

Cor.  With  a  given  numerator,  the  greater  the  denomina- 
tor, the  less  will  be  the  value  of  the  fraction ;  and  the  less, 
'■the  value,  the  greater  the  denominator 

139.  From  tiie  two  last  articles  it  follows,  that  dividing  the 
numerator  by  any  quantity,  will  iiave  the  same  effect  on  the 
value  of  the  fmction,  as  7nidtiplying  the  denominator  by  that 
quantity ;  and  multiplying  the  numerator  will  have  the  same 
effect,  as  dividing  the  denominator. 

140.  It  is  also  evident,  from  the  preceding  articles,  that 
if  the  numerator  and  denominator  be  both  midtipliid,  or  both 
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divided,  hy  the   same,  quantity,  the  value  of  the  fraction  mM 
not  be  altered. 

hx      ahx      Sbx      ibx     ^abx  -.^      .  ,      . 

Thus  -T-=— T-=-^r'="'  zr="r^r  ^^-     *  or  m  each  of 
6        ab        36        ^0        ^ab 

these  instances  the  quotient  is  x. 

141 .  Any  integral  quantity  may,  without  altering  its  value, 
he  throAvn  into  the  form  of  a  fraction,  by  multiplying  the 
quantity  into  the  proposed  denonainator,  and  taking  the  pro- 
duct for  a  numerator. 

a      ab     ad-\-ah     Qadh 
Thus«  =Y=-T-=— ^— T-=-TrjT-,  &1G.    For  the  quotient 

of  each  of  these  is  a. 

dx+hx  2drr  -\-2dr 

So  d+h= — ~ —         Andr+1= — ^ — . 

142.  There  is  nothing  perhaps,  in  the  calculation  of  sClge- 
braic  fractions,  which  occasions  more  perplexity  to  a  learn- 
er, than  the  positive  and  negative  signs.  The  changes  in 
these  are  so  frequent,  that  it  is  necessary  to  become  familiar 
with  the  principles  on  which  they  are  made.  The  use  of 
the  sign  which  is  prefixed  to  the  dividing  line,  is  to  show 
whether  the  value  of  the  ivhole  fraction  is  to  be  added  to,  or 
subtracted  from,  the  other  quantities  with  ^vhich  it  is  con- 
nected. (Art.  43.)  This  sign,  therefore,  has  an  influence  on 
the  several  terms  taken  collectively.  But  in  the  numerator 
and  denominator,  each  sign  affects  only  the  single  term  to 
which  it  is  applied. 

ab  , 
The  value  of  -r-  is  a.  (Art.  135.)     But  this  will  become 

negative,  if  thi  sign  —  be  prefixed  to  the  fraction. 
ab  ab 

'Thus  y+j=y  +  a.     But  y  —  j=y-a. 

So  that  changing  the  sign  which  is  before  the  whole  frac- 
tion, has  the  effect  of  changing  the  value  from  positive  te 
negative,  or  from  negative  to  positive. 

Next,  suppose  the  sign  or  signs  of  the  numerator  to  be 
«hanged. 

^  ab  — ah 

By  Art.  123,  T"  =  +a.  But  — r-  =  —a. 

ab—bc                                      —ab-{-bc 
And  — 7 — =-fa— c.  But r =—a-\-c. 

That  is,  by  changing  all  the  sign?  of  the  numerator^  tlM: 
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value  of  the  fraction  is  changed  from  positive  to  negative,  or 
the  contrary. 

Again,  suppose  the  sign  of  the  denominator  to  be  chan- 
ged 

ab  _        ab 


As  before -r-=+fl-  But   _, 


■a. 


.  143.  We  have,  then,  this  general  proposition ;  If  the  sign 
prefixed  to  a  fraction,  or  all  the  signs  of  the  numerator,  or  all 
the  signs  of  the  denominator  be  changed  ;  the  value  of  the  frac- 
tion will  he  changed,  from  positive  to  negative^  ov  from  nega- 
tive to  positive. 

From  this  is  derived  another  important  principle.  As 
each  of  the  changes  mentioned  here  is  from  positive  to  neg- 
ative, or  the  contrary ;  if  any  two  of  them  be  made  at  th&^ 
game  time,  they  will  balance  each  other. 

Thus,  by  changing  the  sign  of  the  numerator,. 
ab  —ab 

-T'=+«  becomes  —r-  =  —  a. 

But,  by  changing  both  the  numerator  and  denominator,  if 

—ab 
becomes    _,  =-\-a,  where  the  positive  value  is  restored. 

By  changing  the  sign  before  the  fraction, 
ab  ab 

y+~l^=y+a  becomes  y—-^=y—a. 

But,  by  changing  the  sign  of  the  numerator  also,  it  be- 
—ab 
comes  y~~~r~  where  the  quotient  —a  is  to  be  subtracted  froK* 

y,  or  which  is  the  same  thing,  (Art.  81,)  -fa  is  to  be  added. 
making  y+a  as  at  first.     Hence, 

144.  If  all  the  signs  both  of  the  numerator  and  denomina- 
tor, or  the  signs  of  one  of  these  with  the  sign  prefixed  to  the 
whole  fraction,  be  changed  at  the  same  time,  the  value  of  the 
fraction  will  not  be  altered, 

_.        6-6-6  6 

Thus^=— =— 2-=-::^=+3. 

6        -G  6  -6 

And  —  2^=-^— =  —  Y=  — — Y=  — 3. 

Hence  the  quotient  in  division  may  be  set  down  in  diifer- 

a      —c        a       c 
ent  ways.      Thus  {a—c)-=rb,  is  either  -j- + ~T~,  ^^  b  ~^' 

The  latter  method  is  the  most  common.  See  the  exam- 
ples in  Art.  127, 
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Reduction  of  Fractions. 

145.  From  the  principles  which  have  been  stated,  are  de- 
rived the  rules  for  the  Reduction  of  fractions,  which  are  sub- 
stantially the  same  in  algebra,  as  in  arithmetic. 

Ji  fraction  may  he  reduced  to  lower  terms,  by  dividing  both 
the  numerator  and  denominator,  by  any  quantity  which  wHl  di- 
vide them  ivithout  a  remainder.  According  to  Art.  140,  this 
ivill  not  alter  the  value  of  the  fraction. 

ah      a  6dm      Sm  Im       1 

Thus -T= — .     And-3"7-=-;; — .      And-;:^— = — . 
CO      c  ody      Ay  imr      r 

In  the  last  example,  both  parts  of  the  fraction  are  divided 

by  the  numerator.     The  reduced  numerator  must  therefore- 

be  a  unit.     (Art.  128.) 

a-\-bc  1  am  +  ay      a  [}^^-) 

Again  7 — tt-tc — = —  (Art.  118.)  And  t — rT7=T'   (Art. 
^        [a-\-uc)Xm      rn  ^  '  bm-^by       b    ^ 

If  a  letter  is  in  every  term  both  of  the  numerator  and  de-^ 
nominator,  it  may  be  cancelled^  for  this  is  dividing  by  that 
letter.  (Art.  120.) 

3am-\-ay     3m-\-y  dry-\-dy      r+l 

ad-\-ah  ~    d-\-h  dhy—dy~h  —  V 

146.  Fractions  of  different  denominators  may  be  reduced  to 
a  common  denominator,  by  multiplying  each  numerator  into  all 
the  denominators  except  its  own,  for  a  new  numerator  ;  and  all 
the  denominators  together,  for  a  common  denominator, 

a  c  in 

Ex.  1.    Reduce  -i-,   and   -y,   and   —  to  a  common  de- 
6  '  d'  y 

nominator.  - 

axdxy=ady    ^ 

cxbxy=cby      >   the  three  denominators. 

mxbxd=mbd  ) 

bxdxy=bdy      the  common  denominator. 
.  ady  bey  bdin 

The  fractions  reduced  are  'Tj~,   and  "Ef^  ^^^  TtF' 

Here  it  will  be  seen,  that  the  reduction  consists  in  multi- 
plying the  numerator  and  denominator  of  each  fraction,  into 
all  the  other  denominators.  This  does  not  alter  the  va'ue. 
(Art.  140.) 

dr  2Ji  6c 

2.  Reduce  -^7— ,   and    — ■,   and  — . 

3»i '  g^  y 

dgry               6hmy              IScgm 
Ans,     i7~T"»  and   77— —,   and  -w . 
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2  «  7-+1 

3.  Reduce   y .    and  -.    and  j--^ 

Ans. -rj— 7-,-r:'    and  ^xr.-^r:'    and  17 


3dx  4-  3/ix  3rfa;  -+-  3hx  "ddx + 3/ia? 

1  1 

4.  Reduce  — ,-r'    and r* 

a+o  a— 6 

a—h  a-\-h 

Ans. 7T'    and 


aa—hb  aa—bb 

After  the  fractions  have  been  reduced  to  a  common  de- 
nominator, they  may  be  reduced  to  lower  terms,  by  the  rule 
in  the  last  article,  if  there  is  any  quantity,  which  will  divide 
the  denominator,  and  all  the  numerators,  without  a  remain- 
der. 

An  integer  and  a  fraction  are  easily  reduced  to  a  common 
denominator.  [(Art,  141.) 

b  a  b  ac  b 

Thus  a  and  —  are  enual  to  -r  and  — ?  ^^  —  and  — 
c  ^  1  c  c  c 

h    d  amy   biny       hy      dm 

And  a,  b, — j  —are  equal  to 5  - — > »    — • 

'    'm    y  ^  my     my       my      my 

r47.  To  reduce  an  improper  fraction  to  a  mixed  quantity^ 
divide  the  numerator  by  the  denominator,  as  in  Art.  127. 

ab-\-bm-\-d  d 

Thus  ^ =a  +  w+y 

dx-i-d—HhA-y  Ih      y 

And ^ ?=^+l_-^+^. 

am  —  a-\-ady-—hr  . 

Reduce 5     to  a  mixed  quantity. 

For  the  reduction  of  a  mixed  quantity  to  an  improper 
fraction,  see  Art.  150.  And  for  the  reduction  of  a  compound 
fraction  to  a  simple  one,  see  Art.  160. 
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Addition  of  Fractions. 

148.  In  adding  fractions,  we  may  eillier  write  them  one- 
after  the  other,  with  their  signs,  as  in  the  addition  of  inte- 
gers, or  we  may  incorporate  them  into  a  single  fraction,  by 
the  following  rule  : 

Reduce  the  fractions  to  a  common  denominator,  make  the 
signs  before  them  all  positive,  and  then  add  their  Minieraiors. 

The  common  denominator  sliows  into  what  parts  the  inte- 
gral unit  is  supposed  to  be  divided;  and  the  numerators  show 
the  vAunher  of  these  parts  belonging  to  each  of  the  fractions. 
(Art.  134.)  Therefore  the  numerators  taken  together  show 
the  whole  number  of  parts  in  ail  the  fractions. 

2       11  3       111 

Thus  Y=y+y  AndY=y4-Y+y 

m.        P         2       3       1        1        1        1        1        5 

Therefore  Y+Y=Y+y+Y+Y+y=y 

The  num.erators  are  added,  according  to  the  rules  for  the 
addition  of  integers.  (Art  69,  &c,)  It  is  obvious  that  the  sum 
is  to  be  placed  over  the  common  denominator.  To  avoid 
the  perplexity  which  might  be  occasioned  by  the  signs,  it 
will  be  expedient  to  make  those  prefixed  to  tlie  fractions 
uniformly  positive.  But  in  doing  this,  care  must  be  taken 
not  to  alter  the  value.  This  will  be  preserved,  if  all  the 
signs  in  the  numerator,  are  changed  at  the  same  time  with 
that  before  the  fraction.     (Art,  144.) 

2  4     ^  2-f4         6 

Ex.  1 .  Add  Y^  and  r^  oi  a  pound.     Ans.    ^     or  r^* 

It  is  as  evident  that  -/y,  and  j\  of  a  pound,  are  -^-^  of  a 
pound,  as  that  2  ounces,  and  4  ounces,  are  6  ounces. 

a  c 

2.  Add  -r  a,nd  "t*    First  reduce  them  to  a  eommon  denomi- 

.  ad         be  ad+bc 

nator.  They  wjp  then  be  ^^  and  7^»    and  their  sum  — rj—' 


FRACTIONS.  (57 

ni  2r+d 

3*  Given  -j  and  -— ~."^T — '    to  find  their  sum. 

■m  2/'-ff?     Shm  2dr+dd     5hm-2dr-dd^  ji^^^^^ 

Ans,  -^  aiid  —^/,-=2dJ  ^"^-~  3^A~=         2dh        [144. 

a  h—m     a      —h-\-m     ■ay—hd+din 

4.    -}  and  — ' ='7+ = ; '" 

d  y         d  '        y  dy 

a  d        —am        dy        —am-\-dy        om—dy  /^^.^ 

5.  — and = + =— ■  or 1-},^  x' 

y  —m    .  —my      ~niy  ~my  my    [144.) 

a  h        aa—ab  +  ab-^bh     aa  +  bb 

6.  — ;-y  and t= , — -, r — tt= vt-    (Art.  77.) 

a-\-o  €1—0     aa-\-ab—ab~-ob     aa—ob     ^  ' 

—  a        — /i  —4      —16 

7.  Add—,— to 8.  Add  — ^— to;:^ — 7;'    Ans.  — G. 

a        m—r  2        7—3 

149.  For  many  purposes,  it  is  sufficient  to  add  fractions 
in  the  same  manner  as  integers  are  added,  by  writing  them 
one  after  another  with  their  signs.     (Art.  69.) 

a  3  d        ,    a      3        d 

Thus  the  sum  of -7-  and  —  and  —-7;—'    is  T-^~—~7i'~" 
o  y  t^i'ii  0      y       2m 

In  the  sam€  manner,  fractions  and  integers  may  be  ad- 
ded. 

d  h    ,  d      h 

Tlie  sum  of  a  and  — and  3ct  and  — — ,  is  a+3m+ — — — • 
y  r '        ^         '  y       r 

150.  Or  the  integer  may  be  incorpornted  with  the  fraction, 
by  giving  to  the  former  the  denominator  of  the  latter,  and 
then  adding  the  numerators.     See  Art.  141. 

b      ^     a      h      am      b      am-\-h 

The  sum  of  a  and  — 5    is  v-F  — =~"  +  —  = ' 

ill  1      m      ill      m  m 

7i^-d     .    Sdm  —  2dy+h-\-d 

The  sum  of  3d  and ?    is • 

m—y  '^~~y 

Incorporating  an  integer  with  a  fraction,  is  the  same"  as 
reducing  a  mixed  quantity  to  an  improper  fraction.  For  a 
mixed  quantity  is  an  integer  and  a  fraction.  In  arithmetic, 
lljese  are  generally  placed  together,  without   any  sigti  be- 
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tween  them.     But  in  algebra,  they  are  distinct  terms.    Tlius 

2 -J  is  2  and  |,  which  is  the  same  as  24--|. 

1  .  .  «&+l 

Ex.  1.  Reduce  a +7" to  a;i improper  fraction.  Ans. — r~* 

"3  -3  3      24+3     27 

2.  Reduce  6  ^-    Ans.  6  ^=6+  j=-^=-^.' 

r  hm  —  dm-\-dh  —  dd—r 

3.  Reduce  m  +  d—  ,_  ,•     Ans.  — A— ^ ' 


d  b-\-d  h 


4.  Reduce  1  +  r  *    Ans.  —7 —        5.  Reduce  1  - 

00  m 

c  2/7-4 

6.  Reduce  6+"j '7.  Reduce  3+—cT~ — 

d--v  oa 


Subtraction  of  Fractions. 

151.  The  methods  of  performing  subtraction  In  algebra^ 
depend  on  the  principle,  that  adding  a  negative  quantity  is 
equivalent  to  subtracting  a  positive  one  5  and  v.  v.  (Art.  81.) 
For  the  subtraction  of  fractions,  then,  we  have  the  following 
simple  rule.  Change  the  fraction  to  be  subtracted,  from  posi- 
tive to  negative,  or  the  contrary,  and  then  proceed  as  in  addi- 
tion. (Art.  148.)  In  making  the  required  change,  it  will 
be  expedient  to  alter,  in  some  instances  the  signs  of  the  nu- 
merator,-and  in  others,  the  sign  before  the  dividing  line, 
(Art.  143,)  so  as  to  leave  the  latter  always  affirmative. 

«  h 

Ex.  1.    From  x'    subtract    ~* 
0  m 

.       .  h  .  -h 

First  chansre  — »    the  fraction  to  be  subtracted,  to ■• 

°     ni  '         m 

Secondly,  reduce  the  two  fractions  to  a  common  denoralT. 

am  —bh 

jiator,  making  Im   """"^Im' 

Thirdly,  take  the  sum  of  the  numerators,   am—bh: 
This,   placed  over  the  common  denominator,  gives  the 

am — bh 
m^wev  required;  — ^ — 
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fl  +  t/                      A                   ad-\-ay—hr 
2.   From  — ''    subtract    -r-        Ans. ^-^ 

a  d—h  (HI — dm  -f  hm 

:3.    From  -  subtract -^-    -W -^-^^^^ 

4.  From  — -. — -'    subtract  — 7^ Ans.  — r^^ 

h—d  h  h—d     h      by  —  dy-{-bm 

5.  From  subtract  — — •    Ans.- +— = • — • 

771  y  my  my 

n    a+1      ,  d-l  ^     '     3       ,  ** 

6.  From  —7-  subtract 7.  From  —  subtract  -r* 

152.  Fractions  may  also  be  subtracted,  like  integers,  by 
setting  them  down,  after  their  signs  are  changed,  without 
reducing  them  to  a  common  denominator. 

,  a  d  a      d 

Ex.  1.  From  -r  subtract  t"        Ans. -t"— "t- 

h  h-\-d  h      h-\-d 

2.  From  —  subtract  — Ans.  — -f 

r,i  y  m  '      y 

In  the  same  manner,  an  integer  may  be  subtracted  from  a 
fraction,  or  a  fraction  from  an  integer. 

b  b 

3.  From  a  subtract  — •  Ans.  g— — • 

m  m 

1 53.  Or  the  integer  may  be  incorporated  with  the  frac- 
tion, as  in  Art.  1 50. 

h                                  h            h—my 
Ex.   1.  From  —  subtracts.    Ans. — — m= 

y  y  y 

b  h 

2.   From  4a + —  subtract  3a  — -i' 

bd-\-lic     acd+bd+hc 
.     Ans.  a+-^^=         ^j 
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h—c  c—h  ft^2h  —  2c 

3.  From  l+~jr- subtract —T—    Ans. -j 

,     d-b  d+h 

4,  From  a-\-2h——ij-  subtract  3«— A-}--ic — 


Multiplication  op  Fractions. 

154.  By  tlie  definition  of  multiplication,  multiplying  by  a 
fraction  is  taking  a  j)art  of  the  rnultiplicand,  as  many  times, 
as  there  are  like  parts  of  an  unit  in  the  multiplier.  (Art.  90.) 
Now  the  denominator  of  a  fraction  shows  into  what  parts 
the  integral  unit  is  supposed  to  be  divided  ;  and  the  numera- 
tor shows  how  many  of  those  parts  belong  to  the  given  frac- 
tion. In  muldplying  by  a  fraction,  therefore,  the  multipli- 
cand is  to  be  divided  into  such  parts,  as  are  denoted  by  the 
denominator;  and  then  one  of  these  parts  is  to  be  repeated, 
as  many  times,  as  is  required  by  the  numerator. 

o  -  .      .  3 

buppose  a  IS  to  be  multiplied  by  -^ 


A,  fourth  part  of  a  is 


a 


_,  a      a      a     3a 

This  taken  3  times  is  "4  "^"4  "'"T~ir'  ^      '  ^'^^'^ 

a  3 

Again,  suppose  -^  is  to  be  multiplied  by  "T* 

^       „       ,      «  <^    .  o, 

One  fourth  of  y  is  ^-     (Art.  138.) 

a      a      a      3a 
This  taken  3  times  is  4^+i6+46=4& 

tlie  product  required. 

In  a  similar  manner,  any  fractional  multiplicand  may  be 
■divided  into  parts,  by  multiplying  the  denominator;  and  one 
of  the  parts  may  be  repeated,  by  multiplying  the  numerator. 
"^Ye  have  then  the  foliovang  rule  : 
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155.  To  midiiphj  fractions,  muUiphj  the  numerators  togeth- 
«?•,  for  a  neiv  numerator,  and  the  denominators  together,  for 
a  new  denominator. 

36  d  Shd 

Ex.  1.  Multiply — into  77 —    Product    i^—' 

a+d ,  ^k  /iah+4:dh    ' 

2,  Multiply into ?r*    Product -;: — 

^  ■'      y  m  —  Z  my—zy 

3.  Mult.   — -— into  7 ^'    Prod.    -777—7 r  •    ^^n  \ 

3  {a—n)  3x(rt~7t)        99.) 

a-\-h-{-?>h  1  a-\-h-\-oh 

4.  Mult. mtOT-,— :•     Prod.  —,~, •  '     ■ 

y  «+l  dy-\-y 

a+h,        li-m  1      .        .5 

5.  Mult.   77",—i  into  — ; 6.   Mult. 77-  into  -^• 

3+a  c-\-y  a--3r         8 

156.  The  method  of  multiplying  is  the  same,  when  tlierfi 
are  more  than  two  fractions  to  be  multiplied  together. 

a     c  m  acm 

1.  Multiply  together  -^»  -^'  and  — '    Product  y^^- 

a      c  ^       ac  .    .       ^  .  ((cm 

For  "rX"T  is,  by  the  last  article  ri.  and  this  into  — jstj~' 


2a  h  —  d   h  1  2ahh—2ald 

2.  Multiply — » — — 5 — 5  and 7*  Product 

^  ''   m      y       c  7—1  cmry  —  cmy 

3-f6    Id  ad  a—Q  3 

3.  Mult.-^.-^'  and  --^-    4.  Mult.  ^,^j,and-y- 

157.  The  mult-plication  may  sometimes  be  shortened,  by 
sejecting  equal  factors,  from  the  numeratoi's  and  denom- 
inators. 

.a  h  d  dh 

1.  Multiply  —  into  —  and  —   Product  — • 
^  •'    r  a  y  ry 

Here  a  being  in  one  of  the  numerators,  and  in  one  of  the 
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denominators,  may  be  omitted.      If  it  be  retained,  the  pro-- 

du(*t  will  be  — — '     But  tbis  reduced  to  lower  terms,  by 

"""^^  dh 

Art..  145,  will  become  —  as  before. 

ad  m  ah  ah 

2.  Mult.  —  into  TT  and  ^f    Product 


m 


3a  ''"^  2d     ^  '""^^^■'  6 


It  is  necessary  that  the  factors  rejected  from  the  numera- 
tors be  exactly  equal  to  those  which  are  rejected  from  the 
denominators.  In  the  last  example,  a  being  m  two  of  the 
numerators,  and  in  only  one  of  the  denommators,  must  be 
retained  in  one  of  the  numerators. 


a  +  d,        my  ^     ^  _^    am  +  dm 

y 


a-\rO  my 

MuU.-^into-^-      Prod.        ^^^ 


Here,  though  the  same  letter  a  is  in  one  of  the  num.era- 
tors,  and  in  one  of  the  denominators,  yet  as  it  is  not  in  ever^ 
term  of  the  numerator,  it  must  not  be  cancelled. 

ani-{-d     ■  '-    h  3r  3amr-\-3dr  _ 

4.  Mult.-y-  into  -  and  ^'  Prod.       ^^^ 

If  any  difficulty  is  found,  in  making  these  contractions,  it 
will  be  better  to  perform  the  multiplication,  without  omittmg 
any  of  the  factors ;  and  to  reduce  the  product  to  lower 
terms  afterwards.  ,  .  v   j  i 

158.  When  a  fraction  and  an  integer  oxe  multiphed  togeth- 
er, the  numerator  of  the  fraction  is  multiplied  into  the  mte- 
g-e'r.  The  denominator  is  not  altered ;  except  m  cases 
where  didsion  of  the  denominator  is  substituted  for  multi- 
plication of  the  numerator,  according  to  Art.  139. 

m     am  a  ^  3.    ''IL     — 

Thusax  — =—•  For:a=Y;  and    ^x     =     ' 


y-  zj     "  "^  -^^     1  '  1  '^  y      y 

X      h  +  l      hrx+rx  la 

So  ^•X^X-3-=-3^-  Andaxj^j 
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V    /    159.  A  fraction  is  multiplied  into  a  quantity  equal  to  its  de- 
inoviinoAor,  by  cancelling  the  denominator. 
a  a  ah 

Thus  yxJ=a.  For  yx5  =  -T-'  But  the  letter  J,  be- 
ing in  both  the  numerator  and  denominator,  may  be  set 
aside.     (Art.  145.) 

3m  h+3d 

^0  ^Z:^><(«-3/)  =  3m.     And-^——x{3+m)=h  +  3d. 

On  the  same  principle,  a  fraction  is  multiplied  into  any 
factor  in  its  denominator,  by  cancelling  that  factor- 

a  ay      a  k  h 

Thus^xy=^=j-   And^jxe^-. 

160.  From  the  definition  of  multiplication  by  a  fraction; 
it  follows  that  what  is  commonly  called  a  compound  fraction,*^ 

is  the  product  of  two  or  more   fractions.      Thus  |  of  t'    is 

I  X  -T-     For  I  of  -T'    IS  I  of  y  taken  three  times,  that  is, 

a       a      a  .    ,  a 

TT+TT+jr-    But  this  is  the  same  as  -j-    multiplied    by   |. 

(Art.  154.) 

Hence,  reducing  a  compound  fraction  to  a  simple  one,  ts  the 
same,  as  multiplying  fractions  into  each  other. 

2         fl  2a 

Ex.   1.   Reduce  w oiT~,ii'   Ans. 


7  "'6  +  2    ^"'76  +  14 

2  4       l-^k  Sb  +  Sh 

Reduce  -^of-rof^^ Ans.  1^7^ 77 — 

3  5      2a— m  20a  — 15m 

1     .1         1  1 


3.   Reduce  -^^of-^of^ — y   Ans 


T^'Q^'Q-d    ^"'108-21^ 

161.  The  expressions  |a,  |6,  ^y,  &:c.  are  equivalent  to 
2a      b     Ay   r.  ,      ,  2 

— »    -F'    -y '^^'  For  fa  is  I  of  a,  which  is  equal  to  17  xa  = 

2a  h 

—  (Art.  158.)    So  ^b=^xh=Y 

*  By  a  compound  fraction  is  meant  a  fraction  of  a  fraction,  and  not 
a  fraction  whose  numerator  or  denominator  is  a  compound  (juantity. 

K 
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Division  of  Fractions. 

162.  To  divide  one  fraction  by  another,  invert  the  divisor^ 
end  then  proceed  as  in  multiplication.    (Art  155.) 

a  c  a      d     ad 

Ex.  1.  Divide-^  by  -f   Ans.  JX--^- 

To  understand  the  reason  of  the  rule,  let  it  be  premised, 
that  the  product  of  any  fraction  into  the  same  fraction  in- 
verted is  always  a  unit. 

a      h      ah  d       h+y     dh-\-dy  (\it. 

ThusyX-=^  =  l.     And^-x-^p=5^^=l.  1^28.) 

But  a  quantity  is  not  altered  by  multiplying  it  by  a  unit. 
Therefore  if  a  dividend  be  multiplied,  first  into  the  divisor 
inverted,  and  then  into  the  divisor  itself,  the  last  product 
will  be  equal  to  the  dividend.  Now,  by  the  definition,  art. 
115,  "  division  is  finding  a  quotient,  which  multiplied  into 
the  divisor  will  produce  the  dividend."  And  as  the  dividend 
multiplied  into  the  divisor  inverted  is  such  a  quantity,  the 
quotient  is  truly  found  by  the  rule. 

This  explanation  will  probably  be  best  understood,  by  at- 
tending to  the  examples.  In  several  which  follow,  the  proof 
of  the  division  will  be  given,  by  multiplying  the  quotient  into 
the  divi'^or.  This  will  present,  at  one  view,  the  dividend 
multiplied  into  the  inverted  divisor,  and  into  the  divisor 
itself. 

m        3  A  m      y      my 

2.  Divide  2,]  by  y       Ans.  Yd^^h='Jdh 

my      3/i     "ihrny      m  , 


x-\-d  _^     5d       ^         x-\-d      y      xy-\-d,y 

y 


Divide  -V- by -•      Ans.   --x^^-    5^^ 


xy+dy     5d     5dxy+5ddy     x-\-d 

Proof.  — ^3 — X — = 73 = 

5dr        y  5ary  r 

Mh         4^hr  Mh        a       ad 

4.  Divide  —  by  — •      Ans.  —  x^=-(Art.l57.) 

ad     4'hr     4adhr      Mh 

Proof.  — x = = '  the  dividend. 

rx       a         arx         x 
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md        ISA  36^      10^      4% 

5.  Divide  -^  by  --       Ans.  -5-  X  j-^j  =-7-- 

4(/;/      ISA      36cZ 
Proof  ~T^XT7r"=~£~,  the  dividend. 

.      ab  +  1        ah-i,  .      h—my  3 

G.   Divide  —5 —  by 7.  Divide  — 7 —  by  — —7' 

,  3y        -^      cc  4         -^  a  +  1 

163.  When  a  fraction  is  divided  by  an  integer,  the  de- 
nominator of  the  fraction  is  multiplied  into  the  integer.     ^ 

.a  a 

Thus  the  quotient  of  y-  divided  by  m,  is  7— • 

7/1  _         rt     7«      a      1        fl 

Fu,r»i  =  y;  andby  the  last  article, -f-^Y =-7- X  —  =  1 — 

1111  3  3       1 

So l-^ii^ 7;X7-=-7 — TT-    And -7—^6  =:^=^- 

a— 0  a  —  b      h      an— on  4  24      8 

In  fractions,  multiplication  is  made  to  perform  the  office 
of  division  ;  because  division  in  the  usual  form  often  leaves 
a  troublesome  remainder.  But  there  is  no  remainder  iti 
multiplication.  In  many  cases,  there  are  methods  of  short- 
ening the  operation.  But  these  will  be  suggested  by  prac-' 
tice,  without  the  aid  of  particular  rules. 

164.  By  the  definition,  art.  49,  "the  reciprocal  of  a  quan- 
tity, is  the  quotient  arising  from  dividing  a  unit  by  that 
quantity." 

«    _  a  h       h 

Therefore,  the  reciprocal  of  t",  is  1  -^-y-  — 1  x  —  =~' That  is, 

The  reciprocal  of  a  fraction  is  the  fraction  inverted. 

b     ,   m  +  y  .  1 

Thus  the  reciprocal  of  — —  is  — r-  ;  the    reciprocal  of  ^ 

3y  .  .  ^ 

is  -j-  or  3y;  the  reciprocal  of  |  is  4.  Hence  the  recipro- 
cal of  a  fraction  whose  num€rator  is  1 ,  is  the  denominator 
of  the  fraction. 

1   .  1    .  . 

Thus  the  reciprocal  of  -^  is  aj  of  ""TTj  is  ci-{-b,  he. 


165.  A  fraction  sometimes  occurs  in  the  numerator  orde- 
nominator  of  another  fraction,  as  -7"'   It  is  often  convenient. 


70  ALGEBRA. 

in  the  course  of  a  calculation,  to  transfer  such  a  fraction, 
from  the  numerat6r  to  the  denominator  of  the  principa,! 
fraction,  or  the  contrary.  That  this  may  be  done,  without 
altering  the  value,  if  the  fraction  transferred  be  inverted,  is 
evident,  from  the  following  principles  : 

First,  Dividing  by  a  fraction,  is  the  same  as  multiplying  by 
the  fraction  inverted.     (Art.  162.) 

Secondly,  Dividing  the  numerator  of  a  fraction  has  the 
same  effect  on  the  value,  as  multiplying  the  denominator ;  and 
multiplying  the  numerator  has  the  same  effect,  as  dividing 
the  denominator.     (Art.  139.) 

I«  r  ^    •  1  • 

Thus  in  the  expression  — .,  the  numerator  of  —  is  multi- 
plied into  1=  But  the  value  will  be  the  same,  if,  instead 
of  multiplying  the  numerator,  we  divide  the  denomi- 
nator by  J,  that  is,  multiply  the  denominator  by  -f . 

la      a  h       |/i 

Therefore  ^—  =  7--  So  -7— =-'— 

X      -jX  -^m      m 

^d  d  d  a—x     ^a—^x 

And^7=rx-(/r^-^=p+y/  A°d  -T-=-^^— 

166.  Multiplying  the  numerator  is  in  effect  multiplpng 
ihe  value  of  the  fraction.  (Art.  137.)  On  this  principle,  a 
fraction  may  be  cleared  of  a  fractional  co-efficient  which 
occurs  in  its  numerator. 

|a     3      a     3fl  \a     1      a      a 

.rhusy=^X-^  =  ^-     Andy=-5Xy=^- 

^h  +  ^x      1     7i-f-.r     h-\-x  Ix      5x 

And  — -=— X =-^ —    And  v~=2^~"' 

m  o        m        3ot  Ba     2.0a 

^     •,         ,       ,  3a      3      a     |ct 

.On  the  other  hand,  — =— x— = — • 

^1x1       X        X 

a       \       a      \a  4a  ^a 

And  77"=^X— =— *    And 


'^y    '^     y      y  Sd+Bx    d-\-x 

167.  But  multiplying  the  denominator,  by  another  fraction, 
Ti  in  effect  dividing  the  value ;  (Art.  138.)  that  is,  it  is  multi- 
plying the  value  by  the  fraction  inverted.  The  principal 
i'ractlon  may  therefore  be  cleared  of  a  fractional  co-efficient» 
wliich  occurs  in  its  denominator. 
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a       a      3      a      Ty      5a  a      '7a 

Tims  p=j^y=yx  3-=3^-     And  7-^=2^- 

a  +  h     9a  +  dh  .  3A      21/t 

Aud  -i; —  = — :5 j  And  -r— =-r — • 

-j-2/  3y  ^n       tint 

la      a 
On  the  other  hand,  ZT"  =7-* 

Sy-\-ScIx      y  +  dx  5x      x 

And  — ^~"~  =  "~.3 •  And  —  =t~* 
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SIMPLE  EQUATIONS. 


A         IPR    ''T^HE  subjects  of  the  preceding  sections  are 
introductory  to  what  may  be  considered  the 
peculiar  province  of  algebra,  the  investigation  of  the  values 
of  unknown  quantities,  by  means  of  equations. 

Jin  equation  is  a  proposition,  expressing  in  algebraic  charac- 
ters, the  equality  heticeen  one  quantity  or  set  of  quantities  and 
another.  Thus  x-\-a=^h-\-c,  is  an  equation,  in  which  the 
sum  of  X  and  a,  is  equal  to  the  sum  of  b  and  c.  The  quan- 
tities on  the  two  sides  of  the  sign  of  equality,  are  sometimes 
called  the  members  of  the  equation ;  the  several  terms  on 
the  left  constituting  ihe  first  member,  and  those  on  the  right, 
the  second  member.  In  the  equation  a-\-y=d—x,  the  first 
anember  is  a+y,  and  the  second  d—x. 

169.  The  object  aimed  at,  in  whs-t  is  called  the  resolution 
or  reduction  of  an  equation  is  to  find  the  value  of  the  unknown, 
quantity.  In  the  fij'st  statement  of  the  conditions  of  a  prob- 
lem, the  knoAvn  and  unknown  quantities  are  frequently 
thrown  promiscuously  together.  To  find  the  value  of  that 
which  is  required,  it  is  necessary  to  bring  it  to  stand  by  it- 
self, while  all  the  others  are  on  the  opposite  side  of  the 
equation.  But,  in  doing  this,  care  must  be  taken  not  to 
destroy  the  equation,  by  rendering  the  two  members  une- 
qual. Many  changes  may  be  made  in  the  arrangement  of 
the  terms,  without  affecting  the  equality  of  the  sides. 

1 70.  The  reduction  of  an  equation  consists,  then,  in  bring-\ 
ing  the  unlcnoivn  quantity  by  itself,  on  one  side,   and  all  the 
Renown  quantities  on  the  other  side,  xvithout  destroying  the  equa^ 
tion. 

To  effect  this,  it  is  evident  that  one  of  the  members  must 
be  as  much  increased  or  diminished  as  the  otlier.   If  a  quan- 
tity be  added  to  one,  and  not  to  the  other,  the  equality  wilj 
be  destroyed.     But  the  members  will  remain  equal ; 
If  the  same  or  equal  quantities  be  added  to  each.  Ax.  1. 
If  the  sara«  or  equal  quantities  be  subtracted  horn  .each.  A^-  2< 
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If  each  be  multiplied  by  the  same  or  equal  quantities.  Ax.  3. 
If  each  be  divided  by  the  same  or  equal  quantities.  Ax.  4. 

171.  It  may  be  farther  observed  that,  in  general,  if  the 
unknown  quantity  is  connected  with  others  by  addition,  mul- 
tiplication, division,  &.c.  the  reduction  is  made  by  a  contrary 
process.  If  a  known  quantity  is  added  to  the  unknown,  the 
equation  is  reduced  by  subtraction.  If  one  is  inultiplied  by 
the  other,  the  reduction  is  effected  by  division,  Sic.  The  rea- 
son of  this  will  be  seen,  by  attending  to  the  several  cases  in 
the  following  articles.  The  known  quantities  may  be  ex- 
pressed either  by  letters  or  figures.  The  unknown  quantity 
is  represented  by  one  of  the  last  letters. of  the  alphabet,  gen- 
erally X,  y,  or  z.  (Art.  27.)  The  principal  reductions  to 
be  considered  in  this  section,  are  those  v.hich  are  effected 
by  transposition,  midtiplication,  and  division.  These  ought 
to  be  made  perfectly  familiar,  as  one  or  more  of  thera 
will  be  necessary,  in  the  resolution  of  almost  every  equa- 
tion. 


Transpositioi^. 

•     172.  In  the  equation 

x-l=9, 
the  number  7  being  connected  with  the  unknown  quantity  x 
by  the  sign  — ,  the  one  is  subtracted  from   the   other.     To 
reduce  the  equation  by  a  contrary  process,  let  7  be   added  to 
both  sides.     It  then  becomes 

.r-7-h7=9-l-7. 
The  equality  of  the  members  is  preserved,  because  one  is  as 
much  increased  as  the  other.  (Axiom  1.)  But  on  one  side, 
we  have  —7  and  +7.  As  these  are  equal,  and  have  contra- 
ry signs,  they  balance  each  other,  and  may  be  cancelled.  (Art. 
77.)     The  equation  will  then  be 

a?=9  +  7. 
Here  the  value  of  x  is  found.      It  is  sho^Mi  to  be  equal  to 
9-f-7,  that  is  to  IG.  The  equation  is  therefore  reduced.  The 
unknown  quantity  is  on  one  side  by  itself,  and  all  the  knowTi 
-quantities  on  the  other  side. 

In  the  same  manner  if  x  —  b=a 

Adding  b  to  both  sides  x—b  +  b—a  +  b 

And  cancelhng  {—h+b)  x=a-\-b. 

Here  it  will  be  seen  that  tlie  last  equation  is  the  same  as 
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the  first,  except  that  I  is  on  the  opposite  side,  with  a  con- 
trary sign. 
Next  suppose 

Here  c  is  added  to  the  unknown  quantity  y.  To  reduce  the 
equation  by  a  contrary  process,  let  c  be  subtracted  from  both 
sides,  that  is,  let  — c  be  apphed  to  both  sides.   We  then  have 

y-\-c—c=d-~c 

The  equality  of  the  members  is  not  affected,  because  one  is 
as  much  diminished  as  the  other.  (Ax.  2.)     When  {-\-c—c) 
is  cancelled,  the  equation  is  reduced,  and  is 
y=d-c. 

This  is  the  same  as  y  +  c=d,  except  that  c  has  been 
transposed,  and  has  received  a  contrary  sign.  We  hence 
obtain  the  following  general  rule  : 

173.  When  knoivn  quantities  are  connected  with  the  unhioivn 
quantity  by  the  sign  -f  or  — ,  the  equation  is  reduced  by 
TRANSPOSING  the  knoivn  quantities  to  the  other  side,  and  pre- 
fixing the  contrary  sign. 

This  is  called  reducing  an  equation  by  addition  or  subtrac- 
tion, because  it  is,  in  effect,  adding  or  subtracting  certain 
quantities,  to  or  from,  each  of  the  members. 

Ex.  1.  Reduce  the  equation  x-\-3b—m^h—d 

Transposing  -\-ob,  we  have  x—m=h  —  d  —  3b 

And  transposing  — ?«,  x=h—d—ob+m 

174.  When  several  terms  on  the  same  side  of  an  equartion  are 
alilce,  they  may  be  united  in  one,  by  the  rules  for  reduction  in 
addition.  (Art.  72  and  74.) 

Ex.  2.  Reduce  the  equation  cc-{-5b—'ih=lb 

Transposing  5b— 4A  x =lb  —  5b -\- 4:h     , 

Uniting  lb  — 5b  in  one  terra         x=2b+4h 

175.  The  unknown  quantity  must  also  be  transposed^ 
whenever  it  is  on  both  sides  of  the  equation.  It  is  not 
material  on  which  side  it  is  finally  placed.  For  if  a:=3; 
it  is  evident  that  3=.r.  It  may  be  well  however,  to 
bring  it  on  that  side,  where  it  will  have  the  the  affirma- 
tive sign,  when  the  equation  is  reduced. 
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Ex.  3.  Reduce  the  equation  2x-\-2h=h-\-d-\-2x 

By  transposition  2h—h—d=2x—2oe 

Uniting  terms  h—d—x. 

176.  When  the  same  term  is  on  opposite  sides  of  the  equa- 
tion, instead  of  transposing,  we  may  expunge  it  from  each. 
For  this  is  only  subtracting  the  same  quantity  from  equal 
quantities.  (Ax.  2.) 

Ex.  4.  Reduce  the  equation  x  +  3h+d=h  +  3h  +  '7d 

Expunging  Sh  x+d=b-\-ld 

Transp.  and  uniting  terms       x=b-{-6d, 

177.  As  all  the  terms  of  an  equation  maybe  transposed, 
or  supposed  to  be  transposed  ;  and  it  is  immaterial  which 
member  is  written  fii'st ;  it  is  evident  that  the  sigiis  of  all  the 
terms  may  be  changed,  without  affecting  the  equality. 

Thus,  if  we  have  x—b=d—a 

Then  by  transposition  —d-\-a  =  —x-\-b 

Or,  in ve rting  the  m e mb ers  —x+b=—d+a. 

178.  If  all  the  terms  on  one  side  of  an  equation  be  trans- 
posed, each  member  will  be  equal  to  0. 

Thus  if  x+b=d,  then  a?+6— c?=0. 

It  is  frequently  convenient  to  reduce  an  equation  to  thii5 
form,  in  which  the  positive  and  negative  terms  balance  each 
other.  In  the  example  just  given,  x-\-b  is  balanced  by  —d. 
For  in  the  first  of  the  two  equations,  :v  +  ^  is  equal  to  (/. 

^x.  5.  Reduce  a  +  2x— 8=6— 4+a-|-a. 

6.  Reduce  y -{- ab —hm-=a-\-2y—ab+hm, 

7.  Reduce  h  +  30-\-'7x=8-Qh-\-Qx—d+k 

6.  Reduce  hh-21—/lx+d=12-3x+d+lbL 


Reduction  of  Eq.uations  by  Multiplication. 

1 79.  The  unknown  quantity,  instead  of  being  connected 
with  a  laioAvn  quantity  by  the  sign  +  or  — ,  may  be  divided 
by  it,  as  in  the  equation 

X 
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Here  the  reduction  can  not  be  made,  as  in  the  preceding 
instances,  by  transposition.  But  if  both  members  be  multi- 
jiUed  by  a,  (Art.  170.)  the  equation  will  become 

oc=ab. 
For  a  fraction  is  multiplied  into  its  denominator,  hy  remov- 
ing the  denominator.      This  has  been  proved  from  the  prop- 
erties of  fractions.  (Art.  159.)     It  is  also  evident  from  the 
sixth  axiom. 

ax     3r     {a-{-b)xx     dx-\-5x 

Thus  x= — =-z7= ,  ,      =   J  ,  _  ,  &,c.     For  in  each 

a       3  a-\-o  d+5  ' 

of  these  instances,  x  is  both  multiplied  and  divided  by  the 

same  quantity;  and  this  makes  no  alteration  in  the  value. 

Hence, 

1 80.  fVhen  the  imknoivn  quantity  is  divided  by  a  Tcnown 
quantity,  the  equation  is  reduced  by  multiplying  each  side  by 
this  Tcnown  quantity. 

The  same  transpositions  are  to  be  made  in  this  case,  as  in 
the  preceding  examples.  It  must  be  observed  also,  that 
every  term  of  the  equation  is  to  be  multiplied.  For  the  sev- 
eral terms  in  each  member  constitute  a  compound  multipli- 
cand, which  is  to  be  multiplied  according  to  art.  98. 

Ex.  1.  Reduce  the  equation  — -{■a:=^b-\-d 


Multiplying  both  sides  by 


c 


The  product  is  x-\-ac=ibc-Jrcd 

And  transposing  ac  x-=-bc-\-cd—ac. 

2.  Reduce  the  equation  ^    4-5=20 

Multiplying  by  6  a; —4+ 30  =  1 20 

Transp.  and  uniting  tenns        a;=120-i-4  —  30= 94, 

X 

3.  Reduce  the  equation  ,  4-(7=fe 

Multiplying  by  a+6  (Art.  100.)    x+ad-\-bd=ah+bh 
By  transposition  x=ah-]-bh—ad—bd.' 

ISl.  When  the  unknown  quantity  is  in  the  denominator  of 
a  fraction,  the  reduction  is  made  in  a  similar  manner,  by  mul- 
tiplying the  equation  by  this  denominator. 
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6 

Ex.  4.  Reduce  the  equation  7011" "^^"^ 

Multiplying  by  1 0 — :p  6  +  70 — 7x = 80  -  8« 

Transp.  and  uniting  terms  a: =4. 

182.  Though  it  is  not  generally  necessary,  yet  it  is  often 
convenient,  to  remove  the  denominator  from  a  fraction  con- 
sisting of  knovm  quantities  only.  This  may  be  done,  in  the 
same  manner,  as  the  denominator  is  removed  from  a  fraction 
which  contains  the  unknown  quantity. 

X      d      h 

Take  for  example  — =X  +  ~ 

^  a      0      c 

ad     ah 
Multiplying  by  «  (Art.  158.)  a?=y-|-y 

ohk 
Multiplying  by  b  lx=ad+ 

Multiplying  by  c  hcx=acd-\-abh. 

Or  we  may  multiply  by  the  product  of  all  the  denomina- 
tors at  once. 

X      d      h 
In  the  same  equation  '  '        ~a~lj'^~c 

obex     abed     abck 
Muhiplying  by  ahc  -^=-y-+-^ 

Then  by  cancelling  from  each  term,  the  letter  which  is 
common  to  its  numerator  and  denominator,  (Art.  145,)  we 
have  bcx=-acd-{-abh,  as  be- 

fore.    Hence, 

1 83.  An  equation  may  he  cleared  of  fractions  by  midtiply- 
ing  each  side  into  all  the  denominators. 

X      b       e      h 
Thus  the  equation  7="^+^-^ 

Is  the  sam  e  as  dgmx = ahgm  +  adem  —  adgh, 

X      2      4.      6 
And  the  equation  ^~'E'^~5'^~2 

Is  the  same  as  .  30;c=40 + 48  -H 1 80. 

Reduction  of  Equations  by  Division, 

184.  When  the  unknown  quantity  is  multiplied  into  any 
known  quantity,  the  equation  is  reduced  by  dividing  loth  sides 
by  this  known  quantity.  (Ax.  4.) 
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Ex.  1.  Reduce  the  equation  ax-\-h  —  3h—d 

By  transposition  ax=d-\-3h—b 

d^-2h—b 
Dividino;  by  a  x= — * 

ad 
2.  Reduce  the  equation  2x=——^+4^b 

Clearing  of  fractions  (Art.  183.)  2chx=ah  —  cd-\-4:bch 

ah—cd+4,bck 
Dividing  by  2ch  x= ^Tt 

185.  If  the  unknown  quantity  has  co-efficients  in  several 
terms,  the  equation  must  be  divided  by  aZZ  these  co-efficients, 
connected  by  their  signs,  according  to  art.  121. 

JEx.  3.  Reduce  the  equation  3x-\d=^bx-\-a 

By  transposition  3x—hx=^a—d 

That  is,  (Art.  120.)  {3—b)xx=a—d 

a—d 


Dividing  by  3 — 6  x-. 


"3-6 


Ex.  4.  Reduce  the  equation  aAr-i-4=A— at 

By  transposition  ax-\-x=.}i—^ 

That  is  {a->rl)xx=h^ti 

^.  .   .  ^-4 

Dividinsiby  a-}-l  9C= — r-r 

x  —  b     a  +  d 
Ex.  5.  Reduce  the  equation  ^'~'~}, —  ~~~d~~ 

Clearing  of  fractions.  See  art.  142.  ^hx  —  (4:X—4^b)=ah-\-dh 
That  is  (Art.  82.)  Mx—/lx-\-'ib=ah  +  dh 

Transposing  45  A:]ix—^x=ah-\-dh—i^ 

ah-\-dh—4^b 
Dividing  by  4A— 4  x==: — TTUT — 

186.  If  any  quantity,  either  kno\Mi  or  unknoA\Ti,  is  found 
as  a  factor  in  every  term,  the  equation  may  be  divided  by  it. 
On  the  otlier  hand,  if  any  quantity  is  a  divisor  in  every  term, 
the  equation  may  be  midtiplied  by  it.  In  this  way,  the  fac- 
tor or  divisor  will  be  removed,  so  as  to  render  the  expression 
more  simple. 
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Ex.  6.  Reduce  the  equation  ax+2ah~Qad-\-a 

Dividing  by  a  (Arts.  120  and  128.)    x  +  %=Qd+l 
And  transposing  36  x=6d+l  —  'Sb 

A' 4-1      ^      h  —  d 
7.  Reduce  tlie  equation  ~~~—~=    ^^. 

Multiplying  by  x  (Art.  159.)  x-\-l  ~b=h-d 

And  transposing  1—6  x—h  —  d-^b  —  l. 

S.  Reduce  the  equation  xx{a-{-b)-a  +  b=dx{a  +  b) 

Dividing  by  a  +  6  (Art.  118.)  r-1  =^ 
Transposing  —1  x=d+l 


187.  Sometimes  the  conditions  of  a  problem  are  at  first 
stated,  not  in  an  equation,  but  by  means  of  ?i proportion.  To 
show  how  this  may  be  reduced  to  an  equation,  it  will  be  ne- 
cessary' to  anticipate  the  subject  of  a  future  section,  so  far  as 
to  admit  the  principle,  that  "when  four  quantities  are  in  ge- 
ometrical proportion,  the  product  of  the  two  extremes  is 
equal  to  the  product  of  the  two  means :"  a  principle  which 
is  at  the  foundation  of  the  Rule  of  Three  in  arithmetic.  See 
Webber's  Arithmetic. 

Tbus  if  a :  6 : :  c :  d,  Then  ad  -  be 

Andif  3:4::6:8;  And    3x8=4x6.    Hence, 

188.  A  proportion  is  converted  into  an  equation,  by  making 
the  product  of  the  extremes,  one  side  of  the  equation;  and  the 
product  of  the  means,  the  other  side, 

Ex.  1.  Reduce  to  an  equation  ax:b::ch:d. 

The  product  of  the  extremes  is  adx 

The  product  of  the  means  is  bch 

The  equation  is,  therefore  adx— bch. 

2.  Reduce  to  an  equation  a+b:c::h—m:y. 

The  product  of  the  extremes  is  ay  +  by 

The  product  of  the  means  is  ch—cni 

The  equation  is,  therefore  ay+by=ch-cm. 

189.  On  the  other  band,  an  equation  may  be  converted  into 
a  proportion,  by  resolving  one  side   of  the  equation  into  two 
factors,  for  the  middle  terms  of  the  proportion;   and  the  otner 
fide  into  two  factors,  for  the  extremes. 
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As  a  quantity  may  often  be  resolved  into  different  pairs  of 
factors;  (Art.  42.)  a  variety  of  proportions  may  frequently 
be  derived  from  the  ^me  equation. 

Ex.  1.  Reduce  to  a  proportion  abc=dek 

The  side  obc  may  be  resolved  into  axbc,  or  abxc,  or  acxb. 
And  deh  jnay  be  resolved  into  d  X  eh,  or  dexh  or  dh  x  e. 

Therefore  a :d::eh: be  And  ac:dh::e:b 

And  ab:de::htc  And  ac:d::ek:b^c. 

For  in  each  of  these  instances,  the  product  of  the  ex- 
tremes is  abc,  and  the  product  of  the  means  deh. 

2.  Reduce  to  a  proportion  ax-\-bx=cd—ch 

The  first  member  may  be  resolved  into  x  x  (a  +  b) 

And  the  second  into  cxid—h) 

Therefore  x:c::d-h:a  +  b         And  d-k:x::a  +  b  :c,  he. 

190.  If  for  any  term  or  terms  in  an  equation,  any  other 
expression  of  the  same  value  be  substituted,  it  is  manifest 
that  the  equality  of  the  sides  will  not  be  aifected. 

Thus,  instead  of  16,  we  may  wite  2x  8  or  -^,  or  25  — 9,&c. 

For  these  are  only  different  forms  of  expression  for  the 
same  quantity. 

191.  It  will  generally  be  well  to  have  the  several  steps,  in 
the  reduction  of  equations,  succeed  each  other  in  the  follow- 
ing order. 

First,  Clear  the  equation  of  fractions.  (Art.  183.) 
Secondly,  Transpose  and  unite  the  terms.  (Arts.173,  4,  5.) 
Thirdly,  Divide  hy  the  co-efficients  of  the  unknown' quan- 
tity. (Arts.  184,  5.)  ^ 


Examples. 

3x  5x 

1.  Reduce  the  equation  -7--f6=: — -f  7 

Clearing  of  fractions  24.r-}-192=20.v  +  224 

Transp.  and  uniting  terms  4^=32 

Dividing  by  4        "^  a- =8. 
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2.  Reduce  the  equation  -—-\-h=T^——-\-d 

^  a  0       c 

Clearing  of  fractions        .  hex + abch  =  acx — abx -f  alcd 

By  transposition  bcx  -\-  abx  —  acx =abcd—abch 

.   .  abcd—ahch 

Dividinisr  by  the  co-eiTs  of  .v,  x—-, — : — -, — —  • 
^    •'  '  bc  +  ub—ac 

3.  Reduce  40-6x—16  =  120-14a'.        Ans.  .v  =  12. 

_,  ,    x  —  S      X  ;v— 19  93 

4.  Reduce  — 2~+~^=20— — 2^—       Ans.  jc=~* 

5.  Reduce  -^  +  ^=20—-;'         6.  Reduce ^^-4=5. 

a 

_  3  6a: 

7.  Reduce  —,-1—2=8,  8.   Reduce  — --7=.l, 


Solution   of  Pboelems, 

192.  In  the  sohition  of  problems,  by  means  of  equations, 
two  things  are  necessary  :  First  to  translate  the  statement 
of  the  question  from  common  to  algebraic  language,  in  such 
a  manner  as  to  form  an  equation :  Secondly,  to  reduce  this 
equation  to  a  state  in  which  the  unkno\vn  quantity  will  stand 
by  itself,  and  its  value  be  given  in  known  terms,  on  the  oppo- 
site side.  The  manner  in  which  the  latter  is  effected,  has  al- 
ready been  considered.  The  former  will  probably  occasion 
more  perplexity  to  a  beginner ;  because  the  conditions  of 
questions  are  so  various  in  their  nature,  that  the  proper  me- 
thod of  stating  them  can  not  be  easily  learned,  like  the  re- 
duction of  equations,  by  a  system  of  definite  rules.  Prac- 
tice how^ever  will  soon  remove  a  great  part  of  the  difficulty. 

193.  It  is  one  of  the  principal  peculiarities  of  an  algebra- 
ic solution,  that  the  quantity  sought  is  itself  introduced  into 
the  operation.  This  enables  us  to  make  a  statement  of  the 
conditions,  in  the  same  form,  as  though  the  problem  were  al- 
ready solved.  Nothing  then  remains  to  be  done,  but  to  re- 
duce the  equation,  and  to  find  the  aggregate  value  of  the 
known  quantities.  (Art.  53.)  As  these  are  equal  to  the  un- 
knoivn  quantity  on  the  other  sid»  of  the  equation,  the  vafUu 
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of  that  also  is  determined,  and  therefore  the  problem  is 
solved. 

Problem  1.  A  man  being  asked  how  much  he  gave  for  his 
watch,  replied  ;  If  you  multiply  the  price  by  4,  and  to  the 
product  add  70,  and  from  this  sum  subtract  50,  the  remain- 
der will  be  equal  to  220  dollars. 

To  solve  this,  we  must  first  translate  the  conditions  of  the 
problem,  into  such  algebraic  expressions  ,as  will  form  an 
equation. 

Let  the  price  of  the  watch  be  represented  by  x 
This  price  is  to  be  mult'd  by  4,  which  makes  ^x 
To  the  product,  70  is  to  be  added,  making  4;x'4-70 

From  this,  50  is  to  be  subtracted,  making  4x+ '70  —  50 

Here  we  have  a  number  of  the  conditions,  expressed  in 
algebraic  terms;  but  have  as  yet  no  equation.  We  must  ob- 
serve then,  that  by  the  last  condition  of  the  problem,  the 
preceding  terms  are  said  to  be  equal  to  220. 

We  have,  therefore,  this  equation  4^:4-70—50  =  220. 

To  reduce  this, 

Transpose  and  unite  the  terms,  then       4a.''=200 

Divide  by  4  (Art.  184.)  and  ^=50. 

Here  the  value  of  x  is  found  to  be  50  dollars,  which  is  the 
price  of  the  watch. 

194.  To  prove  whether  we  have  obtained  the  true  value 
of  the  letter  which  represents  the  unknown  quantity,  we  have 
only  to  substitute  this  value,  for  the  letter  itself,  in  the  equa- 
tion which  contains  the  first  statement  of  the  conditions  of 
the  problem;  and  to  see  whether  the  sides  are  equal,  after 
the  substitution  is  made.  For  if  the  answer  thus  satisfies 
the  conditions  proposed,  it  is  the  quantity  sought.  Thus,  in 
the  preceding  example. 

The  original  equation  is  4x-f- 70— 50=220 

Substituting  50  for  oc,  it  becomes      4x 50  +  70— 50=220. 

To  see  whether  the  fiM  member  of  this  equation  is  equal 
to  the  second, 

Multiply  4  into  50 ;  the  product  is  200 

To  this  add  70 


The  sum  is  270 

From  this  subtract  50 


The  remainder  is  -  220  as  In 

the  statement  of  the  problem. 


".[ 
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Prob.  2.  What  number  is  that,  to  which  if  its  half  be 
added,  aud  from  the  sum  20  be  subtracted,  the  remainder 
will  be  a  fourth  part  of  the  number  itself? 

In  stating  questions  of  this  .kind,  where  fractions  are  con- 
cerned, it  should  be  recollected,  that  ^x  is  the  same  as 

X  2x 

g-j  that  |^Y=y,  &ic.  (Art.  161.) 

In  this  problem,  let  x  be  put  for  the  number  required. 

.  XX 

Then  by  the  conditions  proposed,  x-{--^  —  20=-j 

Clearing  of  fractions  8:v-|-4x— 160'=2x' 

Transp.  and  uniting  terms  l6-r=:160 

Dividing  by  10  '^    x  =  lQ. 

16  16 

Proof  164--^-20=^- 

Prob.  3.  A  father  divides  his  estate  among  his  three  sons, 
in  such  a  manner,  tliat, 

The  first  has  $1000  less  than  half  of  the  whole  ; 
The  second  has  800  less  than  a  third  of  the  whole; 
The  third  has  600  less  than  a  fourth  of  the  whole ; 
What  is  the  value  of  the  estate  ? 
If  the  whole  estate  be  represented  by  x,  then  the  several 

X  X  X 

shares  will  be  -2— 100,  and  -^  —  800,  and  ^—600. 

And  as  these  constitute  the  whole  estate,  they  are  togeth- 
er equal  to  x. 


We  have  then  this  equation  ■^  — 1000 +-^-800 +-^-600  =;)c 

XXX 

Or,  by  uniting  terms,  7^+Tr  +  -j— 2400=:!f 

Clearing  of  fractions  12x+Sx+3x  -  51C>m=2Ax 

Transp.  and  uniting  terms       2^=57600 

Dividing  by  2  a  =28800 

_   ^  28800       28800       26800 

Proof.  —2^— —  1000+ — 2~—  8^0  +— ^— -600=28B00. 

195.  To  avoid  an  unnecessary  introduction  of  unknown 
quantities  into  an  equation,  it  may  be  well  to  observe,  in  this 
place,   that  when  the  sum  or  difference  of  two  quaiitities  is 
M 


0«  ALGEBRA. 

given,  both  of  them  may  be  expressed  by  means  of  the 
Same  letter.  For  if  one  of  two  quantities  be  subtracted 
from  their  sum,  it  is  evident  the  remainder  will  be  equal  to 
the  other.  And  if  the  difference  of  two  quantities  be  sub- 
tracted from  the  greater,  the  remainder  will  be  the  less. 
Thus  if  the  sum  of  two  numbers  be  20 

And  if  one  of  them  be  represented  by  ic 

The  other  will  be  equal  to  20— ;;:, 

Prob.  4.  Divide  4S  into  two  such  parts,  that  if  the  less  be 
divided  by  4  and  the  greater  by  6,  the  sum  of  the  quotients 
will  be  9. 

Here  if  x  be  put  for  the  smaller  part,  the  greater  will  be 
48— A\  ^ 

X     48— Af 

By  the  conditions  of  the  problem  -r+ — tt —  =  9. 

Clearing  of  fractions  6.V+192— 4.y=21& 

Transposing  and  uniting  t-erms  2a: =24 

Dividing  by  2  5i'  =  12,  thfe  less. 

Then  4&-;c=48  — 12  =  36,  the  greater, 

196.  Letters  may  be  employed  to  express  the  known 
quantities  in  an  equation,  as  well  as  the  unknown.  A  par- 
ticular value  is  assigned  to  the  numbers,  when  they  are  intro- 
duced into  the  calculation:  and  at  the  close,  the  numbers 
are  restored.  (Art.  52.) 

Prob.  5.  If,  to  a  certain  number,  720  be  added,  and  the 
sum  be  divided  by  125;  the  quotient  will  be  equal  to  7392 
divided  by  462.     What  b  that  number  ? 

Let  .v=  the  number  required. 

«=720  <^=7392 

6  =  125  A  =462 

AP  +  a     «? 
Th,en  by  the  conditions  of  Ihe  problem  ~t — =~r ' 

Clearing  of  fractions  hx-\-ah=.hd 

Transposing  ah  hx=bd—ah 

^  hd—ak 

Dividing  by  h  x=- — -r — 

(125x7392)-(720x462) 
Restoring  the  numbers,  .\  = — jgi^ =128§, 
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197.  When  the  resolution  of  an  equation  brings  out  a  neg- 
fitive  answer,  it  shows  that  the  vahie  of  the  unknown  quanti- 
ty is  contrary  to  the  quantities  which,  in  the  statement  of  the 
question,  are  considered  positive.  See  Negative  Quantities. 
(Art.  54,  &c.) 

Prob.  6.  A  merchant  gains  or  loses,  in  a  bargain,  a  certain 
sum.  In  a  second  bargain,  he  gains  S50  dollars,  and,  in  a 
third,  loses  60.  In  the  end,  he  finds  he  has  gained  200  dol- 
lars, by  the  three  together.  How  much  did  he  gain  or  lose 
by  the  first  .^ 

In  this  example,  as  the  profit  and  loss  are  opposite  in  their 
nature,  they  must  be  distinguished  by  contrary  signs.  (Art. 
S7.)     If  the  profit  is  marked  +,  the  loss  must  be  — . 

Let  x=  the  sum  required. 

Then  according  to  the  statement  x,-h  350— 60 =206 

By  transposition  a:=:200  +  60  — 35fi 

And  uniting  the  terms  ^=—90. 

The  negative  sign  prefixed  to  the  answer,  shows  that  there 
was  a  loss  in  the  first  bargain ;  and  therefore  that  the  proper 
sign  of  X  is  negative  also.  But  this  being  determined  by  the 
answer,  the  omission  of  it  in  the  course  of  the  calculation 
can  lead  to  no  mistake. 

Prob.  7.  A  ship  sails  4  degrees  north,  then  13  S.  then  17 
N.  then  19  S.  and  has  finally  11  degrees  of  south  latitude. 
What  was  her  latitude  at  starting  ? 

Let  x=  the  latitude  sought. 

Then  marking  the  northings  +,  and  the  southings  —  ; 

By  the  statement  ;>r+4  — 13  +  17  — 19  =  — 11 

By  transposition  ;^  =  13+19  — 11— 4  — 17 

And  uniting  terms  ^"=0. 

The  answer  here  shows  that  the  place  from  w^hich  the  ship 
itarted  was  on  the  equator,  where  the  latitude  is  nothing. 

Prob.  8.  If  a  certain  number  is  divided  by  12,  the  quo- 
tient, dividend,  and  divisor  added  together  will  amount  to 
64.     What  is  the  number.^ 

T/ct  X—  tlie  number  sought. 
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Then  ^+;f+ 12=64 

Multiplying  by  12,  (Art.  180.)         x+12x+U4^=163 
Transposing  and  uniting  terms         13a; =624 

624 
Dividing  by  13    -  x=-Y^—i^S. 

Prob.  9.  An  estate  is  divided  among  four  childrenj  in 
such  a  manner,  that 

The  first  has  200  dollars  more  than  |  of  the  whole. 
The  second  has  340  dollars  more  than  |  of  the  whole, 
The  third  has  300  dollars  more  than  ^  of  the  whole, 
The  fourth  has  400  dollars  more  than  |  of  the  whole. 
What  is  the  value  of  the  estate.'  Ans.  4S00  dollars. 

Prob.  10.  What  is  th3,t  number  which  is  as  much  less 
than  500,  as  a  fifth  part  of  it  is  greater  than  40?  Ans.  450. 

Prob.  11.  There  are  two  numbers  whose  diiferenceis  40, 
and  which  are  to  each  other  as  6  to  6.  What  are  the  num- 
bers ? 

Let  x=  the  greater. 

Then  a:— 40=  the  less.  (Art.  195.) 

By  the  conditions  of  the  question  ar :  a:— 40 : :  6  : 5 

jNIult'g  extremes  and  means  (Art.  188.)   6^:— 240=5^: 
Transposing  and  uniting  terms  a- =240,  the  greate?. 

And  240-40=200,  the  less. 

Prob.  12.  Three  pei-sons,  A,  B,  and  C  draw  prizes  in  a 
lottery.  A  drav»^s  200  dollars ;  B  draws  as  much  as  A,  to- 
gether with  a  third  of  what  C  draws ;  and  C  draws  as  much 
as  A  and  B  both.      What  is  the  amount  of  the  three  prizes. 

Ans.  1200  dollars. 

Prob.  13.  What  number  is  that,  which  is  to  12  increased 
by  three  times  the  number,  as  2  to  9  ?  Ans.  8. 

Prob.  14.  A  ship  and  a  boat  are  descending  a  river  at  the 
same  time.  The  ship  passes  a  certain  fort,  when  the  boat  is 
13  miles' below.  The  ship  descends  five  miles,  while  the 
boat  descends  three.  At  what  distance  belov/  the  fort,  will 
they  be  together  ? 

Let  A-=  the  distance  required. 
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Then  bj  tlic  question  x:x  —  lS::5:^ 

Mult,  extremes  and  means  5x—G5~2x 

Ti-ansp.  and  uniting  terms  2x=Q5 

Dividing  by  2  x=32|. 

Prob.  15.  What  number  is  that,  a  sixth  part  of  which  ex- 
ceeds an  eighth  part  of  it  by  20?  Ans.  4S0, 

Prob.  16.  Divide  a  prize  of  2000  dollars  into  two  such 
parts,  that  one  of  them  shall  be  to  the  other,  as  9:7. 

Ans.  The  parts  are  1125,  and  875. 

Prob.  17.  What  sum  of  money  is  that,  whose  third  part, 
fourth  part,  and  fifth  part,  added  together,  amount  to  94 
dollars.''  Ans.  120  dollars. 

Prob.  18.  Two  travellers,  A  and  B,  360  miles  apart,  trav- 
el towards  each  other  till  they  meet.  A's  progress  is  10 
miles  an  hour,  and  B's  8.  How  far  does  each  travel  before 
they  meet.'*  Ans.  A  goes  200  miles,  and  B  160. 

Prob.  19.  A  man  spent  one  third  of  his  life  in  England, 
one  fourth  of  it  in  Scotland,  and  the  remainder  of  it,  which 
was  20  years,  in  the  United  States.  To  what  age  did  he 
live .''  Ans.  To  the  agre  of  48. 


For  the  solution  of  many  algebraic  problems,  an  acquaint- 
ance with  the  calculations  of  powers  and  radical  quantities  is 
required.  It  will  therefore  be  necessary  to  attend  to  these, 
before  finishing  the  subject  of  equations. 


SECTION  vm. 


INVOLUTION  AND  POWERS. 


^^HEN  a  quantity  is  multiplied  into  itself, 
Art.  198.     f  ?    ^^g  PRODUCT  is  called  a  power. 

Thus  2x2=4,    the  square  or  second  power  of  2. 

2  X  2  X  2=8,    the  cube  or  third  power. 
2  X  2  X  2  X  2  =  1 6,  the  fourth  power,  he. 

So  10  X  10  =  100,      the  second  power  of  10. 

10x10x10  =  l/)00,    the  third  power. 

10  X  10  X  10  X  10  =  10000,  the  fourth  power,  he. 

And  axa=aa,      the  second  power  of  a. 

ax  ax  a=aaa,    the  third  power. 
ax  ax  ax  a=aaaa,  the  fourth  power.  Sic. 

1D9.  The  original  quantity  itself,  though  not,  like  "the 
powers  proceeding  from  it,  produced  by  raultiplkati th.,  is 
nevertheless  called  the  first  poiver.  It  is  also  called  the  root 
of  the  other  powers,  because  it  is  that  from  which  they  are 

all  derived.  .  „    .      ,  ri,-  u 

200.  As  it  is  inconvenient,  especially  m  the  case  ot  Higft 
pov/ers  to  write  down  all  fiie  letters  or  factors  of  ivhich  the 
powers  are  composed,  an  abridged  method  of  notation  is 
senerally  adopted.  The  root  is  written  only  once  ;  aiid  then 
a  number  or  letter  is  placed  at  the  right  hand,  and  a  little  el- 
evated, to  signify  how  many  times  the  root  is  employed  as  a 
factor,  to  produce  the  power.  This  number  or  letter  is  call- 
ed the  index  or  exponent  of  the  power.  Tluis  a^  is  put  for 
fl  X  a  or  aa,  because  the  root  a  is  twice  repeated  as  a  factor, 
to  produce  the  power  aa.  And  a^  stands  for  aaa ;  for  here 
«  is  repeated  three  times  as  a  factor. 

The  index  of  the  first  power  is  1 ;  but  this  is  commonly 
emitted.     Thus  a^  is  the  same  as  a.  _ 

201.  Exponents  must  not  be  confounded  with  co-efiicients. 


Lowers.  s^ 

A  co-efficient  shows  how  often  a  quantity  is  taken  as  a  part 
of  a  whole.  An  exponent  shows  how  often  a  quantity  is  ta- 
ken as  a  factor  in  a  product. 

Thus  4a=a+a  +  a+a.  But  c*=axaxax«. 

202.  The  scheme  of  notation  by  exponents  has  the  pe- 
cuhar  advantage  of  enabling  us  to  express  an  unbioivn  pow- 
er. For  this  purpose  the  index  is  a  letter,  instead  of  a  nu- 
meral figure.  In  the  solution  of  a  problem,  a  quantity 
may  occur,  which  we  know  to  be  sorne  power  of  another 
quantity.  But  it  may  not  be  yet  ascertained  whether  it  is 
a  square,  a  cube,  or  some  higher  power.  Thus  in  the  ex- 
pression a*,  the  index  x  denotes  that  a  is  involved  to  some 
power,  though  it  does  not  determine  what  power.  So  l"", 
&ndd"  are  powers  of  6  and  d;  and  are  read  the  mth  power 
of  b,  and  the  nth  power  of  d.  When  the  value  of  the  index 
is  iound,  a  number  is  generally  substituted  for  the  letter. 
Ihus^if  m=3,  then  b'^=h':  but  if  ?7i=5,  then  b'^=b'. 

203.  The  method  of  expressing  powers  by  exponents  i« 
also  of  great  advantage  in  the  case  of  compound  quantities. 
Ihus 

a  +  b-\-d\  ,ova  +  b-\-d  Oi{a  +  b  +  d)\k{a  +  b-\-d)x{a  +  b  +  d) 
x{a-{-b  +  d)  that  is,  the  cube  of  {a  +  b  +  d).  But  this  in- 
volved at  length  would  be  VJ  ? 

a^+3a^b  +  3ti^d-^3ab^+6abd+3ad*+b^+3b^d4-)ibd--r 

204.  If  we  take  a  series*  of  powers  whose  indices  increase 
or  decrease  by  1,  we  shall  find  that  the  powers  themselves 
increase  by  a  common  multiplier,  or  decrease  by  a  common 
divisor ;  and  that  this  multiplier  or  divisor  is  the  original 
quantity  from  which  the  powers  are  raised. 

Thus  in  the  series  amaa,       aaaa,       ana,       aa,       a; 

^^'  «*  a*  a^  a^       a^ ; 

the  Indices  counted  from  right  to  left  are  1,  2,  3,  4,  5;  and 
the  common  difference  between  them  is  a  unit.  If  we  begin 
on  the  right,  and  multijjJy  by  a,  we  produce  the  several  pow- 
ers, in  succession,  from  right  to  left. 

Thus  axa=a^  the  2d  term.  And  a^xa=a*. 

a2xa=aMhe  3d  term.  a^Xa=a^kc. 

If  we  begin  on  the  left,  and  divide  by  a, 

*NoTE.  The  term  series  is  applied  to  a  number  of  quantities  suc- 
ceeding each  other,  in  some  regular  order.  It  is  not  confined  to  any 
particular  law  of  increase  or  decrease. 
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205.  But  this  division  may  be  carried  still  farther;  and 
we  shall  then  obtain  a  new  set  of  quantities. 

Thus  «-^«=|=l-  (Art.  1280  And  |-^a=^-  (Art.163.) 

1  — « —  fl  aa  aaa ' 

The  whole  series  then 

Is  aaaaa,  aaaa,  aaa,  aa,  a,  1 ,  ^^    ^^'     ^^^'    ^^' 

Or    a^      a*,    a\  «»,«,!,-'    ^'    ^'      &c. 

Here  the  quantities  on  the  ris^ht  of  1,  are  the  reciprocal 
of  those  on  the  left.  (Art.  49.)  The  former,  therefore  may 
be  properly  called  reciprocal  powers  of  a;  while  the  latter 
may  be  termed,  for  distinction  sake,  direct  powers  oi  a.  It 
may  be  added,,that  the  powers  on  the  left  are  also  the  recip- 
rocals of  those  on  the  right. 

Forl4--=lXY=a.  (Art.  162.)     And  l--3=«'- 

a    ^    m        i- 

1  «2  1 

206    The  same  plan  of  notation  is  applicable  to  compound 
quantities.     Thus,  from  a +6,  we  have  the  series, 

1  1_  1      ,  , 

{a-\-hy,{a+by,{a+h),i,-j-j;  -^:^^y'  ^^^i,y  ^c 

207.  For  the  convenience  of  calculation,  another  form  of 
notation  is  given  to  reciprocal  powers. 

Accordingtothis, -or^=a     '    And --or ^j -a      ■ 

aa     a""  aaaa     a* 

And  to  make  the  indices  a  complete  series,  with  1  for  tb^ 
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common  differencOj  the  term—  or  1,  which  is  considered  as 

no  power,  is  written  a°. 

The  powers  both  direct  and  reciprocal*  then, 

a      1       1        1  1 

Instead  of  aaaa,  aaa,  aa,  a,  -.    -.    -.    — »    --,  &c. 

Will  be  a*,    a^    a\a\a°,a-\  a-\  a-\      a"*,  &c. 

Or  a+*,a+»,  a+Sa+Sao,a-Sa-*,a-«,      a"*,  Stc. 

And  the  indices  taken  by  themselves  will  be, 

+4,  +3,  +2,  +1,  0,  -1,  -2,  -3,   -4,  &c. 

208.  The  root  of  a  power  may  be  expressed  by  more  let- 
ters than  one. 

Thus  aaxaa,  or  aa\     is  the  second  power  of  aa. 

And  aax  aaxaa,  or  aa]     is  the  third  power  of  aa,  &c. 

Hence  a  certain  power  of  one  quantity,  may  be  a  differ- 
ent power  of  another  quantity.  Thus  a^  is  the  second  pow- 
er of  a^,  and  the  fourth  power  of  a. 

209.  All  the  powers  of  1  are  the  same.  For  1x1,  or 
lxlxl,&ic.  is  still  1. 


Involution, 

210.  Involution  is  finding  any  power  of  a  quantity,  by 
multiplying  it  into  itself.  The  reason  of  the  following  gen- 
ej-al  rule  is  manifest,  from  the  nature  of  powers. 

Multiply  the  quantity  into  itself,  till  it  is  taken  as  a  factor^ 
as  many  times  as  there  are  units  in  the  index  of  the  power  to 
luhich  the  quantity  is  to  he  raised. 

This  rule  comprehends  all  the  instances  which  can  occur 
in  involution.  But  it  will  be  proper  to  give  an  explanation 
of  the  manner  in  which  it  is  applied  to  particular  cases. 

211.  A  single  letter  is  involved,  by  giving  it  the  index  of 
the  proposed  power ;  or  by  repeating  it  as  many  times,  as 
there  are  units  in  that  index. 

The  4th  pov.er  of  a,  is  a*  or  aaaa.  (Art.  19S.) 

The  6th  power  of  y,  is  y^  or  yyyyyy. 

The  nth  power  of  x,  is  a."  or  xxx ...  n  times  repeated. 

■^See  note  B. 
N 
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212.  The  method  of  involving  a  quantity  which  consists  of 
several  factors,  depends  on  the  principle,  that  the  power  of 
the  product  of  several  factors  is  equal  to  the  product  of  their 
voivtrs. 

Thus  {ay) ^=a^y^.     For  by  art.  21 0  j  {ay) '  —ay  x  ay. 
"But  ayxay^ayay=:aayy=a^y^. 
So  {bmx) ^  =hmx x bmx X bmx:=bbbmmmxxx=b'^m*x^. 
And  {adyY  =ady  x  ady  x ady  ...  n  times —a" c?" y^ . 

In  finding  the  power  of  a  product,  therefore,  we  may  ei- 
ther involve  the  whole  at  once ;  or  we  may  involve  each  of 
the  factors  separately,  and  then  multiply  their  several  powers 
into  each  otlier. 

Ex.  I.  The  4th  power  of  dhy,  is  {dhy)*,  or  d*h'*y*. 

2.  The  3d  power  of  46,  is  (46)*,  or  4^^b^,  or  6U\ 

3.  The  nth  power  of  Gad,  is  (6«rf)" ,  or  6"  o"  d" . 

4.  Tlie  3d  power  of  3m  x  2y,  is  (3w  X  2y) » ,  or  21m '  X  8i/  * . 

'  213.  A  compound  quantity,  consisting  of  terms  connect- 
ed by  +  and  — ,  is  involved  by  an  actual  multiplication  of 
its  several  parts.     Thus, 

{a+b)^=a-\-b,  the  first  power. 

a^-\-  ah 
+  ab  +  b^ 


{a+b)^=a^  ■\-2ab+b*,  the  second  power  of  {a+b). 
a  +b 


«3+2a*6+   ah^ 
+  a^b  +  2ab^+b^ 

{a+b)^  =a^  +SaH+3ab''  +b^,  the  3d  power. 
a  -\-  b 


+  a^b  +  2aH^+3ab^+b* 


{a+J)*3=«*+4a26+6«262+4af62  +  6*,  the  4th  power,  Sic. 
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2.  The  square  of  a— 6,  is  a^  —2ab+h^. 

3.  The  cube  of  a+1,  is  a'' +Sa^ +^  +  1. 

4.  Thesqu&re a+b  +  h,'isa'  ■\-2ab  +  2ah  +  h^  +2hh+h^, 

5.  Required  the  cube  of  n-\-2d-\-3. 

6.  Required  the  4th  power  of  6+2. 

214.  The  squares  of  binomial  and  residual  quantities  oc- 
fiur  so  frequently  in  algebraic  processes,  that  it  is  importSBt 
to  make  them  familiar. 

If  we  multiply  a  4- A  into  itself,  and  also  a~h, 

We  liave  a-\-h 
a-{-h 


And  a- 

-h 

-h 

«»- 

—ah 
-ah-\-h" 

o»- 

-2ah+hK 

u^-\-ah 

a2+2«A+A2. 

Here  it  will  be  seen  that,  in  each  case,  the  first  and  last 
terms  are  squares  of  a  and  h ;  and  that  the  middle  term  is 
twice  the  product  of  a  into  h.  Hence  the  squares  of  bino-= 
mial  and  residual  quantities,  without  multijplying  each  of  the 
terms  separately,  may  be  found,  by  the  following  proposi- 
tion* 

The  square  of  a  binomial,  the  terms  of  which  arc  loth  posi- 
tive, is  equal  to  the  squQ.rc  of  tlie  first  term,  +  twice  the  pro- 
duct of  the  two  terms  ;  +  the  square  of  the  last  term. 
^  And  the  square  of  a  residual  quantity,  is  equal  to  the 
square  of  the  first  term,  —  twice  the  product  of  the  two 
terms,  +  the  square  of  :the  last  term. 

Ex.  1.  The  square  ef  2a ^b,  is  4fl'+4«5  +  J^. 

2.  The  square  of  A  + 1,  is  A  ^  +  2/i +1. 

3.  The  square  of  ab^cd,  is  a-b^  ■\-2abcd-irC^d^. 

4.  The  square  of  63/ +3,  is  36t/2+36f/+9. 

5.  The  square  of  M-h,  is  9^^  _  Qdh-^h^, 

6.  The  square  of  a  — 1,  is  a^  — 2a  +  l. 

For  the  method  of  finding  the  higher  powers  of  binoffli- 
aIs,  see  one  of  the  succeeding  sections. 
■»  Euclid's  Elements,  Book  11.  Prop.  4. 


100  ALGEBRA. 


215.  For  many  purposes,  it  will  be  sufficient  to  expre^ 
the  powers  of  compound  quantities  by  exponerUs,  without  an 
actual  multiplication. 

Thus  the  square  of  a-\-h,  is  a+I|2,  or  {a-{-lf  .  Art.  203. 
The  nth  power  of  bc+8-i-x,  is  {bc-\-8  +  xy . 
In  cases  of  this  kind,  the  vinculum  must  be  drawn  OYer  all 
the  terms  of  which  the  compound  quantity  consists. 

216.  But  if  the  root  consists  of  several  factors,  the  vincu- 
lum which  is  used  in  expressing  the  power,  may  either  ex- 
tend over  the  whole ;  or  may  be  applied  to  each  of  the  fac- 
tors separately,  as  convenience  may  require. 

Thus  the  square  of  «  +  ^X  c  +  d.,  is  either 

a-\-bxc+d\   OY^^l'xc+df. 
For  the  first  of  these  expressions  is  the  square  of  the  pro- 
duct of  the  two  factors,  and  the  last  is  the  product  of  their 
squares.     But  one  of  these  is  equal  to  the  other.  (Art.  212.) 

The  cube  of  axb-{-d,  is  (axi^h^)^  or  a"^  x{b-{-d)\ 

217.  When  a  quantity,  whose  power  has  been  expressed 
hy  a  vinculum  snd  an  index,  is  afterwards  involved  by  an  ac- 
tual multiplication  of  the  terms,  it  is  said  to  be  expanded. 

Thus  {a  +  bf  ,  when  expanded,  becomes  a^  ■^2ab-{-b\ 
And  {a  +  b+hy  ,  becomes  a^  -\-2ah+2ah  +  b^  +2bh+h^ . 

218.  With  respect  to  the  sigii  which  is  to  be  prefixed  to 
quantities  involved,  it  is  important  to  observe,  that  when  the 
root  is  positive,  all  its  powers  are  jyositive  also  ;  but  when  the 
root  is  negative,  the  odd  ponders  are  negative,  while  the  even 
powers  are  positive. 

For  the  proof  of  this,  see  art.  109. 

The  2d  poAver  of  —a  is  +a^ 
The  3d  power  is  —  a^ 

The  4th  power  is  4-«* 

The  5th  power  is  — «%  &«. 

219.  Hence  any  odd  power  has  the  same  sign  as  its  root. 
But  an  even  power  is  positive,  whether  its  root  is  positive  or 
negative. 

Thus -|-ax+«=a^ 
And    —ax—a=:a^. 

220.  A  quantity  ivhich  is  already  a  power,  is  involved  by 
multiplying  its  index,  into  the  index  of  the  power  to  which  it  is 
to  be  raised. 

1.  The  3d  power  of  c^ ,  is  «2^3_^6 


4^ 
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For  a'  =««;  and  the  cube  of  acr  is  oaXfrcXoa =o«G<!yaa=a* ; 
which  is  the  6th  power  of  a,  but  the  3d  power  of  a^ . 
For  a  farther  illustration  of  this  rule,  see  arts.  233,  4, 

2.  The  4th  power  of  a^i%  is  a^^'^b''^*=a'-^bK 

3.  The  3d  power  of  4a* >v,  is  G4-a^x^. 

4.  The  4th  power  of  2a^  x2x%  is  IGa'^'xSlx^dS 
6.  The  5th  power  of  (a  +  by  ,  is  {a  +  by. 

6.  The  ?ith  power  of  a^,  is  a  ". 

7.  The  nth  power  of  {x—y)"^,  is  (at— j/)"". 

8.  a^+bJ\^=a''+2a^b''-\-b\  (Art.  214.) 

9.  a3x63f=a«x6''.         10.  {a^¥  h*Y  =an^h'^. 

221.  The  rule  is  equally  applicable  to  po\vers  whose  ex- 
ponents are  negative. 

Ex.  1.  The  3d  power  of  a~',  is  ar^''^=a~*. 

Fora~^= —    (Art.  207.)     And  the  3d  power  of  this  is, 
111  1  1 


v« 


aa     aa     aa     aaaaaa     a^ 


2.  The  4th  power  of  a^  b~^,  is  a'b~^',  or  riz- 

3.  The  cube  of  2x"y-^,  is  8x^"y-^''. 
4f.  The  square  of  6^;v~\  is  b^x~^. 

5.  The  nth  power  of  x~^,  is  at""'",  or  ""^j^. 

222.  It  must  be  observed  here,  as  in  art.  218,  that  if  the 
sign  which  isprefired  to  the  power  be  — ,  it  must  be  changed 
to  +,  whenever  the  index  becomes  an  even  number. 

Ex.  1.  The  square  — a^,is  +a®.  For  the  square  of  —a^  ,is 
~a^  X-«',  which,  according  to  the  rules  for  the  signs  in  mul- 
tiplication, is  +«*• 

2.  But  the  cube  of  -rt  ^ ,  is  -« ' .  For  -a '  x  -o  ^  X  -a '  ==-0  '^ 

3.  The  square  of  —a:"  ,  is  -^x^". 

4.  The  nth  power  of  —  o%  is  _«'". 

Here  the  power  will  be  positive  or  negative,  according  as 
the  number  which  n  represents  is  even  or  odd. 

223.  A  FRACTION  is  involved,  by  involving  both  tha  nvviera- 
tor,  and  the  denominator. 
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1.  The  square  of -y-  is  tt*     T^or?  by  the  rule  for  the  multi- 
plication of  fractions,  -Art.  155.) 

a      a     aa     a^ 

T'^J'^U^V  [(Art.  209.) 

2.  The  2d,  8d,  and  nth  powers  of  — ,  are  -^»    -j  and  -^' 

3.  The  cube  of  -g— ,  \s  -^T' 
x'^  r         x^^f^ 


4.  The  nth  power  of  — — ,   is  -;^ 


ay'"'        a"^** 


,.     ~fl'x(c?4-w)         a«x(rf+m)' 
S.  The  square  of  -J^-^^^ ,  is  -(^:^i-y.— 


■n 


-,—3 


6.  The  cube  of  — ^j-,  is  — ^^-    (Art.  221.) 

224.  Examples  of  binomials,  in  which  one  of  the  terms  ig 
a  fraction. 

L  Find  the  square  of  ^+|,  and  ^— g-,  as  in  art.  214. 


x^  +^x  x'  —-Ix 


^,  p         S;  4a      4 

S.  The  square  of  «  +  Tr>  is  a^  +"^+"0"* 

b     ,  y 

So  The  square  of  a^+'^j  is.  ■^'^  +^'V-f  T"' 

m                    ^         &                  2i;c      i2 
4.  The  square  of  a;——,  is  a^  — +  '~r" 


225.  It  has  been  shown,  (Art.  165.)  that  a  eo-efficient  may 
be  transferred,  from  the  numerator  to  tlie  denominator  of  a 
fiagtion,  or  from  the  denominator  to  the  numerator.     By  re- 
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eurring  to  the  scheme  of  notation  for  reciprocal  power's, 
(Art.  207.)  it  will  be  seen  tliat  any  factor  may  also  be  trans- 
ferred, if  the  sign  of  its  index  be  changed. 

ax~* 
1.  Thus,  in  the  fraction—    ,  we  maj  transfer  x  from  the 

numerator  to  the  denominator. 

ax~^      a  aid 

Fory    =-Xx  ^=:-x^-=^- 

a 
%-  In  the  fraction  -tt  ,  we  may  transfer  y  from  the  dcf 

nominator  to  the  numerator. 

a        a      \      a  ay~^ 

da~*        d  h       hy-*^ 

x'       x^  a^  ay*        a 

226.  In  the  same  manner,  we  may  transfer  a  factor  which  has 
Ti  positive  index  in  the  numerator,  or  a  negative  index  in  the 
denominator. 


1.  Thus  ~j—-=^T—i    For  ►y'  is  the  reciprocal  of  *•"', 


.3 

'hx: 

1  qlx^        a, 

(Arts.  205,  207.)  that  is,*^  -~^-^'     Therefore  -~^i=z-^~^ 


h        hy*'  ad^      ay* 


by~^       b  '  xy~^     xd~^ 

227.  Hence,  the  denominator  of  any  fraction  may  be  en- 
tirely removed,  or  the  numerator  may  be  reduced  to  a  uait^, 
without  altering  the  value  of  the  expression. 

a        1 

1.  Thus  J=Y-,,  or  al-K 

«-»         1  , 

«♦«-""  1 

b"Q-^''i'*»'U~*e~^'^  ' 
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Addition  and  Subtraction  of  Powers. 

228.  It  is  obvious  that  powers  may  be  added,  like  other 
quantitities,  hy  writing  them  one  after  another,  with  their  signs. 
(Art.  69.) 

Thus  the  sum  of  a^  and  J*  ,  is  a'  4-^^  • 

And  the  sum  of  a^  -6'*  and  A*  -d*,  is  a'  -h"  +/t*  -  J*. 

229.  The  same  poiu6rs  of  the  same  letters  are  like  quantities ; 
(Art.  45.)  and  then-  co-efficients  may  be  added  or  subtracted, 
as  in  arts.  72  and  74. 

Thus  the  sum  of  2a^  and  3a*  ,  is  5a^  . 

It  is  as  evident  that  twice  the  square  of  «,  and  three  times 
the  square  of  a,  are  five  times  the  square  of  a,  as  that  twice 
a  and  three  times  a,  are  five  times  a. 

To    -^x^y^         35^"  3a*j/"        -5aU«  3(a +!/)'» 

Add -2jf«y«         6i™       -7a*j^«  Qa^  h^         4(a  +  7/)« 

Sum— 5x«^^  — 4a^j/"  ^(a+y)" 


230.  But  powers  of  different  letters,  and  different  poicera 
of  the  same  letter,  must  be  added  by  writing  them  down  with 
their  signs. 

The  sum  of  a'  and  a' ,  is  a*  -j-a*  . 

It  is  evident  that  the  square  of  a,  and  the  cube  of  a,  are 
neither  twice  the  square  of  a,  nor  twice  the  cube  of  a. 

The  sura  of  a^  h°  and  3a*6S  is  a^  h""  +^a*hK 

231.  Subtraction  of  powers  is  to  be  performed  in  the  same 
manner  as  addition,  except  that  tlie  signs  of  the  subtrahend 
are  to  be  changed  according  to  art.  82. 

From      2a^         -3J«         3hH^         a^  h"  5{a-h)^ 

Sub.    -6a^  W         UH^         a^'h^  2{a-hY 

Diff.        8a*  -A^j.  3(«-A)« 
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Multiplication  of  PoaVers. 

232.  Powers  may  be  multiplied,  like  other  quantities,  by 
writing  the  factors  one  after  another,  either  with,  or  without, 
the  sign  of  multiplication  between  them.  (Art.  93.) 

Thus  the  product  of  a^  into  b^,  is  a^b",  or  aaalb. 

Mult,  x-^        hH-"        Sft^J/^         <7A3;e-"        a^h^y^ 
Into     a"^  a*  —2x  dby''  a^b^y 


4-4             4.3              +3 

«+■, 

Or,  which  is  the 

same, 

aaaa,     aaa,      aa, 

0| 

1. 


Prod,  d^'x-^  —Qa^xy^  aH^y^aH^y 

Tlie  product  in  the  last  example,  may  be  abridged,  by 
bringing  together  the  lettere  which  are  repeated. 

It  will  then  become  a^b^y^. 

The  reason  of  this  will  be  evident,  by  recurring  to  the  se- 
ries of  powers  in  art.  207,  viz. 

,     o~S     ar^,     a~^,     a~*,  &c. 

1  1  1  I       » 

_,       _, , ,&c. 

a        aa      aaa     auan 

By  comparing  the  several  terms  with  each  other,  it  will 
be  seen  that  if  any  two  or  more  of  them  be  multiplied  to- 
gether, their  product  will  be  a  power  whose  exponent  is  the 
sum  of  the  exponents  of  the  factors. 

Thus  a^  Xa^  =aaXaaa=aaaaa=a^ . 

Here  5,  the  exponent  of  the  product,  is  equal  to  2  f3,  th^ 
sum  of  the  exponents  of  the  factors. 

So  a"  Xa"'=a'"'^'". 

For  o° ,  is  a  taken  for  a  factor  as  many  times,  as  there  are 
units  in  n ; 

And  a"',  is  a  taken  for  a  factor  as  many  times  as  there  are 
tinits  rn  m ; 

There/ore  the  product  must  be  a,  taken  for  a  factor  as  ma- 
ny times,  as  there  are  units  in  both  771  and  n.     Hence, 

233.  Powers  of  the  same  root  may  be  jipijtijjlied,  bii  adding 
tlmr  erponents. 

O 
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Tims  a*  xa^'=a^-^^  —a*.     And  x^  xx^  xx=x^-^^'*'^  —x^'. 


Mult.  4a" 
Into     2a" 

2x^ 

b^y^ 
b*y 

h'y^ 

a^b^y^ 
a^b^y 

[b  +  h-yY 
b+h-y 

Prod.  8a='» 

{b+h-yr^' 

234.  The  rule  is  equally  applicable  U)  powers  whose  ex- 
|;?onents  are  negative. 

i:  Thus  a-2  X  a-^ = cr'.     That  is  —  x  — =- 


aa     aaa      aaaaa 


2.  2/-"xr"=r"-'"        That  is  ^x^.=^' 

^.11  1 

3.  —  a~^xa~"=— a~^.  That  is X ==" 


-aa     aaa      —aaaaa 

1  aaa 

4.  a~-xa^  =a^'^=a'^.  That  is — xaaa= — -=«. 

aa  aa 

In  this  example,  the  exponents  are  +3,  and  —2;  and  the 
sum  of  these  is  1,  according  to  the  second  case  of  reduction 
'  in  addition.  (Art.  74.) 

1  a*" 

5:  a-''xa'"=a'"-".     That  is  —  xa^=— • 

a"  a 

1  v^ 

6.  y-'^xy^  =y''=\.   Thatis -^x^/^  =V  =  lt 

235.  If  «4-6  be  multiplied  into  a—b,  the  product  will  be- 
a-  -b-':  (Art.  110.)  that  is, 

The  product  of  the  sum  and  difference  of  ttoo  quantities,  is 
equal  to  the  difference  of  their  squares. 

This  is  another  instance  of  the  facility  with  which  general 
truths  are  demonstrated  in  algebra.     See  arts.  23  and  77. 

If  the  sum  and  difference  of  the  squares  be  multiplied,, 
the  product  will  be  equal  to  the  difference  of  the  fourth'- 
powers,  &ic. 

Thus  {a— y)x{a+y)=:a^ —y^ . 

(ft^  —y^)x{a^+y^)=a*—y'^. 
(a^-i^^)x(a^rf^4)=«»-y8^  &c;- 


POWERS.  mi 


Division  of  Powers. 


236.  Powers  may  be  divided,  like  other- quantities,  l^'  re- 
jecting from  the  dividend  a  factor  equal  to  the  divisor ;  or 
by  placing  the  divisor  under  the  dividend,  in  the  form  of  a 
■fraction. 

Thus  the  quotient  of  a^b"  divided  by  5^  ,  is  a^.  (Art.  11 6.) 

^Divide     9a^  t^       \2P  x""       a^h-^Sa'y'^       dx{a-h  +  yy 
By       -3a3  2b^  a""  {a-h+y)' 

■%iot.  -3a/*  b-\-3yt  d 


The  quotient  of  a'  divided  by  a^ ,  is  -j'    Rut  this  is  equal 
to  a^ .     For,  in  the  series 

a+4,  rt+3 ,  a-t%  a+S  rt",  a-\  a-%  a-\  a-\  &:c. 
.if  any  term  be  divided  by  another,  the  index  of  the  quo- 
tient will  be  equal  to  the  difference  between  the  index  of  the 
dividend,  and  that  of  the  divisor. 

-        aaaaa 

Thus  a^-=ra^  = —aa=a^> 

aaa  ^ 

dr 

So  «'"4-a"  =^=a"'"^.        Hence, 
a 

237.  A  power  may  be  divided  by  anoilier  power  of  the  same 
root,  by  subtracting  the  index  of  the  divisor  from  that  of  the 
.dividend 

VVV 
Thus  f  -rf  =y'-'=y'  •     That  is  ^=y. 

And  a^*^-r  a = a"**"^  =  a" .     That  is  — — = a" . 

a 

, And  x"  -r  x"  z^x"^  =a: "  =  1 .     That  is  —  =  1 . 
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Divide  3/"^'  J«  Sa"""'"'  ««*'  12{h+yY 

By        y"*  b^  4ft"^  a^  3(6+3/)' 


Quot.   /'  2a«  4(6+2/)"-^ 

238.  The  rule  is  eqiially  applicable  to  powers  wliose  ex- 
ponents are  negative. 

1.  The  quotient  of  cr'^  by  a~^,  is  ft~^ 

.1  1  J         aaa       aaa        1 

aaaaa  '  aaa  "^aaaaa        1    ~ aaaaa  ~aa 

1  1         ;x^^  1 

2.   -x-^-i-;c-3  =  -;c-2.      That  is 


— .x"*  '  x^      — x^      — as^ 

3.  h^  ~h-'=h^^'  :^hK     That  is  A^  ^x=^'  X-t=^'  • 

h  1 

In  this  example,  —1  the  index  of  the  divisor  is  to  be  sub- 
tracted from  +2,  the  index  of  the  dividend.  But  —1  be- 
comes by  subtraction  +1.  (Art.  82.) 

4.  6«"-^2a-'=3a'^"'\  5.  la^  -^a^la^  . 

G.  P^b'=b^-'=b-\  1.  a*^a'==a-\ 

8.  (a^  +3/'  )'"-^(a3  4-3/^ )"  =(a^  +3/^  )'"-"• 

9.  {b+xY^{b-^x)  =  (6 + xY'K 

The  multiplication  and  division  of  powers  by  adding  and 
subtracting  their  indices,  should  be  made  very  familiar ;  as 
they  have  numerous  and  important  applications,  in  the  high- 
er branches  of  algebra. 


Examples  of  Fractions  containing  Powers. 

239.  In  the  section  on  fractions,  the  following  exainples 
were  omitted,  for  the  sake  of  avoiding  an  anticipation  of 
jthe  subject  of  powers. 

1.  Reduce   ^^  to  lower  terms.      Ans.  ~~c7~' 

^      5  a*      Baaaa     Baa 

*^"'  r«'^=^37a"=-3-     (Art.  145.) 
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J,  Reduce  ^-77-  to  lower  terms.     Ans.  —  or  2x. 


5^ 


o.  Reduce r~3 to  loAver  terms.    Ans. 


4.  Reduce ^-^ — — . — 2 to  lower  terms. 

4a=  -6gv+3/  ,  ,    ^ 

Ans. o^  ^ obtained  by  dividmg  each  term  hy2ay. 

a  *  «~^ 

.5.  Reduce  — r,    and   "~:::r,  to  a  common  denommator. 

a"^  Xa~*  is  a~^,  the  first  numerator.  (Art.  146.) 
n^  Xa~^  is  a°  —  1,  the  second  numerator, 
a '  X  a~^  is  a~^,  the  common  denominator. 

a-2  1 

The  fractions  reduced  are  therefore  — zr  and  — z^  • 

2a*  a^  . 

G.  Reduce  ^—^  and  -^,  to  a  common  denommator. 

2a8  5a'  2a^  5 

Ans.  -^  and  ^^7-,  or  ^^  and  ^^-  (Art.  145.) 

3^*  dx  Sdx^      3d 

7.  Multiply  ^^bto^T-  Ans.-^^-  =  g^- 

a^+b         a—b^ 

8.  Multiply  — r^— jin^o  — ^ — 

a^+1         62_i 

9.  Muhiply  -^2-,mto  -—  • 

b*  h-^  o" 

10.  Multiply   — ^,into -—, and —r  • 

11.  Divide  — r  by  -r*       Ans.  — rX^=    ,    i=T' 

12.  Divide  — -i— ,  by  — 
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13.  Divide — ^— ,  by 


14,  Divide  — ^i~j  by  —j — 
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EVOLUTION  AND  RADICAL  QUANTITIES  * 


A  24.0  T^  ^  quantity  is  multiplied  into  itself,  the  pro- 
duct  is  a  power.  On  the  contrary,  if  a  quan- 
is  resoIVed  into  any  number  of  equal  factors^  each  of  these 
is  a  root  of  that  quantity. 

Thus  h  is  the  root  of  hhh ;  because  ihh  may  be  resolvetf 
into  the  three  equal  factors  6,  and  h,  and  h. 

In  subtraction,  a  quantity  is  resolved  into  two  parts.. 

In  division,  a  quantity  is  resolved  into  two  factors. 

In  evolution,  a  quantity  is  resolved  into  equal  factors. 

241 .  A  root  of  a  quantity,  then,  is  a  factor  which  multiplied 
into  itself  a  certain  number  of  times  will  produce  that  quantity. 

The  number  of  times  the  root  must  be  taken  as  a  factor, 
to  produce  the  given  quantity,  is  denoted  by  the  name  of 
the  root. 

Thus  2  is  the  4th  root  of  16  ;  because  2x2x2x2  =  16^ 
where  2  is  taken  four  times  as  a  factor,  to  produce  16. 

So  a 2  is  the  square  root  of  a^  ;  for  a^  x  a^  =:flr6.(Art.233.) 

And  a^  is  the  cube  root  of  a® ;  for  a^  Xa*  Xa*=a*. 

And  a  is  the  6th  root  ofa°;  foraxaxaxaxa xa=:^a^ . 

Powers  and  roots  are  correlative  terms.  If  one  quantity 
is  a  power  of  another,  the  latter  is  a  root  of  the  former^ 
As  6 2  is  the  cube  of  6;  h  is  the  cube  root  of  h^.  As  9  is 
the  square  of  3;  3  is  the  square  root  of  9. 

242.  There  are ,  two  methods  in  use,  for  expressing  the 
roots  of  quantities,  one  by  means  of  the  radical  sign  y/,  and 
the  other  by  a  fractional  index.  The  latter  is  generally  to 
be  preferred.  But  the  former  has  its  uses  on  particular  oc- 
casions. 

When  a  root  is  expressed  by  the  radical  sign,  the  sigR; 
is  placed  over  the  given  quantity,  in  this  manner  -J a. 

*  Newton's  Arithmetic,  Maclaurin,  Emersonj  Euler,  Saunderson, 
aiicl  Simpson. 
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Thus  ^^Ja  is  tlie  2cl  or  square  root  of  «. 
^y'a  is  the  Stl  or  cube  root. 
^^yja  is  the  wth  root. 
And       Va  +  y  is  the  nth  root  of  «-f  t/. 
243,  The  figure  placed  over  the  radical  sign,  denotes  the 
number  of  factors  into  which  the  given  quantity  is  resolved  ; 
in  other  wards,  the  number  of  times  tlie  root  nmst  be  taken 
as  a  factor,  to  produce  the  given  quantity. 

So  that  ,y«^  V«=«- 

And       V«xV«xV«=«- 

And       V«  X  V« «  times  =a. 

Tlie  fio-ure  for  the  square  root  is  commonly  omitted ;  ^/a 
beinc  put  for  ^^/a.  Whenever,  therefore,  the  radical  sign 
is  used  without  a  figure,  the  square  root  is  to  be  understood. 

2^44.  When  a  figure  or  letter  is  prejixed  to  the  radical  sign, 
without  any  character  between  them ;  the  two  quantities  are 
to  be  considered  as  multiplied  together. 

Thus  2  Vrt,  is  2xV«5  that  is,  2  multiplied  into  the  root 
of  0,  or  which  is  the  same  thing,  tivice  the  root  of  a. 

Ami  X  -^/h,  is  x  x  V''^?  ^^^  ^^  times  the  root  of  b. 
When  no   co-efficient  is  prefixed  to  the  radical  sign,  1  is 
always  to  be  understood ;    V«  bemg  the  same  as  1  ^a,  that 
is,  once  the  root  of  a. 

245.  The  method  of  expressing  roots  by  radical  signs, 
has  no  very  apparent  connection  with  the  other  parts  of  the 
scheme  of  algebraic  notation.  But  the  plan  of  indicating 
them  by /*-ac?io?iaZin<?ice5,  is  derived  directly  from  the  mode 
of  expressing  powers  by  integral  indices.  To  explain  this, 
let  a^  be  a  ^yen  quantity.  If  the  index  be  divided  into  any 
number  of  equal  parts,  each  of  these  will  be  the  index  of  a 
root  of  a*. 

Thus  the  square  root  of  a  ® ,  is  a  ^ .  Voy,  according  to  the 
definhion,  (Art.  241.)  the  square  root  of  a^  is  a  factor,  which 
multiplied  into  itself  will  produce  a®.  Buta^Xa^=a^. 
(Art.  233.)  Therefore,  a^  is  the  square  root  of  a^.  The 
index  of  tlie  given  quantity  o^,  is  here  divided  into  the  twQ 
equal  parts  3  and  3.  Of  course,  the  quantity  itself  is  resolv- 
ed into  the  two  equal  factors  a'  and  a^. 

The  cube  root  of  a«  is  a^.     For  a~  xa^  xa~=a^. 

Here  the  index  is  divided  into  three  equal  pads,  and  the 
quantity  itself  resolved  into  three  equal  factors. 

The  square  root  of  a^  isa^  or  a.  For«x^=«^- 
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By  extending  the  same  plan  of  notation,  fractional  indi- 
iks  are  obtained. 

Thus,  in  taking  the  square  root  of  a^  or  a,  the  index  1  is 


-iv 


divided  into  the  two  equal  parts  \  and  | ;  and  the  root  is  « 
On  the  same  princple, 

The  cube  root  of  «,  is  a^  =  ^^a 

The  fourth  root        is  a^  =  *-^a 

The  wth  root,  is  a"  =  "/a,  Sec. 

And  the  nth  root  of  a  +  a:,  is  («+;,)""=  Va  +  A-. 

^  246.  In  all  these  cases,  the  denominator  of  the  fractiontil 
mdex,  expresses  the  number  of  factors  into  which  the  given 
quantity  is  resolved. 

So  that  a^x  a^'=a'. 
i       i_       J, 
«^  Xa^  Xa^=d. 

i  X 

«"  X  a" n  times  =a.  See  art.  245, 

^7.  It  follows  from  this  plan  of  notation,  that 

t         i  ^4-1  ^4-1 

a^xa^  —  a^^'^.  rora^^^-^i  ^j.  ^^ 

4        i.        2        i4-J.4-i 

ivliere  the  multiplication  is  performed  in  the  same  manner, 
as  the  multiplication  of  powers,  (Art.  233,)  that  is,  by  ad- 
ding the  indices. 

248.  Every  root  as  well  as  every  power  of  1  is  1.  (Art. 
209^  For  a  root  is  a  factor  which  multiplied  into  itself  will 
produce  the  given  quantity.  But  no  factor  except  1  can 
produce  1,  by  being  multiplied  into  itself. 

So  that  1",  1,  yi,  VI,  &c.  are  all  equal. 

249.  Negative  indices  are  used  in  the  notation  of  roots,  a* 
well  as  of  powers.     See  art.  207. 

Thug    -Y=a~*  -7=0""* 

«^  a* 

P 
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Powers  of  Roots. 


250.  It  has  been  shewn  in  what  manner  any  poAver  or  root 
may  be  expressed  by  means  of  an  index.  The  index  of  a 
power  is  a  whole  number.  That  of  a  root  is  a  fraction 
whose  numerator  is  1.  There  is  also  another  class  of  quan- 
tities, Avhich  may  be  considered,  either  as  powers  of  roots, 
or  roots  of  powers,^  \ 

Suppose  /^  is  multipliedXinto  itself,  so  as  to  be  repeated 
three  times  as  a  factor. 

The  product  a^'^'^'^'^  or  a?  (Art.  247.)  is  evidently  the 

cube  of  «"2',  that  is,  the  cube  of  the  square  root  of  a.  This 
fractional  index  denotes,  therefore,  apoiver  of  a  root.  The 
denominator  expresses  the  root,  and  the  numerator  the  pow- 
er. The  denominator  shows  into  how  many  equal  factors  or 
roots  the  given  quantity  is  resolved;  and  the  numerator 
shows  how  many  of  these  roots  are  to  be  multiplied  to- 
ffether. 

Thus  a^  is  the  4th  power  of  the  cube  root  of  a. 

The   denominator  shows  that  a  is  resolved  into  the  thre« 

1  i  i- 

f actors  or  roots  a'^^,  and  a^^  and  «3.  And  the  numerator 
shows  that  four  of  these  are  to  be  multiplied  together;  which 

will  produce  the  fourth  power  of  a^  ',  that  is. 


a^  Xa^  X  a^  X  a^=a?. 


25 L  As  a  2  is  a  power  of  a  root,  so  it  is  a  root  of  u  power. 
Let  a  be  raised  to  the  third  power  a^.     The  square  root  of 

this  is  cX     Fox  the  root  of  a?  is  a  quantity  which  multipli- 
ed into  itself  will  produce  a^ . 

But  according  to  art.  247,  a^  =  a""  X  a?  X  a^  ;    and  this 
multiplied  into  itself  (Art.  103.)  is 

1  1  1  i  i  -i  <! 

«"2  X  a2  X  a2  X  «^  X  a^  X  a^  =a^  ■ 

3 

Therefore  a^  is  the  square  root  of  the  cube  of  a. 

In  the  same  manner,  it  may  be  shown  that  a"   is   the    mth. 
|»ower  of  the  nth  root  of  a;  or  the  nth  root, of  thewth  pom- 
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«r :  that  is,  a  root  of  a  power  is  equal  to  the  same  poiver  of  the 
same  root.  For  instance,  the  fourth  power  of  the  cube  root 
of  a,  is  the  r,ame,  as  the  cube  root  of  the  fourth  power  of  «. 
252.  Roots,  as  well  as  powers,  of  the  same  letter  may  be 
multiplied  by  adding  their  exponents.  (Art,  247.)  It  will  be 
easy  to  see,  that  the  same  principle  may  be  extended  to 
powers  of  roots,  when  the  exponents  have  a  common  de- 
nominator. 

Thus  a^x  a^  =  a^'^^=a^. 
For  the  first  Euraerator  shows  how  often  a'^  is  taken  as  a 
factor  to  produce  «^.     (Art.  250.) 

And  the  secoBd  numerator  shows  how  often  cC^  is  taken  as 
a  factor  to  produce  a'^. 

The  sum  of  the  numerators,  therefore,  shows  how  often 
*he  root  must  be  taken,  for  the  product.  (Art.  103.) 

5-        i        i 
Or  thus,  a'  =  a'^  X  a\ 

And         a' =  a'^  X  a"^  X  a^ . 

Iheretore  a^  x  a^  =  a^  ^  a"  x  «^  X  a^  X  a'^=  W . 

253.  The  value  of  a  quantity  is  not  altered,  by  applying 
to  it  a  fractional  index  whose  numerator  and  denominator 
are  equal. 

Ihus  a  =  a^  =  a^  =  an.  For  the  denominator  shows 
that  a  is  resolved  into  a  certain  number  of  factors  j  and  the 

numerator  shows  that  all  these  factors  are  included  in  a" . 

—       -1        -1 
Thus  a^  =  a^  X  a^,  which  is  equal  to  a.  (Art.  246.) 

A       1  -  i  i  J- 

And    a^  =  a^  X  a^  X  a^,  which  is  also  equal  to  a. 

And    a"  =  a"  x  a"  X  o" n  tunes. 

On  the  other  hand,  when  the  numerator  of  a  fractional 
index  becomes  equal  to  the  denominator,  the  expression 
may  be  rendered  more  simple  by  rejecting  the  index. 

n 

Instead  of  an  ,  we  may  write  a. 

254.  The  index  of  a  power  or  root  may  be  exchanged, 
for  any  other  index  of  the  same  value. 

2  4 

Instead  of  a^,  we  may  put  «^. 
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For,  in  the  latter  of  these  expressions,  a  is  supposed  to  b« 
resolved  into  twice  as  many  factors  as  in  the  former ;  and  the 
numerator  shews  that  twice  as  many  of  these  factors  are  to 
be  multiplied  together.  So  that  the  whole  value  is  not  al- 
tered. 

The  one  is      a^xa^  —  a?- 

1      1      1      A      *i 

The  other  is  a^  x  «*  X  «*  X  a^  =  a«. 
On  the  same  principle  a^  =a^n. 

Thus  x^=x^  —  x^,  he.  that  is,  the  square  of  the  cube 
root  is  the  same,  as  the  fourth  power  of  the  sixth  root,  the 
sixth  power  of  the  9th  root,  &ic. 

gQ  ^s_^i^_(j'J_  ff^.  For  the  value  of  each  of  these 
indices  is  2.  (Art.  135.) 

255.  From  the  preceding  article,  it  will  be  easily  seen,  that 
a  fractional  index  may  be  expressed  in  decimals. 

1 .  Thus  a^  =  a"!  ^  or  a  °  •  *  ;  that  is,  the  square  root  is  equal 
to  the  5th  power  of  the  tenth  root. 

2^  ffi-i  flToV  or  fl°-^  '  ;  that  is,  the  fourth  root  is  equal  t» 
the  25th  power  of  the  IGOth  root.  / 

4.    J=a'-'.  6.    a-*~=a''-''. 

In  many  cases  however  the  decimal  can  be  only  an  ap^ 
^rox'mation  to  the  true  index. 

Thus  fl"3'=a<>-^  nearly. 


a  2  —a 


0.3  3 


more  nearly. 


a^^— a°*^^'^^  very  nearly. 
In  this  manner,  the  approximation  may  be  carried  to  any 
degree  of  exactness  which  is  required. 

Thus  a^=a^-^««^*.  ^ 

-|-_,.e.83  3  33 


a' 

XL 

a  ''  —a' 


1    =al'5  7  142. 

These  decimal  indices  form  a  very  important  class  of  bu£»' 
bcvs,  called  logarithms. 
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It  is  frequently  convenient  to  vary  the  notation  of  powei^ 
6f  roots,  by  making  use  of  a  vincuiam,  or  the  radical  sign  V- 
In  doing  this,  we  must  keep  m  mind,  that  the  power  of  a 
root  is  the  same,  as  the  root  of  a  power;  (Art.  251.)  and 
also,  that  the  denominator  of  a  fractional  exponent  expresses 
a  root,  and  the  numerator,  ^  power.    (Art.  250.) 

1  .1  1 

Instead,  therefore,  of  a  ^ ,  we  may  write  (a  ^ )  ^ ,  or  (a  ^ )  ^ ,  or 

The  first  of  these  three  forms,  denotes  the  square  of  the 
tube  root  of  a  ;  and  each  of  the  two  last,  the  cube  root  of 
the  square  of  a. 

So  a"    —  a "     =  a    j     =  "•/«'" 


And      {hx)*      =(63;^S)4      _     4yj3^3,  ^ 

Anda+yl^=a4-^  I    =  ^«+»/  . 

Evolution.^ 

257.  Evolution  Is  the  oppoiite  of  involution.  One  is; 
finding  a  power  of  a  quantity,  by  multiplying  it  into  itself. 
The  other  is  finding  a  root,  by  resolving  a  quantity  into 
equal  factors.  A  quantity  is  resolved  into  any  number  of 
equal  factors,  by  dividing  its  index  into  as  many  equal  parts. 
(Art.  245.) 

Evolution  may  be  performed,  then,  by  the  following  gene- 
ral rule ; 

Divide  the  index  of  the  quantity,  hij  the  number  expressing 
the  root  to  be  found. 

Or,  place  over  the  quantity  the  radical  sign  belonging  to 
the  required  root. 

1.  Thus  the  cube  root  of  a°  is  a^.  For  a^  Xn^xa^  =a^. 
Here  6,  the  index  of  the  given  quantity,  is  divided  by  L», 

the  number  expressing  the  cube  root. 

2.  The  cube  root  of  a  or  t/^,  is  a"^  or  ^y/a. 

For  a^x  a^X  a^or  V^X  V^X  V«=«-  (Arts.  ^i3,24G.) 
Here  the  index  1  is  divided  by  3. 

3.  The  5th  root  of  ab,  is  (ai)'^  or  *-/^, 
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4.  The  nth  root  of  a.*,  is  ««   or    Va*. 

5.  The  7th  root  of  2d-x,  is  {2d-xy  or  ''y/U^, 

3      .        3  5    /===5 

6.  TheSthroot  of «— ;c|  ,isa— ;c|^or   ^  a— x\  • 

7.  The   cube  root  of  a^,  ig  ^6,  (j^j-t.  163.) 


_i 


S.  The  4th  root  of  ar^  is  a  ^ 

2  2 

9.  The  cube  root  of  a^,  is  a^. 

10.  The  nih  root  of  x"",  is  x^. 

258.  According  to  the  rule  just  given,  the  cube  root  of 
tlie  square  root  is  found,  by  dividing  the  index  |  by  3,  as  i^ 
example  7th.  But  instead  of  dividing  by  3,  we  may  multi- 
ply hy  ^.     For  1^3  =  1-^1=1x4.  (Art.  162.) 

1  II 

So  ~-T-n=— X —    Therefore  the  mth  root  of  the  nth 

m  m     n 

-  X  - 
root  of  a  is  equal  to  a"     *". 

^.m  i  V  —  — 

That  is  a"  I   — ^  =  a 

Here  the  two  fractional  indices  are  reduced  to  one  by 
multiplication. 

It  is  sometimes  necessary  to  reverse  this  process ;  to  re- 
solve an  index  into  two  factors. 

Thus  x^=x^^^=x^  •  That  is,  the  8th  root  of  x  is 
equal  to  the  square  root  of  the  4th  root. 


L  1  V  i     ^— - 


S,    7  linn  ,    7  ,m  '^  n  i    7  i  "*       • 

o  a+o|      =  a+D\  =a-\-o\     \ 

It  may  be  necessary  to  observe,  that  resolving  the  index 
into  factors,  is  not  the  same  as  resolving  the  quantity  into  fac- 
tors.    The  latter  is  effected,  by  dividing  the  index  into  parts. 

259.  The  rule  in  art.  257,  may  be  applied  to  every  case 
in  evolution.  But  when  the  quantity  whose  root  is  to  be 
found,  is  composed  of  several  factors,  tliere  will  frequently  be 
an  advantage  in  taking  the  root  of  each  of  the  factors  sepa- 
rately. 

This  is  done  upon  the  principle,  that  the  root  of  the  pro- 
duct of  several  factors,  is  equal  to  the  product  of  their  roots. 
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Thus   '^ab  =  y/aX\/h.     For  each  member  of  the  equa- 
•lion,  if  involved,  will  give  the  same  power. 

The   square    of   Vahkab.  (Art.  241.) 
The  square  of   ^/a  x  V^i  is  -y/a  X  y/a  X  y/bx  y/h.  (Art  102.) 
But  ^axy/az=a.  (Art.  241.)     And  y/bxy/b=^b. 
Therefore  the  square  of  ■\/ax-\/b  =  y/aX\/ax-/bx y/h  =abj 
.which  is  also  the  square  of  y/ab. 

On  the  same  principle,  {ab)"  =  a"  6" . 

When,  therefore,  a  quantity  consists  of  several  factors,  we 
may  either  extract  the  root  of  the  whole  together  ;  or  we 
may  find  the  root  of  the  factors  separately,  and  then  multi- 
ply them  into  each  other. 

,      .  1  1    jL       , 

£x.  1.  The  cube  root  of  A"^,  is  either  (a;j/)^,  or ;<'^y*. 

2.  The  5th  root  of  3y,  is   Ws^  or  V3  X  Vy- 

3.  The  6th  root  o^  abh,  is  {abh)'^,  or  aJb^h^, 

4.  The  cube  root  of  8b,  is  (86)"^,  or  2h^. 

1  i 

5.  The  nth  root  of  x^  y,  is,  (at"  y)"    or  xy^ . 

260.  The  root  of  a  fraction  is  equal  to  the  root  of  the  nu- 
pierator  divided  by  the  root  of  the  denominator. 

i  11- 

a      a^  a^     a^      a 

1.  Thus  the  square  root  of  -r=~.    For  — x  — =x* 

6^  i^     b^      ^ 

1  11 

a     fl"         fl"     fl"  o 

2.  So  the  nthrootof  x=~T*For-f  X— I  •••»times=x* 

^      b"         h-      h-  ^ 

3.  The  square  root  of  — ,  is 


ay'         V 


ay 


I  ah      yl  ah 

^y~  yIVy 

261.  For  determming  what  sign  to  pfefix  to  a  root,  it  is 
^important  to  observe,  that 
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An  odd  root  of  any  quantity  has  the  same  sign  a»  the  quan- 
tity itself; 

An  even  root  of  an  ajffirmatite  quantity  is  ambiguous  ; 

An  even  root  of  a  negative  quantity  is  impossible. 

That  the  3d,  5th,  7tn,  or  any  other  odd  root  of  a  quantity, 
must  have  the  same  sign  as  the  quantity  itself,  is  evident 
from  art.  219. 

262.  But  an  even  root  of  an  affirmative  quantity,  may  be 
either  affirmative  or  negative.  For  the  quantity  may  be 
produced  from  the  on^,  as  well  as  from  the  other.  (Art.  219.) 

Thus  the  square  root  of  a^  is  -fa  or  —a. 

An  even  root  of  an  affirmative  quantity  is,  therefore  said 
to  be  ambiguous,  and  is  marked  with  both  +  and  — . 

Thus  the  square  root  of  ob,  is  '_y'ib  •■ 

4-   - 
The  4th  root  of  x,  is  _x'^. 

2G3.  But  no  even  root  of  a  negative  quantity  can  be  found. 
Thus  the  square  root  of  —u"^  is  neither  +a  nor  —a. 

For -fax +a=4-a^.        And  — ax —a  =  +  a^  also. 

An  even  root  of  a  negative  quantity  is,  therefore,  said  ta 
fee  impossible  or  imaginary. 

There  are  purposes  to  be  ansv^ered,  however,  by  applying 
the  radical  sign  to  negative  quantities.*  The  expresion  V  —  a 
is  often  to  be  found  m  algebraic  processes.  For,  although 
wc  are  unable  to  assign  it  a  rank,  among  either  positive  or 
Hegative  quantities ;  yet  we  know  that  when  multiplied  into 
itself  its  product  is  — «,  because  V  — a  is  by  notation  a.  root 
of  —  a,  that  is,  a  quantity  which  multiplied  into  itself  produ- 
ces —a. 

This  may,  at  first  view,  seem  to  be  an  exception  to"  the 
general  rule  that  the  product  of  two  negatives  is  affirmative. 

But  it  is  to  be  considered,  that  V —a  is  not  itself  a  nega- 
tive quantity,  but  the  root  of  a  negative  quantity. 

It  ought  also  to  be  observed  that  v  —  a  is  not  equivalent 
to  —  v/a.  The  £rst  is  a  root  of  —a,  but  the  latter  is  a  root 
.of  +a. 

For  —  i/aX— ■/arr-fa. 

■*  See  an  mtere3ting  Essay,  on  the  use  of  impossible  quantities  m 
ealcuktion,  by  Profegsor  Playfair,  iritheLonUenPhilosophrcalTranB- 
actioRg,  for  1778. 


EVOLUTION.  I2i 

26.i.  The  methods  of  extracting  the  roots  of  compounct 
Quantities  are  to  be  considered  in  a  future  section.  But 
there  is  one  class  of  these,  the  squares  of  binomial  and  resid- 
ual quantities,  which  it  will  be  proper  to  attend  to  in  this 
place.  It  has  been  shown,  (Art.  214.)  that  the  square  of  a 
binomial  quantity  consists  of  three  terms,  two  of  which  are 
complete  powers,  and  the  other  is  a  double  product  of  the 
roots  of  these  powers.      The  square  of  a +  6,  for  instance,  is 

a2+2o/j  +  6S 
two  terms  of  which,  a^  and  b^,  are   complete  powers,  and 
2ab  is  twice  the  product  of  a  into  b,  that  is,  of  the  root  of  a* 
into  the  root  of  b^. 

Whenever,  therefore,  we  meet  with  a  quantity  of  this  de- 
scription, we  may  know  that  its  square  root  is  a  binomial  ^ 
and  this  may  be  found,  by  taking  the  root  of  the  two  terms 
which  are  complete  powers,  and  connecting  them  by  the 
sign  +•  The  other  term  disappears  in  the  root.  Thus  to 
find  the  square  root  of 

x^  -{•2xy-\-y^, 
take  the  root  of  x^,  and  the   root  of  y^ ,  and  connect  them 
by  the  sign  +.     The  binomial  root  will  then  be  x-\-y. 

In  a  residual  quantity,  the  double  product  has  the  sign  — 
prefixed,  instead  of  +•  The  square  of  a  —  b,  for  instance, 
is  0,2  _2a6  +  62.  (Art.  214.)  And  to  obtain  the  root  of  a 
quantity  of  this  description,  we  have  only  to  take  the  roots 
of  the  two  complete  powers,  and  connect  them  by  the  sign 
— .    Thus  the  square  root  of  x^  —2xy-{-y^  is  x—y.     Hence, 

265.  To  extract  a  binomial  or  residual  square  root,  take' 
the  roots  of  the  tico  terms  tvhich  are  complete  powers,  and  con- 
nect them  by  the  sign,  which  is  prefixed  to  the  other  term. 

Ex.  1.     Find  the  root  of  x^  +2x-\-\. 

The  two  terms  which  are  complete  powers  are  ;<^  and  L 

Their  roots  are  x  and  1.     (Art.  248.) 

The  binomial  raot  is,  therefore,  .v+1. 

2.  The  square  root  of  x^  —  2x+ 1,  is  .v—  1.     (Art.  214.) 

3.  The  square  root  of  a^  +«  +  ^,  is  a+A.     (Art.  224.) 

4.  The  square  root  of  a^+|  «  +  -f,  is  a  +  f. 

b^  b 

5.  The  square  r*3ot  of  a^-\-ab  +  -j-,  is  a  +  -^- 

2ab     b^  b 

6.  The  square  root  of  a^+ +  7?,  is  a  +— - 

it 
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266.  A  root  whose  value  cannot  be  exaethj  expressei^  ija 
nuinhers,  is  called  a  surd. 

Thus  -/2  is  a  surd,  because  the  square  root  of  2  cannot 
be  expressed  in  numbers,  with  perfect  exactness. 

In  decimals,  it  is  1.41421356  nearly. 

But  though'  we  ar-e  unable  to  assign  the  value  of  such  a 
(quantity  ivhen  taken  alone,  yet  by  multiplying  it  into  itself,  or 
Ijy  combining  it  with  other  quantities,  we  may  produce  ex- 
pressions whose  value  can  be  determined.  There  is  there- 
fore a  system  <y{  rules  generally  appropriated  to  surds.  But 
as  all  quantities  whatever,,  when  under  the  same  radical  sign, 
or  having  the  same  index,  may  be  treated  in  nearly  the  same 
manner;  it  will  be  most  convenient  to  consider  them  togeth- 
er, under  the  general  name  of  Radical  Quantities  ;  under- 
standing by  this  term,  every  quantity  which  is  found  under  a 
radical  sign,  or  which  has*  a  fractional  index. 

207.  Every  quantity  which  is  not  a  surd,  is  said  to  be  ra- 
tional.  But  for  the  purpose  of  distinguishing  between  radi- 
cals and  other  quantities,  the  term  rational  will  be  applied,  ia 
this  section,  to  those  only  which  do  not  appear  under  a  radi- 
cal sign,  and  which  have  not  a  fractional  index. 


REDUCTION  OF  RADICAL  QUANTITIES. 

268.  Before  entering  on  the  consideration  of  the  rule*  for. 
tlie  addition,  subtraction,  multiplication,  and  division  of  rad- 
ical quantities,  it  will  be  necessary  to  attend  to  the  methods 
ef  reducing  them  from  one  form  to  another. 

First,  to  reduce  a  roitOTia/  quantity  to  the  form,  of  a  radical; 

Raise  the  quantity  to  a  power  of  the  same  name  as  the  giveti 
root,  and  then  apply  the  corresponding  radical  sign  or  index. 

Ex.  1.     Reduce  a  to  the  form  of  the  nth  root. 

The  nth  power  of  a  is  a".     (Art.  211.) 

Over  this  place  the  radical  sign,  and  it  becomes  "-/«"• 

It  is  thus  reduced  to  the  form  of  a  radical  quantity,  with- 

out  any  alteration  of  its  value.     For  V«"  =«"  =«•       (Art^ 
253.) 

2.  Reduce  4  to  the  form  of  the  cube  root. 

Ans.   Vfi-i  or  (64)^ 
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3.  Reduce  3rt  to  the  form  of  the  4th  root. 

Ans.  ^Vsia*. 

A.  Reduce  \ab  to  the  form  of  the  square  root. 
Ans.    {\aH^Y. 

5.  Reduce  Sx a— Jc  to  the  form-of  the  cube  root, 

Ans/^27xa^"^'.     See  art.  212. 

6.  Reduce  a-^  to  the  form  of  the  cube  root. 
The  cube  ef  a^  is  a«.  .(Art.  220.) 

And  the  cube  root  of  a®  is  'v^^^^  =«^  |^- 

In  cases  of  this  kind,  where  a  ,poiver  is  to  be  reduced  t& 
the  form  of  the  ??th  root,  it  must  be  raised  to  the  /ith  power, 
•not  of  the  given  letter,  but  of  the  poiver  of  the  letter. 

Thus  in  the  example,  a^  is  the  cube,  not  of  a,  but  of  d'^ . 

7.  Reduce  a^h""  to  the  form  of  the  square  root. 

Ans.  ^aH\   or  {a^h^y. 

8.  Reduce  a""  to  the  form  of  the  nth  root. 

i 

Ans.  a'""]"*. 

269.  Secondly,  to  reduce  quantities  which  have  dilTercnt 
rindices,  to  others  of  the  same  value  having  a  common  index  ; 

1.  Reduce  the  indices  to  a  common  denominator; 

2.  Involve  each  quantity,  to  the  power  expressed  by  the 
numerator  of  its  reduced  index. 

3.  Take  the  root  denoted  by  the  common  denominator. 

-  -^- 

Ex.  1.  Reduce  a*   and  h'^  to  a  common  index. 

1st.  The  indices  ^  and  l-  reduced  to  a  common  denomi- 
nator, are  ^V  and  -i\.  (Art.  146.) 

2d.  The  quantities  a  and  b  involved  to  tlie  powers  expres- 
sed by  the  two  numerators,  are  a^  andi^. 

3d.  The  root  denoted  by  the  common  denominator  is  -j^. 

^ -9l_  _1 

The  answer,  then,  is  a^\^^  and  b^\^^. 
The  two  quantities  are  thus  reduced  to  a  common  index, 
-without  any  alteration  in  their  values. 

i        _3  _' 

For  by  art.  254,  a^  =  a^^,  which  by  art.  258,  ~h^\^K 

L  jn^ 1 

And  universally  a"  =  mm  =  a'"  ['»«. 
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2.  Reduce  a^  and  hx'^  to  a  common  index. 
The  indices  reduced  to  a  common   denominator  are  \ 
and  |-. 

3  4  1  :.7_ 

^The  quantities,  then,  arc  a*^  and  (bx)^,  or  a^[^'and6*x*|''" 


3. 

Reduce  a^  and  h"  . 

Ans.  a^"|"  and  b'\ 

4. 

i      J. 
Reduce  a"  and  y"\ 

T        t 

Ans.  a^'"'|'""and?/"l""'. 

5. 

1      1 
Reduce 2'  and  3^. 

Ans.  8'«  and  9"«'. 

-2|ir 


6.  Reduce  (ff  +  J)"  and  (r— i/)^.  Ans.  «+6  |  andcc— y 

270.  When  it  is  required  to  reduce  a  quantity  to  a  given 
index  J 

Divide  the  index  of  the  quantity  by  the  given  index,  place 
-the  quotient  over  the  quantity,  and  set  the  given  index  over 
the  whole. 

This  is  merely  resolving  the  original  inde;x  into  two  fac- 
tors, according  to  art.  2$8. 

h 

3Sx.  1.  Reduce  a'^  to  the  index  |. 

Byart.  162,  ^---i  =  ix4=|-=i. 

This  is  the  index  to  be  placed  over  a,  \^hich  then  becomes 

1 

.a'^' ',  and  the  given  index  set  over  this  makes  it  a^\  ,  the  arj? 
swer. 

2.  Reduce  a^  and:^^^,  to  the  common  index  -|. 
24- -1=2x3=6,  the  first  index 
■|-^^=|x3=|,  the  second  index 

Therefore  (a®  )^  and(.%'^)3  are  the  quantities Tequired. 

11 

3.  Reduce  4'^   and  37,  to  the  common  index  ^. 

Answer.     (4^)^  and  (3=')«". 

271.  Thii-dly,  to  remove  a  part  of  a  root  from  under  the 
i'adical  sign ; 

If  the  quantity  can  be  resolved  into  two  factors,  one  of 
which  is  an  exact  power  of  the  same  name  with  the 
jToot;  fnid  the  root  of  this  power,  and  prefix  it  to  the  other  facf 
^or,  uith  the  rqdical  sign  between  them. 
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This  rule  is  founded  on  the  principle,  that  the  root  of  the 
product  of  two  factors  is  equal  to  the  product  of  their  roots. 
(Art.  259.) 

It  will  generally  be  best  to  resolve  the  radical  quantity  into 
such  factors,  that  one  of  them  shall  be  the  greatest  power 
which  will  divide  the  quantity  without  a  remainder.  If  there 
is  no  exact  power  which  v*ill  divide  the  quantity,  the  reduc- 
tion can  not  be  made. 

Ex.  1.  Remove  a  factor  from   -/S. 

The  greatest  square  which  y.'\\\  divide  8  is  4. 

We  may  then  resolve  8  into  the  factors  4  and  2.  For  4  x  2=8. 

The  root  of  this  product  is  equal  to  the  product  of  the 
roots  of  its  factors;  that  is,  ^Q=y/iiXy/2. 

But  V4=2.  Instead  of  -v/4,  therefore,  we  may  substitute 
its  equal  2.     We  then  have  2  X  v/2  or  2-v/2. 

This  is  commonly  called  reducing  a  radical  quantity  to  it? 
most  simple  terms.  But  the  learner  may  not  perhaps  at  once 
perceive,  that  2\J2.  is  a  more  simple  expression  than   y/S. 

2.  Reduce    ^a^x.     Ans.    -^a^  Xy/x=aXy/x=a^x. 

3.  Reduce    Vis.     Ans.  V9x  2=^/9  Xv/2=3v/'2. 

4.  Reduce    V64p7.     Ans.  V646^x  Vc=4&V^- 

5.  Reduce   V---   Ans.  J^*  JA.     (Art.  260.) 

^  c^d  c     ^  cd 

6.  Reduce    ^Va"b.     Ans.  a  ^y/h,  or  ahn. 

7.  Reduce  {a^  —a^b)^.      Ans.  a{a—h)^. 

8.  Reduce  {54^a^h)^.      Ans.  3a^{2by. 

272.  By  a  contrary  process  the  co-efficient  of  a  rad'Cjfl 
quantity  may  be  introduced  under  the  radical  sign. 

1.  Thusa^-v/6=  Va^ 

For  a=  V'l"  or   «»•  (Art.  253.)  And  V«"  X  Wb=  "VaT. 
Here  the   co-efiicient  a  is  first  raised  to  a  power  of  the 
same  name  as  the  radical  part,  and  is  then  introduced  as  a 
factor  under  the  radical  sign. 

2  • ■»  1 

2.  £i{x—l)^  =  {a^  X  x—by  —  {a^x -- a^b)'^. 

;S.     2.ah{2ab^)^={16a*b'.) 
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Additi©n  and  Subtraction  of  Radical  Quantities. 

273.  Radical  quantities  may  be  added  like  rational  quan- 
tities, by  writing  them  one  after  another  with  their  signs.  (Art. 
€9.) 

Thus  the  sum  of   -^a  and  \/b,  is  ^/a-\-^/b. 

And  the  sum  of  o^  —  h'^  Midi  x^  -  y'\  \%  a^  —  h'-  -\-  x^  —  i/" 
But  in  many  cases,  several  terms  may  be  reduced  to  one, 

as  in  arts.  72  and  74. 

The  sura  of  2v/«and3v''«  is  2^a-\-^^/a=^By/a. 

For  it  is  evident  that  twice  the  root  of  o,  and  three  times 

the  root  of  «,  are  five  times  the  root  of  a.     Hence, 

274.  When  the  quantities  to  be  added  have  the  same  rad- 
ical part,  under  the  same  radical  sign  or  index  ;  add  the  ra- 
tional pfirts,  and  to  the  snm  annex  the  radical  parts. 

If  no  rational  quantity  is  prefixed  to  the  radical  sign,  1  is 
always  to  be  understood.  (Art.  244.) 

.1 


To    ^''^/ay        V«     Z[x^-hY       5bK^  a^b-h 

Add    Vay     -2v/rt     4(.v+A)^       Ibh^  yy/V-^ 


Snm'^^y/ay  7(^-f7t)^  {a-\-y)x^b—h 


275.  If  the  radical  parts  are  originally  different,  they  may 
sometimes  be  made  alike,  by  the  reductions  in  the  preceding 
articles. 

1.  Add  -v/S  to  ^/50.  Here  the  radical  parts  are  iioj  the 
«ame.     But  by  the  reduction  in  art.  271,    ■v/8=2v/2,  airM 

V50=5^/2.     The  sum  then  is  7^2. 

2.  Add  ^/\%b  to  V'lJ.        Ans.  4v/&+ 2^^=6/6. 

3.  Add  '^a^xio  ■^b*x.Ans.a^/x+b^  ^x={a-{-b^)x  V^' 

4.  Add    (36a^y)^  to  {25y)^.    Ans.  (6«+5)x2/^. 
^.  Add  V18«  to  3/2a. 


RADICAL  QUAJNTTTIES.  r2T 

276.  But  if  the  radical  parts,  after  reduction,  are  different^. 
©r  have  different  exponents,  they  cannot  be  united  in  the 
same  term ;  and  must  bp  added  by  writing  them  one  after 
the  other. 

The  sum  of  S^/^  and  2y/a,  is  3v'i  +  2-/a. 

It  is  manifest  that  three  times  the  root  of  h,  and  twice  the 
root  of  a,  are  neither  five  times  the  root  of  b,  nor  five  times 
the  root  of  a,  unless  h  and  a  are  equal. 

The  sum  of  ^  ^/a  and  ^  -^a,  is  ^  V«+  ^  V^- 

The  square  root  of  a,  and  the  cube  root  of  a,  are  neithe*- 
twice  the  square  root,  nor  twice  the  cube  root  of  a. 

211.  Subtraction  of  radical  quantities  is  to  be  performed 
in  the  same  manner  as  addition,  except  that  the  signs  in  the 
-subtrahend  are  to  be  changed  according  to  art.  82. 


From     y/ay 
Sub.    ^y/ay 

•a 

(i[x-\-y) 
b{x+y) 

—a     " 

—2a~^ 

Diff.-2v/«y 

8A^ 

From  v'50,  subtract  ^8..  Ans.  5v/2-2^/2=3v/2.(Art.275.) 
From  ^yjb'^y,  subtract  ^yjby*.     Ans.  {b—y)x  ^y/by^~ 
From  V^j  subtract  'yjx. 

Multiplication  of  Radical  Quantities.^ 

.   Radical  quantities  may  be  nmltiplled,  like  other  quanti- 
ties, by  writing  the  factors  one  after  another,  either  with  or 
without  the  sign  of  multiplication  between  them.    (Art.  94}.) 
Thus  the  product  of  -^a  into  V^j  is  y/a  x  y/b. 

i  ■^   .  ^'  .      i   i 

The  product  of  A^  mto  y'^  is  h^y^. 

But  it  is  often  expedient  to  bring  the  factors  under  the 
same  radical  sign.  This  may  be  done,  if  they  are  first  re- 
duced to  a  common  index. 

Thus  "v/'^X  V3/=V'^y-  For  the  root  of  the  product  of 
several  factors  is  equal  to  the  product  of  their  roots.  (Art. 
259.)     Hence, 

279.  Quantities  under  the  same  radical  sign  or  index,  ma^ 
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be  muMplkd  together  like  rational  quantities,  the  product  ieing 

placed  under  the  common  radical  sign  or  index.* 

1  i 

Multiply  ^^x  into  ^^y,  that  is,  x'^  into  y^. 

The  quantities  reduced  to  the  same  index,  (Art.  269.)  are 

11  IS 

{x^)^,  and  (y^)'^',  and  their  product  is  {x^y^)^  =  Vx^y^. 


3 


Mult.     Va  +  m      ^dx         a?  i^+yY 

Into       Va  —  m      \/hy  x'^         (b  +  h)" 


Prod.    Va^-7n^  (a'a)^  {a^'x 


,m\mn 


Multiply   VSxb  into    V2xb,     Prod.   VlQx^b"=iixb. 

In  this  manner  the  product  of  radical  quantities  often  be-^ 

comes  rational. 

Thus  the  product  of  ^2  into  /18  =  -/36=6. 

1  i  1 

And  the  product  of  (a^2/^)-*into(a^j/)-*  =  [a^y^)'^  =ay. 

2S0.  Roots  of  the  same  letter  or  quantity  may  be  multiplied^ 
iy  adding  their  fractional  exponents. 

The  exponents,  like  all  other  fractions,  must  be  reduced 
to  a  common  denominator,  before  they  can  be  united  in  one 
term.  (Art.  148.) 

Thus  a 2  X  o  ^  =  a 2" ^  ^  =  a^  ^  ^'  =  a^. 
The  values  of  the  roots  are  not  altered,  by  reducing  the!}' 
indices  fo  a  common  denominator.  (Art.  254.) 

Tlierefore  the  first  factor  a^  =  a"^"  ( 

i  2   ? 

And  the  second  a^  =  a^  y 

But     a^'  =  a^  X  a^'  X  «' •  (Art.  250.) 

And    a^'  =  a^  x  a'^ .  [1 03]  25(J  ) 

t.  i  X  i  i  5 

The  product  therefore  is  a^  X  «*  X  a*^  X  a*  X  ft*  =  «^.(Arf. 
And  in  all  instances  of  this  nature,  the  common  denomi- 
nator of  the  indices  denotes  a  certain  root,  and  the  sum  ol 

*The  case  of  an  imaginanj  root  of  a  negative  qjiantity  is'an  excep- 
tion.   (Art.  263.) 
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ijie  numerators  shovv^s  how  often  this  is  to  be  repeated  as  a 
factor  to  jjroduce  the  required  product. 

Thus  a"  X  rt"'=  amn  x  «'«"=  ««". 

Mult.    3rf        a^xa^       {a  +  h)^       [a-yf 
Into        y^       a*  (a +  6)*       {a—yY" 


1 1 


Prod.    3f/i^^  (a+S)"^' 


1^  is  2i 

The  product  of  ?/ 2  into  3/     ^  is  3/^     ^=y'^. 
Here  the  sum  of  the  indices  |  and  —  f  is  ^,  according  to 
the  rule  for  reduction  in  addition.  (Art.  74,  or  148.) 

Or  thus,  y^  X  2/    '  =  7f  X  -^=-,  =^-r^— r—  y^ 

The  product  of  a"   into  a     ",is«"      "=a°=l. 
And  a"  "" '^'  X  x^ ~^^=  x^~^  +  ^-^i :=a^o  ^  j^ 

i  5.  i  I. 

The  product  of  a^  into  a^  =  a^  x  «^  =  «^. 

281.  From  the  last  example,  it  vail  be  seen,  that  poivers 
and  robts  may  be  multiplied  by  a  common  rule.  This  is  one 
of  the^  many  advantages  derived  from  the  notation  by  frac- 
tional indices.  Any  quantities  Avhatever  may  be  reduced  to 
the  form  of  radicals,  (Art.  268.)  and  may  then  be  subjecteil 
to  the  same  miodes  of  operation. 

Thus  ?/  3  X  ?/^  :^  </  ^  "^ «  =  y  'e  .  [Art.  150.] 

i         -1-1 '      ""^i 
And xxx""  =x^ '^"  ~ x^. 

The  product  will  become  rational,  whenever  tlie  numera- 
tor of  the  index  can  be  exactly  divided  by  the  denominator, 

-i        v      2  12 

Thus  a^xa^x  a^=a'^  zzza"^.     (Art.  254.) 
And^  {a-rh)'^X  {a  +  h)~'^ -{a-^h)^  =a.\.i. 


3 


Afid    a'^  X  a^  ~  a^  =  a. 
H 
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282.  Whew  radical  quantities  wbicli  are  reduced  to  the 
same  index  have  rational  co-efficients,  the  rational  parts  maf 
be  multiplied  together,  and  their  product,  prefixed  to  theprodu&t 
@f  the  radical  parts. 

1.  Multiply  a^fb  into  c-Jd. 

The  product  of  the  rational  parts  is  ac. 
The  product  of  the  radicd  parts  is  ^/hd.  (Art.  279.) 
And  the  whole  product  is  acyjhd. 
For  a^fh  is  a  X  ^Jh.  (Art.  244.)     And  c^ld  is  c  X  ^fd. 
By  art.  102,  ax-^h  into  cXy/d,  is  axVbxcX'\/dj  or  by 
ehanging  the  oi^er  of  the  factors, 

axcXy/bx  Vd=:ac  x  ^bd—ac  \Jbd, 

I.  1 

2.  Multiply  fix^  into  bi£^ . 

When  the  i-adical  parts  are  reduced  to  a  common  index^ 
1  _i 

the  factors  become  a{x^Y  ■m.^b{d'^Y , 

X 

The  product  then  is  a6(a;  *f?*)  ^ . 

But  in  cases  of  this  nature,  we  may  save  the  trouble  of 
reducing  to  a  common  index,  \^j  multiplying  as  in  art.  278. 

Thus  ax^^  into  hd'^,  is  ax^bd^. 


Mult.    a{b+x)^ 

a^y^ 

a^/o!^            use     ^     X  Vi  V 

Into      y{b—x)'^ 

l^hy 

b^x             by     2     y  3^9 

Trod.  ay{L^  -x^)^ 

al-s/x^=.abx                     3xy 

283.  If  the  rational  quantities,  instead  of  being  co-effi^ 
dents  to  the  radical  quantities,  are  connected  with  them  by 
the  signs  +  and  — ,  each  term  in  the  multiplier  must  be 
fiaiiltiphed  mto  each  in  the  multiplicand,  as  in  art.  100. 

Multiply  a  +  ^/b 
Into         c  +  V^ 


ac+cVo  (Art  244.) 

aVd4-Vhd  (Art.  279.) 

«(;+c-/i+a-v/<Z+  '\/bd 
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TheprGunct  of  «+  -/y  into  H-ry/yis 

«  +  -v/y  +  «' Vi/  +  ?V2/  ^  or  r y. 

Division  of  Radical  Quantities. 

9S4.  The  division  of  radical  quantities  may  be  expressed, 
by  writing  the  divisor  under  the  dividend,  in  the  form>  of  a 
fraction. 

Thus  the  quotient  of  ^  /a  divided  by  >Jl,  is  —jr' 

And    [a+hy  divided  by  (6+^)"  is -^—^-V 

In  these  instances,  the  radical  sign  or  index  is  separafehj 
applied  to  the  numerator  and  the  denominator.  But  if  the 
divisor  and  dividend  are  reduced  to  the  same  index  or  rad- 
ical sign,  this  may  be  applied  to  the  whole  quotieat. 

Thus  ^y/a-=r  'V^=V7/ =  v  r*  For  the  root  of  a  frac- 
tion is  equal  to  the  root  of  the  numerator  dindedbj^the  root 
of  the  denominator.  [Art.  260.] 

Again  "-^/ab—  ^■^b="-^a.  For  the  product  of  this  quo- 
Vient  iftto  the  divisor  is  equal  to  the  dividend,  that  is, 
V«X  V^=  V«^-  [Art.279.]      Hence, 

285.  Quantities  under  the  same  radicid  sign  or  index,  may 
he  divided  like  rational  quantities,  the  quoiienthcirig placed  un- 
der the  coniiiioti  radical  sign  or  index. 

1  1 

Divide  {x^y^) '^~  hy  y^. 

These  reduced  to  the  same  index  are  (x^y^)^  and  (?/^)^'. 
[Art.  269.] 

And  the  quotient  is  (x  ^ )"«  =  a: «  =  x'"".    [Art.  258.] 

Divide  VQa^x      Vdhx^       {a^+ax)"^        {a^h)"'      {a'^y^Y 
By         ^^3^  ^Jx  «.'"  (ox)™         {&yY 

quot.     V2a"3~  {a^+xY  {ayY 
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286,  A  root  is  divided  by  another  root  of  the  same  letter  ojr 
quantity,  by  subtracting  the  index  of  the  divisor  from  that  of 
jthe  dividend. 

Thus  a^-i- a«  =  ft^     ~^'=a^     '^=a^~a-. 

For  a^  =  a«  =  a^  X  «**  X  a^  and  this  aivided  by  a^  is 

/y 6"  \(  n'^  ^  a^  ■•         A        -        4- 

'^iiiiJl_l_=:  a6  X  a^  -a^  =aK 

X .1. 


^n  the  same  manner,  it  may  be  shown  that  c"*-:-  c^  —  a 

11  2^  KM- It  ?  1 

Divide   (3ayi^      (a^)^      « «'»       (6+«y)^        O''^/')^ 
By  a^  {axY     ft"*         (^+2^')"""       O'""^^)^ 


Quot.     (3o)*  ft"  .  .(-r^?/-^)' 


Powers  and  roo^s  may  be  brought  promiscuously  together,- 
a,nd  divided  according  to  the  same  rule.     See  art.  281. 

Thus  a^ 4- a~^  —a"     '^  =  a\       For  a^  x  a"  =  a^  ^a^ _ 

80/4-3/*"=!,''*     "*. 

287.  When  radical  quantities  which  are  reduced  to  the 
5;ame  index  have  rational  co-efficients,  the  rationed  parts  may 
be  divided  separately,  and  their  qtiotient  prefixed  to  the  quo- 
tient of  the  radical  parts. 

Thus  acy/hd~a\/b=c^d.  For  this  quotient  multiphed 
into  the  divisor  is  equal  to  the  dividend.  [Art.  282.] 

Pivide  24a^^/a3^      ISdybx      hy{a^x^f     16v'32      h^^x^ 
By         6  -v/rt  2]l^/x  y{<-ix)"  SV4  Vy 

-  i 

ix^y  b{a^xY  h^x 


"UiviAQalixHy  by(^(.r)?. 
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*riie38  reduced  to  the  same  index  are  ah{z"h)*  and  ('[i^)'^' 

The  quotient  then  k  hijjy  =  {h^  )^.  (Art.  272.) 

To  save  the  trouble  of  reducing  to  a  common  index,,  tlie 
division  may  be  expressed  in  the  Jorm  of  a  fraction,  as  in 
art.  284. 


The  quotient  will  then  be 


Involution  of  Radical  Quantities. 

2SS.  Radical  quantkies,  like  powers,  are  involved  hy  multl- 
])hjing  the  index  of  the  root  into  the  index  of  the  required 
jjowcr. 


1x2 


For  a  ^'  X  a  ^  =  «"^'- 


Or,  by  reducing 


I .  The  square  of  a^  —  a 
[Art.  280.] 

2.  The  cube  of  «-*=«^  ^    —  g>.  For  «*  x  o/^  X  «"  =  «^^' . 

3.  And  universally,  the  «th  power  of  rt'"=  «'"'      =a"». 
For  the  nth  power  of  a'"  =  a'"  x  a'" n  timeSj  and  the 

n 

.sum  of  the  indices  will  then  be  " . 

4.  The   5th  power  of  a^ y^,  is  d'^y'^ , 
the  roots  to  a  common  index, 

X     X  3     3  3 

B.  The  cube  of  a"  .1^"'  is  a"  x'''    or   («'"a")"'". 
Q.  The  square  of  «''\r"^,  is  a^x'^. 

The  cube  of  a^  is  c' ^^=  a^-w.  [Art.  253.] 

X  n 

And  the  wth  power  of  a" ,  is  o7,  =:a.     That  is, 

289.  A  root  is  raised  to  a  power  of  the  scf.ic  name,  by  re 
moving  the  index  or  raMced  si<xn. 

Thus  the  cube  of     v/y-j-r,  is  i+J7. 

X 

Aiid  the  n\\i  power  of  («  —  «/)" ,  is  a—y. 
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290.  Wlien  the  radical  quantities  have  rational  co-efficients^ 
these  must  also  be  involved. 

1.  The  square  « Vr?  is  o-^v^ar^. 
For  a^'xfxxa yx = a ^  yx ^ .  [Art.  232.} 

J.  5 

2.  The  Tilh  power  of  rt'"a;'",isa*"".t"'. 

3.  The  square  of  aVx-^ij,  is  ft^  X  {x — y). 

4.  The  cube  of  Sa^'y,  is  27a  ^y. 

291.  But  if  the  radical  quantities  are  connected  with  oth- 
ers by  the  sJii;ns  +  and  — ,  they  must  be  involved  by  a  mul- 
tiplication oi  the  several  terms,  as  in  art.  213. 

Ex.  1.  Required  the  cube  of  a-\-y/y. 

u-\-'\/y 
o-ry/y 


u'^+a^y     [Art.  244.] 
a^fy-¥y    [Art,  289.] 


a^-^2cyy-^y 
«  +    Vy 

<i=^+2aVy-r«y 

a^^y-V2ay-\-y^y 


<t^-^3a^^^y+5ay+y'Jy 

2.  Required  the  square  of  a—^fli'.     AnS.  a'  -^2a-^h-\''b, 
5.  Required  the  cube  of  2d-\-y/x. 


292.  It  is  unnecessary  to  give  a  separate  mle  for  the  evo- 
lution of  radical  quajitities,  that  is,  for  findifif^  the  roof  of  a 
quantity  which  is  already  a  root.  The  operation  is  the  same 
as  in  other  cases  of  evolution.  The  fractional  index  of 
the  radical  quantity  is  to  be  divided,  by  the  number  expres- 
sing the  root  to  be  found.  Or,  the  radical  si2;n  belonging  to 
the  required  root,  may  be  placed  over  the  given  quantity. 
[Art.  257,]  If  tbcre  are"  rational  co-efiicients,  the  roots  of 
tiiese  must  also  be  extracted. 
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Thus,  the  square  root  of  «^,  is  a^  '     =  a'^". 
For  ««  X  a^=  a*. 
The   cuhe  root  oi^  a{xy)^,  is  a^{xy)^. 


The  Titk  root  of  a    ^by,  h    y  a    ^hy. 


293.  It  may  be  proper  to  observe,  that  dividing  the  frae" 
tional  index  of  a  root  is  the  same  in  effect,  as  multiplymg  the 
number  which  is  placed  over  the  radical  sign.  For  this  num- 
ber corresponds  v/ith  the  denominator  o^  the  fractional  index; 
and  a  fraction  is  divided,  by  'multiplying  its  denominator. 
[Art.  163.] 

ThusV«=ft^.  V«=«"'^. 


'^y/a=a~K  ^"^/a^a 


On  the  other  hand,  multiplying  the  fractional  index  is 
equivalent  to  dimding  the  nuixrber  which  i«  placed  over  th« 
radical  sign. 

_i  1  V  3       i 

Thus  the  squia-e  of  ^  -/'*  of  «S  ^  ®  -/^  ^^  ^^       =  ft-i- 
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TII:DUCTJ0N  of  EQIJATIONS  by  INVOLUTIOrf 
AND  EVOLUTION. 


A         3<1d    T^  ^'^^  equation,  the  letter  which  expresses  the 
,.  ^    *  •  -a-  unknown  quantity  is  sometimes  found  under' 

a  radical  sign.     We  may  have 

To  clear  this  of  the  radical  sign,  let  each  nfember  of  the 
equation  be  squared,  that  is,  multiplied  into  itself.  We  shali 
then  have 

-yjxx  y/x=zaa,        Or,  [Art.  289.]  ■v=a='» 

The  equality  of  the  sides  is  not  affected  by  this  operation, 
because  each  is  only  ni-ultiplied  into  itself,  that  is,  equal  quan- 
tics  are  multiplied  into  equal  quantities.  [Ax.  3.] 

The  same  principle  is  applicable  to  any  root  whaiever. 
If  "^x=a ;  then  .v=a" .  For  by  art.  289,  a  root  is  raised  to 
a  power  of  the  same  name,  by  removing  the  index  or  radi- 
cal sign.     Hence, 

295.   When  the  unknown  quantity  is  tinder  a  radical  sruN, 
the  equation  is  reduced  by  involting  both  sides,  to  a  power  of* 
the  same  name,  as  the  root  expressed  by  the  radical  sign. 

It  will  generally  be  expedient  to  make  the  necessary  trans- 
positions, bf^foi'G  involving  the  quantities;  so  that  all  those 
which  are  not  under  the  radical  sign,  raav  stand  on  one  side 
of  the  equation. 

Ex.    I,   Reduce  the  equation  •v/^~}-'l=9 

Transposing  +4  [Art.  173.]  ^x=9—>i—5 

Involving  both  sides  .r— 5^  =25. 

2.  Rcducre  the  equation  a+ ''s/x—h=d 

By  transposition,  ^'^x=d-{-b~a 

By  involution,  A'=(tZ+6~-a)'*' 
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3.  Reduce  the  equation  V.r— 1=1^ 
Involving  both  sides,                             x--- 1  =4^  =64 
Transposing  —1,                                   x=G5. 

4.  Reduce  the  equation  4+3v^j?— 4=6  +  | 
Clearing  of  fractions,  [Art.183.]   8  +  6v^^^==13 
Transposing  8,                                G^a:— 4  =  13-8=^5 
Dividingby  6,  [Art.  184.]  a/x-4  =  |- 
involving  both  sides,                   ;<-_4=|f  [Art.  223.] 
Transposing  —4,                         ;v=-||-|-4. 

3  +  ^ 


5.  Reduce  the  equation  v'a^+y'a;  — ^—j  .    , 

Multiplying   by  Va^-\-^x,         a^-\-^x=3  +  d 
Transposing  a^,  ■^x=3-{-d—a^ 

Involving  both  sides,  x  =  {3-i-d—a^)'^. 

In  the  first  step  in  this  example,  multiplying  the  first  mem- 
ber into  Va^  -|-  .^x,  that  is,  into  itself,  is  the  same  as  squaring 
it,  which  is  done  by  taldng  away  its  radical  sign.  The  oth- 
er member  being  a  fraction,  is  multiplied  into  a  quantity 
equal  to  its  denominator,  by  cancelling  the  denominator. 
(Art.  159.)  There  remains  a  radical  sign  over  x,  which 
must  be  removed  by  involving  both  sides  of  the  equation. 

6.  Reduce  3+2^^—4=6.         Ans.  a:=||i. 


/    ^ 

7.  Reduce4^/-^  =8.  Ans.  x=20. 


Reduction  of  Equations  by  Evolution. 

296.  In  many  equations,  the  letter  which  expresses  the 
unknown  quantity  is  involved  to  some  power.  Thus  in  the 
equation 

we  have  the  value   of  the  square  of  x,  but  not  of  x  itself. 
If  the  square  root  of  both  sides  be  extracted,  v*^e  shall  have 

X='i. 

The  equality  of  the  members  is  not  affected  by  this  re- 
T 
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duction.      For  if  two  quantities  or  sets  of  quantities  arer 
equal,  their  roots  are  also  equal. 

If    {x-^a)"^  =b+h,   ihenx+a=''Vb-{-h.     Hence, 

297.  WhfM  the  expression  containing  the  unknown  quantittf 
is  a  POWER,  the  equation  is  reduced  by  extkacting  the  root 
of  both  sides,  a  root  of  the  same  name  as  the  power. 

Ex.  1.  Reduce  the  equation  S  +  iV^— 8-=7 

By  transposition  a?^  =74-8—6=9 

By  evolution  x-t^9=t3. 

The  signs  +  and  —  are  both  placed  before  V^,  be- 
cause an  even  root  of  an  affirmative  quantity  is  ambiguous. 
[Art.  261.] 

2.  Reduce  the  equation  5.r  ^  —  30  =  a:  ^  +  34 

Trans,  and  uniting  termSj  4^:^=64 

Dividing  by  4,  x^  =  1Q 


By  evolution,  a;=i4. 


V.3  ^Z 


,3.  Reduce  the  equation       a-]--j-=h—~j 

Clearing  of  fractions,         abd-\-dx^  =bdh  —  bx^ 
Transposing  tevms,  bx^-\-dx^=  bdh  —  abd 

bdh—abd 
Dividing  hy  b  +  d  (Art.  1 85.)   x  ^  =     ^  ,  /" 

,/bdh-ahd\l 
By  evolution  x  =  ^  \~lh4^ — / 

4.  Reduce  the  equatiorp  a+dx"'  =10— a;" 

By  transposition,  dx"^-{-x^=lO—(ib 

10-a 
Dividing  by  d+l,  x"  =~^q:]~ 

By  evolution,  x=\^-i—yJ    ' 

298.  From  the  preceding  articles,  it  will  be  easy  to  see  in 
what  manner  an  equation  is  to  be  reduced,  when  the  ex- 
pression containing  the  unknown  quantity  is  a  power,  and  at 
the  same  time  under  a  radical  sign ;  that  is,  when  it  is  a  root 
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i>f  a  power.     Both  involution  and  evolution  will  be  uecessa- 
ly  in  this  case. 

Kx.  1.  Reduce  the  equation  ^y/x^^/i 

By  involution,  a?^==4^=64 

By  evolution,  x=t  v/64=±8. 


2.  Reduce  the  equation  ■^x^—a=h—d 

By  involution  x'"-a=h^ —'2hd-\-d^ 

Transposing  a  x"'=^h^  —2hd-\rd^-\-(t- 

^By  evolutioD  x=>fh^  —2Jid+d'^-^a, 

3.  Reduce  the  equation  {x-\-a) 


{x-ay 


■  Multiplying  by  (;<•-«) "2  [Art.  279.]  {x^^  —a^y  =a  +  b 
By  involution,  x^  —a^  =a^  -\- 2ab +i^ 

Trans,  and  uniting  terms,  x^  =2a^  -\-2ab-\-b^ 

By  evolution  x=t{2a^  +  2ab  +  1^)^, 

Problems. 

Prob.  1.  A  gentleman  being  asked  his  age,  replied;  "If 
you  add  to  it  ten  years,  and  extract  the  square  root  of  the 
sum,  and  from  this  root  subtract  2,  the  remainder  will  be  6." 
What  was  his  age  ? 

By  the  conditions  ©f  the  problem  v';i-f-10— 2=6 

By  transposition,  Va^4-10=6  +  2=8 
By  involution,  ;c+10=8^  =64 

By  transposition,  jir=64— 10=54. 

Proof  [Art.  194.]     -/54TlO-2=6. 

Prob.  2.  If  to  a  certain  number  22577  be  added,  and  the 
square  root  of  the  sum  be  extracted,  and  from  this  163  be 
^subtracted,  the  remainder  will  be  237.  What  is  the  num- 
>ber.'' 

Let  A:=the  number  sought.  i&=163 

« =22577  c=237. 
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By  the  conditions  proposed        yf x-\-a—h^e 
By  transposition,  yf  x-\-a-=:c-\-h 

By  im'-olution,  ^+a  =  (c  +  i)^ 

By  transposition,  a:  =  (c-}-6)^  — a 

Restoring  the  numbers,  (Art.52.).T  =  (237+163f  -22577 
That  is,  ^  =  1 60000  -  22577  =  1 37423. 

Proof        V 137423 +  22577 -163 =237. 

299.  When  an  equation  is  reduced  by  extracting  an  even 
root  of  a  quantity,  the  solution  does  not  determine  whether 
the  answer  is  positive  or  negative.  [Art.  297.]  But  what  is 
thus  left  ambiguous  by  the  algebraic  process,  is  frequently 
settled  by  the  statement  of  the  problem. 

Prob.  3.  A  merchant  gains  in  trade  a  sum,  to  which  320 
dollars  bears  the  same  proportion,  as  five  times  this  sum  does 
to  2500.     What  is  the  amount  gained  ^ 

Let  x:=-\he  sum  required. 

a =320 

6=2500. 
By  the  supposition  a:x'.'.5x:h 

Mult,  extremes  and  means  [Art.  188.]     5x^  =ab 

TTv.  .  .  oh 

Dividing  by  5,  ;f^  =— 

(ahY 
By  evolution,  ;c=l— ) 

/  320x2500  \^ 
Restoring  the  numbers,  x=^\ = j    =400. 

Here  the  answer  is  not  marked  as  ambiguous,  because  by 
the  statement  of  the  problem  it  is  gain,  and  not  loss.  It 
must  therefore  be  positive.  This  might  be  determined,  in 
the  present  instance,  even  from  the  algebraic  process.  When- 
ever the  root  of  x^  is  ambiguous,  it  is  because  v.e  are  igno- 
rant whether  the  power  has  been  produced  by  the  multipli- 
cation of  +.V,  or  of  — .Y,  into  itself.  [Art.  262,]  But  here 
we  have  the  multiplication  actually  performed.  By  turning 
back  to  the  two  first  steps  of  the  equation,  we  find  that  5x^ 
was  produced  by  multiplying  bx  into  x,  that  is  -{-Bx  into  +a;. 
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Prob.  4.  The  distance  to  a  certain  place  is  such,  that  if 
96  be  subtracted  from  the  square  of  the  number  of  miles, 
the  remainder  will  be  48.     What  is  the  distance  ? 

Let  Ar=the  distance  required. 

By  the  supposition,  at' —96=48 

By  transposition,  x^  =48  +  96  =  144 

By  evolution,  A'=-v/144=12. 

Prob.  5.  If  three  times  the  square  of  a  certain  number 
be  divided  by  four,  and  if  the  quotient  be  diminished  by  12, 
the  remainder  will  be  180.     What  is  the  number.'^ 

By  the  supposition  -^—12  =  180 

Multiplying  by  4,  and  trans.        3x^  =  720 + 48  =  76S 
Dividing  by  3,  x^  =256 

By  evolution,  ;^=  V256'=16. 

Prob.  6.  What  number  is  that,  the  fourth  part  of  whose 
square  being  subtracted  from  8,  leaves  a  remainder  equal  to 
four.'*  Ans.  4. 


Affected  Quadratic  Equations. 

300.  Equations  are  divided  into  classes,  which  are  distin- 
guished from  each  other,  by  the  power  of  the  letter  that  ex- 
presses the  unknown  quantity.  Those  which  contain  only 
the  Jirst  power  of  the  unknown  quantity,  are  called  equations 
of  one  dimension,  or  equations  of  the  j^rs^  degree.  Those  in 
which  the  highest  power  of  the  unkno\vn  quantity  is  a  square, 
are  called  quadratic,  or  equations  of  the  second  degree ;  those 
in  which  the  highest  power  is  a  cube,  equations  of  the  third- 
degree,  ^c. 

Thus  x=^a-\-h,  is  an  equation  of  the  Jirst  degree. 

x^  =c,  and  x^  -\-ax^=^d,  are   quadratic  equations,  or 
equations  of  the  second  degree. 

x^  =h,  2ind  x^  -\-ox^  -\-bx=d,  are  cubic  equations,  or 
equations  of  the  third  degree. 

301.  Equations  are  also  divided  into  pure  and  affected 
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^qnations.  A  pure  equation  contains  OHly  one  power  of  the 
unknown  quantity.  This  may  be  the  first,  second,  third,  or 
any  other  power.  An  affected  equation  contains  different 
powers  of  the  unknown  quantity.     Thus, 


\ 


x^  =d—b,  is  a  pure  quadratic  equation. 
x^  -^ix=d,  an  affected  quadratic  equation. 

x'^  —h—c,  a  pure  cubic  equation. 

x^-\-ax^  +hx—h,  an  affected  cubic  equation. 


A  pure  equation  Is  also  called  a  simple  equation.  But  this 
terra  has  been  applied  in  too  vague  a  manner.  By  some 
writers,  it  is  extended  to  pure  equations  of  every  degree :  by 
others,  it  is  confined  to  those  of  the  first  degree. 

In  a  pure  equation,  all  the  terms  which  contain  the  un- 
Imown  quantity  may  be  united  in  one,  (Art.  185.)  and  the 
equation,  however  compHcated  in  other  respects,  may  be 
reduced  by  the  rules  which  have  already  been  given.  But 
in  an  affected  equation,  as  the  unknown  quantity  is  raised  to 
different  powers,  the  terms  containing  these  powers  can  not 
be  united.  (Art.  230.)  There  are  particular  rules  for  the 
reduction  of  quadratic,  cubic,  and  biquadratic  equations.  Of 
these,  only  the  first  will  be  considered  at  present. 

302.  An  aff'etted  quadratic  equation  is  one  which  contains 
4he  unknoivn  quantity  in  one  term,  and  the  square  of  that  quan- 
tity in  another  term. 

The  unknown  quantity  may  be  originally  in  several  terms 
of  the  equation.  But  all  these  may  be  reduced  to  two,  one 
containing  the  unknown  quantity,  and  the  other  its  square. 

303.  It  has  already  been  shown  that  a  pure  quadratic  is 
solved  by  extracting  the  root  of  both  sides  of  the  equation.  An 
effected  quadratic  may  be  solved  in  the  same  way,  if  the 
inemb6r  wiiich  contains  the  unknown  quantity  is  an  exact 
square.    Thus  the  equation 

x^+2ax-ira^—b-Vh 
may  be  reduced  by  evolution.     For  the  first  member  is  the 
square  of  a  binomial  quantity.  [Art.  264.J      And  its  root  is 
jf  4-  a.     Therefore, 

x-^a—  Vb+h,  and  by  transposing  «, 
x=:  Vb-\-h—a. 

304.  But  it  is  not  often  the  case,  that  a  member  of  an  af- 
fected quadratic  equation  is  an  exact  square,  till  an  addition- 
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al  term  is  applied,  for  the  purpose  of  making  the  requireil 
reduction.     In  the  equation 

x^  ■{■2ax=b 

the  side  containing  the  unknown  quantity  is  not  a  complete 
square.  The  two  terms  of  which  it  is  composed  are  indeed 
such,  as  might  belong  to  the  square  of  a  binomial  quantity. 
[Art.  214.]  But  one  term  is  wanting.  We  have  tlien  tu 
inquire,  in  what  way  this  may  be  supplied.  From  having 
two  terms  of  the  square  of  a  binomial  given,  how  shall  we 
find  the  third  ? 

Of  the  three  terms,  two  are  complete  powers,  and  the 
other  is  twice  the  product  of  the  roots  of  these  powers ; 
[Art.  214.]  or,  which  is  the  same  thing,  the  product  of  one 
of  the  roots  into  twice  the  other.     In  the  expression 

x^  -\-2ax, 
the  term  2ax  consists  of  the  factors  2a  and  x.  The  latter  is  the 
unlcnown  quantity.     The  other  factor  2a  may  be   considered 
the  co-efficient  of  the  unknown  quantity ;  a  co-efficient  being 
another  name  for  a  factor.  [Art.  41.]    As  x  is  the  root  of  the 
first  term  x^ ;  the  other  factor  2a  is  tivice  the  root  of  the 
third  term,  which  is  wanted  to  complete  the  square.    There- 
fore half  2a  is  the  root  of  the  deficient  term,  and  a^  is  the 
term  itself.     The  square  completed  is 
x^-\-2ax-^a^  ^ 
where  it  will  be  seen  that  the  last  term  a^  is  the  square  of' 
half  2aj  and  2a  is  the  co-efficient  of  x  the  root  of  the  first 
term. 

In  the  same  manner,  it  may  be  proved,  that  the  last  ten?* 
of  the  square  of  any  binomial  quantity,  is  equal  to  tha 
square  of  half  the  co-efficient  of  the  root  of  the  first  term. 
From  this  principle,  is  derived  the  following  rule  : 

305.  To  complete  the  square,  in  an  affected  quadratic  equa- 
tion ;  ta^e  the  square  of  half  the  co-efficient  of  the  first  poivcr 
of  the  unknown  quantity,  and  add  it  to  both  sides  of  the  equation^ 

Before  completing  the  square,  the  known  and  unknown 
quantities  must  be  brought  on  opposite  sides  of  the  equation 
by  transposition ;  and  the  highest  power  of  the  unknown^ 
quantity  must  have  the  affirmative  sign,  and  be  cleared  of 
fractions,  co-efficients,  &c.     See  arts.  308,  9,  10,  11. 

After  the  square  is  completed,  the  equation  is  reduced,  by 
extracting  the  square  root  of  both  sides,  and  transposing  the 
known  part  of  the  binomial  root.  [Art.  303.] 
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The  quantity  which  is  added  to  one  side  of  the  equation, 
to  complete  the  square,  must  be  added  to  the  other  side  al- 
so, to  preserve  the  equality  of  the  two  members.  (Ax.  1.) 

306.  To  avoid  having  the  attention  divided  among  too 
many  objects,  the  learner  should  distinguish  between  what  is 
peculiar  in  the  reduction  of  quadratic  equations,  and  what  is 
common  to  this  and  the  other  kinds  which  have  already  been 
considered.  The  peculiar  part,  in  the  resolution  of  affected 
quadratics,  is  the  completing  of  the  square.  The  other  steps 
are  similar  to  those  by  which  pure  equations  are  reduced. 

For  the  purpose  of  rendering  the  completing  of  the  square 
familiar,  there  will  be  an  advantage  in  beginning  with  exam- 
ples in  which  the  equation  is  already  prepared  for  this  step. 

Ex.  1.  Reduce  the  equation  x^  ■\-%ax=ih 

Completing  the  square  :v^+6aA^+9a^  =9a^-f  & 

Extracting  both  sides    (Art.303.)  x+'ia=±^fQa'^  ^-b 

Transposing  3a  cc=-—  Sat.  V  9a  ^  +  6 

Here  the  co-efficient  of  x,  in  the  first  step,  is  6a; 

The  square  of  half  tliis  is  9a  ^,  which  being  added  to  both 
sides  completes  the  square.  The  equation  is  then  reduced 
by  extracting  the  root  of  each  member,  in  the  same  manner 
as  in  art.  297,  excepting  that  the  square  here  being  that  of  a 
binomial,  its  root  is  found  by  the  rule  in  art.  265. 

2.  Reduce  the  equation  x^  —8bx=h 

Completing  the  square,  x^  —Qbx+I6h^  =16b^ -\-h 
Extracting  both  sides  x—^b=-Vl6b^+h 

Transposing  —45,  x=4:btVlQb^+h 

In  this  example,  half  the  co-efficient  of  x  is  46,  the  square 
of  which  166^  is  to  be  added  to  both  sides  of  the  equation. 


3.  Reduce  the  equation  x^  +ax=b+h 

a^     a^ 
Completing  the  square,       x'  +ax-{--Y=-r-\-b-\-k 

By  evolution,  x"^  +"2  ~  —  VT"*"   "'"^/ 

_  .  a  a\la^  \\ 

TransposHig    -^  ^^=^--\ir+^+^/   ' 
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a 
Here  the  co-efficient  of  x  Is  a,  half  of  which  is  -^,  whose 

square  is  — •  (Ai't.  223.) 

4.  Reduce  the  equation  x^ —x  =  'h—d 
Completing  the  square,         a;^— a?+|  =  l+A  — df 

Extracting  and  transp.  x=^l{^-\-1i—dY. 

Here  the  co-efficient  of  a:  is  1,  its  half  is  |,  and  the  square 
©f  this  is  ^. 

5.  Reduce  the  equation  x^ -^ox—d-^Q 
Completing  the  square,  x^  -\-^x-{-l=^  +  d-\-^ 

Extracting  and  transp.  ;^  =  — 1±(| -}- £?+ 6 )^. 

6.  Reduce  the  equation         x^—abx=ab-cd 

f(  2  J  2     a^h^ 
Completing  the  square,     x^  -ahx-{'—^=—^+ab—cd 

Extracting  and  transp.       ^—^^  (~4~ + ^^~^d) ^. 


7.  Reduce -the  equation         x^+-j-=h 

Completing  the  square,       a;*  +  -T--f-T-.— =  r-,— -i-A 
Extracting  and  transp,  «  =  -^  1  (£,^ + ^  ) ^. 


ax      a 


By  art.  158,y  =y  x^.     The  co-efficient  of  x,  therefore, 

«  a 

IS  Y    Half  of  this  is  2^,  (Art.  163.)  the  square  of  wBich  h 


a* 
Ah'- 


u 


146                              ALGEBRA. 

S.  Reduce  the  equation, 

Completiag  the  square, 

X         1 

=46^  +^^ 

Extracting  and  transp. 

1+f  I 

*— 2/)—  U/i2 

ff     1 

Here  the  fraction  -r  =  -rXx.  (Art.  153.)     Therefore  the 

co-elScient  of  a-  is  -r' 

307.  In  these  and  similar  instances,  the  root  of  the  third 
term  cf  the  completed  square  is  easily  found,  because  this 
root  is  the  same  half  co-eincient  from  which  the  term  ha§ 
]ust  been  derived.    (Art.304.)      Thus  in  the  last  example, 

.1 

half  the  co-efficient  of  a:  is  ^,   and  this  is  the  root  of  the 

third  term  JT^' 

308.  When  the  first  power  of  the  unknown  quantity  is  in 
several  terms,  these  should  be  united  in  one,  if  they  can  be, 
by  the  rules  for  reduction  in  additioa.  But  if  there  are  lite- 
ral co-efFicients,  these  may  be  considered  as  constituting,  to- 
j^ether,  a  comfound  co-efficient  or  factor,  into  which  the  xm- 
Itnown  quantity  is  multiplietL 

Thu8  ax-\-hx+dx^{a^h^-d)xx.  (Art,  120.)  The 
square  of  half  this  compomid  co-efScient  is  to  be  added  ta 
both  sides  of  the  equation. 

I.  Reduce  the  equation  9c*-\-'^v-Y2x-\-x~d 

Unithig  terms,  (Art  174.)       x'*-\-Qx  =  d 
Completing  the  square,  x^  '\-Qx-\-^=^-^d 

Extracting  and  transp.  x=s:  —  'Z-'^Q-\-d 

2.  Reduce  the  equation  ^^ -\-ajc-\-hx^. 

By  art.  120,  x^ ^{a-Jrh)xx~h 

Compl'g  thesquare,  3:2^(a^5)x«-l-^-^   /    "  \   2~/    "'"^ 
Byevoldtion,  a?+~2~  =  _ V  \~g~/   ■•" 

hy  transposition,  *=^"~~2~---'^  \±~)   ^ 
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,3.  Reduce  llie  eniiation,     x^  -\-ax'—0!t=h 
By  art.  ]  20,  a^^ +  {a  —  l)xx  =  h 

Compl'g  the  square,  x^  +  («-!)  X  x  +  \~y^)    =  \~2~/    -*-^ 
L.stracttngandtransp.a:=;— ~7r-_V  \^~:r~j    +^ 

309.  After  becoming  familiar  with  tlie  method  off  com- 
pleting the  square,  in  affected  quadcaiic  equations,  it  will  be 
necessary  to  attend  to  the  steps  which  are  preparatory  to 
this.  Here  however,  little  more  is  necessary,  than  an  appli- 
cation of  rules  already  given.  The  known  and  unknown 
quantities  mv'St  be  brouglit  on  opposite  sides  of  the, equation 
by  transposition.  And  it  will  generally  be  expedient  to 
make  the  square  of  the  unknown  quantity  the  first  or  lead- 
ing term,  as  in  the  preceding  examples.  This  ipdeed  is  not 
essential.  But  it  will  ?ho\v,  to  the  best  advantage,  the  ar- 
rangement of  the  turms  in  the  completed  square. 

1.  Reduce  the  equation  «4-5x'  — SZ>=S:r— a;* 

Transp.  and  uniting  terms,  a;  ^  -f  2a;  =  ^h — a 

Completing  the  square,  a;  ^  +  2a'  + 1  =  1+  35 — a 

Extracting  arjd  transp.  a'  =  —  1 1  V 1  -f  35  _  q. 

a?       38 
2.  Reduce  the  equation  '9.~~S^~^ 

Clearing  of  fractions,  a.  ^  +  2r = 72 — Bj; — 13 

Transp.  and  uniting  terms,    5:^  +  ^0^=56 
Completing  the  square,        x^  ~\-lQx-{- 25=25 ■{•^Q  —  ^i 
Extracting  and  transp.         Art=  —  5i  v'Sl  =  —  5±9. 

310.  ll  the  highest  power  of  the  unknowns  quantity  has  any 
co-efficient,  or  divisor,  it  mast,  before  the  square  is  compieted, 
he  I'reed  from  these,  by  multiplication  or  division,  as  in  arts. 
ISO  and  184. 

1.  Reduce  the  equation  x^+2Aa—Qh  —  12x~5x^ 

Transp.  and  uniting  terms,  6x~ —1 2x =6h  —  24.a 

Dividhig  by  6,  x^  — 2;c=A~4a 

Completing  the  square,  x^  —2x  +  l=l-]-h—/ici 

;3fixtracting  and  tranep.  ^=l,i  Vl  +A— 4gp  / 
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%  Reduce  the  equation      li-{-2.x—d—- 

Clearing  of  fractions,      ah-{-2ax—ad—hx^ 
By  transposition,  bx^ +2ax=ad—ah 

2ax     ad— ah 
Dividing  by  &,  x^  +-7—=      ^ 

2ax     a^     a^     ad— ah 
Comprg  the  square,      ^''^+~^~+^==p"+~~^~ 

a\/a^     ad—ah\^ 
Extracting  and  transp.      a;=— -r_t  p-+ — 7 — J 

311.  If  the  square  of  the  unknown  quantity  is  in  several 
terms,  the  equation  must  be  divided  by  all  the  co-efficients 
of  this  square,  as  in  art.  185. 

i.  Reduce  the  equation         bx^ -\-dx^ —/ix=:b—h 

ihx       b—h 
Dividing  by  b  +  d,  (Art.  121.);c2  ___^___ 

^x      (   2   Y      (   2    Y   b-h 
Completing  the  square  ^-^T-H+j^T/j    =\V^dl+b+d 

2    A.    I(    2    Y     b-h 
Extract,  and  transp.  ^'=^-^_V\^    +^q:^- 

-2.  Reduce  the  equation         ax^  ■}-x=h  +  ^x—x^ 

Transp.  and  uniting  terms,     ax^  +x^  —2x=h 

2x  h 

Dividing  by  c  + 1 ,  x'^  —  — ,— = — ,— r 

°    "^  a-\-l     a+l 


2x      (    \    Y     (    ^    Y      ^ 
Completmg  the  square,  ^'-^^+\^)  ^{g^i)  +^7 

1    4.    //    1    V        A 
i^xtractmg  and  transp.  x  =  — r-^     v  l  — ;— r  /    + — n' 
^  ^  a  +  l—      \a  +  l/        a+l 

312.  In  the  square  of  a  binomial,  the  first  and  last  terms 
,are  always  positive.  For  each  is  the  square  of  one  of  the 
terms  of  the  root.  (Art.  214.)  But  every  square  is  positive. 
(Art.  218.)  If  then  —x^  occurs  in  an  equation,  it  can  not, 
Vt^ith  this  sign,  form  a  part  of  the  square  of  a  binomial.  But 
if  all  the  signs  in  the  equation  be  changed,  the  equality  of 
die  sides  will  be  preserved,  (Art.  177.)  the  term  —x^  wilj 
rbefcome  positive^  and  the  square  may  be  completed. 
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1.  Reduce  the  equation  —x^+2x=d—h 
Changing  all  the  signs,  ac^  —2x=h  —  d 
Completing  the  square,  x^  —2x-{- 1=1  ^h—d 
Extracting  and  transp.  x  =  ll.vi-\-h—d. 

2.  Reduce  the  equation  Ax—x^  =  —  l2 
Changing  all  the  signs,  x^  — 4x  =  12 
Completing  the  square,  x^  —iix-\-4:=4:-\-l2=lQ 
Extracting  and  transp.  ;^=2iv'^16. 

313.  In  a  quadratic  equation,  the  first  term  x^  is  the 
square  of  a  single  letter.  But  a  hinomial  quantity  may  con- 
sist of  terms,  one  or  both  of  which  are  already  pot\'ers. 

Thus  x^  -i-a  is  a  binomial,  and  its  square  is 

where  the  index  of  x  in  the  first  term  is  twice  as  great  as  in 
the  second.  When  the  third  term  is  deficient,  the  square 
may  be  completed  in  the  same  manner  as  that  of  any  other 
binomial.  For  the  middle  term  is*  twice  the  product  of  the 
roots  of  the  two  others. 

So  the  square  of  x'^  -{-a,  is  x-"+2ax"  -{-a^.      Therefore, 

314.  Any  equation  xvhich  contains  only  two  different  powers 
of  the  unknoion  quantity,  the  index  of  one  of  lohich  is  twice 
that  of  the  other,  may  he  resolved  in  the  same  manner  as  a 
quadratic  equation,  by  completing  the  square. 

It  must  be  observed  however  that,  in  the  binomial  root, 
the  letter  expressing  the  unknown  quantity  will  still  have  an 
index,  so  that  a  farther  extraction,  according  to  art.  2S7,  will 
be  necessary. 

Reduce  the  equation  x*—x^  =h—a 

Completing  the  square,         x'^—x^-T^=\-\'h  —  a 

Extracting  and  transp.  at^  =1-  ^\-\-b—a 

Extracting  again,  (Art.29T.)  x=  ^|-±  V|  +  6— c. 

2.  Reduce  the  equation         x'^"—illix"=a 

Completing  the  square,      ^^"—46.^"  -\-^h^  =ih'^  +a 

Extracting  and  transp.        .v"  =26±  V46^  -f  " 
Extracting  again  .v=    ^ 2b-y  llh'^ -\-a. 

.315.  The  solution  of  a  quadratic  equation,  whether  pure 
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or  affected,  gives  two  results.  For  after  tke  equation  is  rc- 
tJuced,  it  contains  an  ambiguous  root.  In  a  pure  quadratic, 
Shis  root  is  the  whole  value  of  the  unknown  quantity.  (Art. 
297.) 

Thus  the  equation  x^  =64 

Becomes,  when  reduced,  x='t^/^ 

That  is,  the  value  of  x  is  either  +8  or  —8,  for  each 
of  these  is  a  root  of  64.  Here  both  the  values  of  x  are  the 
i^me,  except  that  tliey  have  contrary  signs.  This  will  be 
the  case  in  every  pure  quadratic  equation,  because  the  whole 
of  the  second  member  is  under  the  radical  si^.  The  two 
values  of  the  unknown  quantity  -w  ill  be  alike,  except  that  one 
ivill  be  positive,  and  the  other  negative. 

316.  But  in  effected  quadratics,  a  part  only  of  one  side  of 
the  reduced  equation  is  under  the  radical  sign.  When  thi? 
part  is  added  to,  or  subtracted  from,  that  which  is  without  the 
Tadicsl  sign  ;  the  two  results  v/ill  differ  in  quantity,  and  will 
liave  their  signs  in  some  cases  alike,  and  in  others  unlike. 

1.  The  equation  x* -\-Sx=20    

Becomes,  when  reduced,  Ar=— 4±Vl64-20 

That  is,  :«•=— 4i6. 

H^re  the  first  value  of  x  is,  —4-4-6  =  -f  2 ")    one  positive,  and 
And  the  second  is,  — 4— 6=x—  10  3  the  other  negative. 

2.  The  equation  a,*  ~Sx=  —  l5 
Becomes,  when  reduced,         x—i-  VlQ  —  l^ 
That  is  ot=4il 

''Here  the  first  value  of  x  is  4+ 1  =  -f  5  ?  i,  *]        u- , 
And  the  second  is  4  — 1  =  +  3)  P** 

That  these  two  values  of  x  are  correctly  found,  may  he 
proved,  by  sub^ituting  first  one,  and  then  the  other,  for^  it- 
self, in  the  original  equation.  (Art.  194.) 

Thus  52  -Sx5=25-40=-15 
And   3^ -8x3=9-24= -15. 

SI 7.  In  the  reduction  o^f  an  affected  quadratic  equation, 
the  value  of  the  unknown  quantity  is  frequently  found  to  be 
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"Tlius  llie  equation  x"  — 8;c=i— 20 

Becomes,  when  reduced,  .v=4±  Vl6  — 20 

TLat  i?,  x—zV'—l. 

Here  the  root  of  the  negative  qnantity  —4  can  not  he  as- 
signed, (Alt.  2GS.)  atid  tiierefore  the  value  cf  ic  can  not  be 
found.  Tliere  will  he  tlie  same  impossibility,  in  every  in- 
stance in  which  the  ne'rative  part  of  the  Quantities  under  the 
radical  s!gn  is  greater  than  the  positive  part.* 

318.  Whenever  one  of  the  values  of  the  unknown  quanti- 
ty, in  a  quadratic  equation  is  iijiagin-arf,  the  other  is  so  zho~ 
For  both  are  equally  aSected  by  the  imaginary  root. 

Thus,  in  the  example  above, 

The  first  value  of  x  is  4+v'— 4, 

And  the  second  is  A—^/—i'  each  of  vvhick 
contains  the  imaginary  quantity  \f—4:. 

319.  An  equation  which  when  reduced  contains  an  ima- 
ginary root,  is  often  of  use,  to  enable  us  to  determine  v/heth- 
er  a  proposed  question  admits  of  an  answer,  or  involves  aa 
absurdity. 

Suppose  it  is  required  to  divide  8  Into  tw^o  such  parts,  that 
the  product  will  ba  20. 

If  X  is  one  of  the  parts,  the  other  vrill  be  B—x.  (Art,195.) 

By  the  conditions  proposed,  (8— .r)  x  x—20 

That  is,  8r-.r*  =20 

Changing  all  the  signs,  (Art.  177.)  a'  —  8vC=— 29 

This  becomes,  when  reduced,  x.-l-i/— 4. 

Here  the  imaginary  expression  V'~4  shows  that  an  an- 
swer is  impossible ;  and  that  ther«  is  an  absurdity  in  sjjppos- 
ing  that  8  may  be  divided  into  two  such  parts,  that  their  pro- 
duct shall  be  20. 

320.  Although  a  quadratic  equation  has  two  solutions,  yet 
both  these  may  not  always  be  applicable  to  the  subject  pro- 
posed. The  quantity  under  the  radical  sign  may  be  produ- 
ced either  from  a  positive  or  a  negative  root.  But  both 
these  roots  may  not,  in  every  instance,  belong  to.  the  proh- 
lem  to  be  solved.     See  art.  299, 

*  S«e  note  Q, 


VL, 
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Problems  producing  Q,uadratic  Equations. 

Prob.  1.  A  merchant  has  a  piece  of  cotton  cloth,  and  a 
piece  of  silk.  The  number  of  yards  in  both  is  110 ;  and  it 
the  square  of  the  number  of  yards  of  silk  be  suljracted 
from  SO  times  the  number  of  yards  of  cotton,  the  difference 
^'ill  be  400.     How  many  yards  are  there  m  each  piece  f 

Let  a'=the  yards  of  silk. 
Then  110— ;c=the  yards  of  cotton. 

By  supposition,  400-80  X  (llO-a^)-x" 

That  is,  400=8800-  SOx  -  x^ 

Trnrc^n  &!  unit  tcrms,  x^  4-80>r=8400 

Cl7'gthesqlre,'.^+^^^ 

Extracting  and  transp.  .v  =  -40tV  10000  = -401100 

The  first  value  of  x,  is  -40+100=60,  the  yards  of  silk; 

^^jj  110— :c  =  110-60=50,  the  yards  of  cotton. 

The  second  value  of  .v,  is  -40-100  =  -140;  but  as  this 
is  a  negative  quantity,  it  is  not  applicable  to  goods  which  a 
man  has  in  his  possession. 

Prob  2  The  ages  of  two  brothers  are  such,  that  their 
sum  is  45  years,  and  their  product  500.  What  is  the  age  oC 
each  ? 

Let  ;c=one  of  the  ages.    Then  45-:v==the  other. 

By  supposition,  x  x  (45  — ;v)  =500 

That  is,  A5x-x^  =500 

Changing  all  the  signs,  cc^  -  45x  =  -  500 

^    "=  ^  2025     2025     -      _25 

Compl'g  the  square,     x* —A5x+—^=    ^    — ^0^— 4 

45  r    /25     45^5 
Extract,  and  transp.      ^'="2"— vX"^"^' 

One  of  the  ages  then  is  25  years,  and  the  other  iO. 

Prob.  3.  To  find  two  nunibers  such,  that  their  dilference 
shall  be  4,  and  their  product  117. 

Let  .-vrr one  number,  and  .v+4~the  other. 
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Bj  the  conditions,  {x+/i)xx  =  ll'7 

This  reduced,  gives,  .^=— 2±  Vj^T^:— 2ill 

One  of  the  numbers  therefore  is  9,  and  the  other  13. 

Prob.  4.  A  merchant  having  sold  a  piece  of  cloth  whirb 
cost  him  30  dollars,  found  that  if  the  price  for  which  he  sold 
It  were  multiplied  by  his^am,  the  product  would  be  equal 
to  the  cube  of  his  gam.     What  was  his  gain .? 

Let  ;i''==the  gain. 
Then  30+^= the  price  for  which  the  cloth  was  sold. 
By  the  statement,  x^  ={30-j-x)xx 

That  is,  x^=i=30x-{-x'^ 

Dividing  by  x,  (Art.  186.)  ;v  2  ^  3Q  _|_  ^ 

Transposing  x,  ;v  »  -  ^t = 30 

Completing  the  square,  x^  —x-{-i=:l.-\-30 

Extracting  and  transposing  x=ltVTI73Q=i±LL     ''^ 

The  first  value  of  ;f  is  l  +  ^^-^+e.  > 
The  second  value  is     ■^  —  ^^  =  —5,    I 

As  the  last  answer  is  negative,  it  is  to  be  rejected  as  incon- 
sistent with  the  nature  of  the  problem,  (Art.  3:20.)  for  o-ain 
must  be  considered  positive.  ^ 

Prob.  5.  To  find  two  numbers,  whose  diiference  shall  be 
3,  and  the  difference  of  their  cubes  117. 

Let  ^=the  least  number. 
Then  ;v  +  3  =  the  greatest. 

By  supposition,  [x  +  ^y —x^=ll'7 

Expanding  (:^  +  3)2(Art.217.)  9;f2+27x  =  117-27=90 
Dividing  by  9,  x""  -]-3x  =  i0 

Completing  the  square,  x^  +3;f+l=l+J0=4  9 

Extracting  and  transp.  ;v  =  —  li  a/^  =  _  i±i       "*" 

The  two  numbers,  therefore,  are  2  and  5. 

Prob.  6.  To  find  two  numbers,  whose  difference  shall  be 
12,  and  the  sum  of  their  squares  1424. 

I      Afis.  The  numbers  are  20  and  33. 

r 
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Prob  7.  Two  persons  draw  prizes  in  a  lottery,  the  differ- 
ence of  which  is  120  dollars,  and  the  greater  is  to  the  less, 
as  the  less  to  10.     What  are  the  prizes  ? 

Let  ;)c=the  less  prize. 
Then  v  + 120  =the  greater. 

By  the  statement,  ^+ 120 :  ^ : :  a  :  10* 

Mult,  extremes  and  means,     x    =10^^+1200 

Transposing  10^,  ^vj  "JO^T^f  %,  ,  ...^ 

Completing  the  square,  x^  -10;^ +  23^=  25 +  1200 

Extracting  and  transp.  x=5+  V25+ 1200=5  +  35, 

The  two  prizes,  then,  are  40  and  160. 

Prob.  8.  What  two  numbers  are  those  whose  sum  is  6, 

and  the  sum  of  their  cubes  12?  .        ^       ,  ^ 

Ans.  2  and  4. 


SuBSTItUTlON. 

3^1  In  the  reduction  of  Quadratic  Equations,  as  well  as 
in  otiier  parts  of  algebra,  a  complicated  process  maybe  ren- 
dered much  more  simple,  by  introducing  a  new  letter  which 
shall  be  made  to  represent  several  others.  This  is  termed 
substitution.  A  letter  may  be  put  for  a  compound  quantity 
as  well  as  for  a  single  number.  Thus  m  the  equation 
x^  -2a.v=|+V86-64+A, 

we  may  substitute  b,  for  |  +  V86-64+L      The  equation 
will  then  become  .t=  -2ax=b,  and  when  reduced 

will  be  x=:atVa^-\-h. 

After  the  operation  is  completed,  the  compound  quantity 
for  which  a  single  letter  has  been  substituted,  may  be  restor- 
ed.    The  last  equation,  by  restoring  the  value  of  b,  mil 

become 

xr^ot  V^+I+v'S6-64+A, 
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Reduce  the  equation  ax —2x  —  d —hx ~ x^  —x 

Transp.  and  uniting  terms,  x"^  -\-ax—hx—x=d 
By  art.  120,  x"^  +{a-h  —  \)yx=d 

Substituting  A  for  («— 6  —  1),  ;c^  -\-1ix^=^d 

Completing  the  square,        x^  ■{-}LX-T-r~-^-\-d 

Ua.    11?       " 
Extracting  and  transp.  ''*•''  =  ~ "9  _  V  X  +  " 

„                                                        a-b-]A.    l{a-b-lY'~~ 
Restoring  the  value  of  h,    x—— -^ _  \/ r +  d 


SEC'J^ION  XI. 


SOLUTION    OF    PROBLEMS    WHICH    CONTAIN 
TWO  OR  MORE  UNKNOWN  QUANTITIES. 

DEMONSTRATION  OF  THEOREMS. 


Art. 


'"^1  T'^  *^^^  examples  which  have  been  given  of  the 
^  '  resolution  of  equations,  in  the  preceding  sec- 
tions, each  problem  has  contained  only  one  unknown  quan- 
tity. Or  if,  in  some  instances,  there  have  been  tivo,  they 
have  been  so  related  to  each  other,  that  both  have  been  ex- 
pressed by  means  of  the  same  letter.  (Art.   195.) 

But  cases  frequently  occur  in  which  several  unknown 
qaantities  are  introduced  into  the  same  calculation.  And  if 
the  problem  is  of  such  a  nature,  as  to  admit  of  a  determi- 
nate answer,  there  will  arise  from  the  conditions,  as  many 
equations  independent  of  each  other,  as  there  are  unknown 
quantities. 

Equations  are  said  to  be  independent,  when  they  express 
diiferent  conditions ;  and  dependent,  when  they  express  the 
same  conditions  under  different  forms.  The  former  are  not 
convertible  into  each  other.  But  the  latter  may  be  chan- 
ged from  one  foriri  to  the  other,  by  the  methods  of  reduc- 
tion which  have  been  considered.  'Thusb—x=y,nndb=y-jr^, 
are  dependent  equations,  because  one  is  formed  from  the. 
other  by  merely  transposing  x. 

323.  In  solving  a  problem,  it  is  necessary  first  to  find  the 
value  of  one  of  the  unknown  quantities,  and  then  of  the 
others  in  succession.  To  do  this,  we  must  derive  from  the 
equations  which  are  given,  a  new  equation,  from  which  all 
the  unknown  quantities  except  one  shall  be  excluded. 

Suppose  the  following  equations  are  given. 

1.  x-\-y  =  l4^ 

2.  x—y=2. 

|f  jf  be  transposed  in  each,  they  will  become 

1.  x  =  14—y  j 

^.  x:=2+y. 
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Here  the  first  member  of  each  of  the  equations  is  x,  and 
the  second  member  of  each  is  equal  to  x.  But  according  to 
axiom  5th,  quantities  which  are  respectively  equal  to  any 
ether  quantity  are  equal  to  each  other ;  therefore, 

2+y  =  U-y. 

Here  wc  have  a  new  equation,  which  contains  only  the 
unknown  quantity  y. 

Transposing  2  and  —y,  2y  =  12 

Dividing  by  2,  2/ =6. 

The  value  of  y  is  therefore  found.     Hence, 

324.  Rule  I.  To  exterminate  one  of  two  unknoun  quan- 
tities, and  deduce  one  equation  from  two  ;  Find  the  value  of 
one  of  the  unlaioivn  quantities  in  each  of  the  equations,  and 
form  a  new  equation  by  making  one  of  these  values  equal  to  the 
other. 

That  quantity  which  is  the  least  involved  should  be  the 
one  which  is  chosen  to  be  exterminated. 

For  the  convenience  of  referring  to  different  parts  of  a 
solution,  the  several  steps  will,  in  future,  be  numbered. 
When  an  equation  is  formed  from  one  immediately  preceding^ 
it  will  be  unnecessary  to  specify  it.  In  other  cases,  the  num- 
ber of  the  equation  or  equations  from  which  a  new  one  is 
derived  will  be  referred  to. 

Prob.  1.  To  find  two  numbers  such,  that 
Their  sum  shall  be  24 ;  and 
The  greater  shall  be  equal  to  5  times  the  less. 

Let  ^=the  greater;  And  y =the  less. 

1.  By  the  first  condition,  ;>c+y=24 

2.  By  the  second,  x=5y 

3.  Transp.  2/ in  the  1st  equation,  x=24—y 

4.  Making  the  2d  and  3d  equal,  5y=2'i—y 

5.  Transp.  and  uniting  terms,  6i/=24 

6.  Dividing  by  6,  ;y  =4,  the  less  number. 

Prcb.  2.  To  find  one  of  two  quantities, 
Whose  sum  is  equal  to  h  ;  and 
The  difference  of  whose  squares  is  equal  to  d. 

Let  .Y^lhe  greater  quantity ;  And  3/=:the  less. 
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1.  By  the  first  condition,  x-^y=:h     > 

2.  By  the  second,  x^—y^=d\ 

3.  Transp.  y^  in  the  2d  equation,  x^=d+y* 

4.  By  evolution,  (Art.  297.)  x=  yfd^y^ 

5.  Transp.  y  in  the  1st  equation,  sc=h—y 

6.  Making  the  4th  and  5th  equal  Vd-{-y^—h~-y 

7.  By  involution,  (Art.  295.)  d+y^  =^2  __2hy+y^ 

8.  Expunging  ?/2  (Art.  176.)  d=:h^—2hy 

9.  By  transposition,  2Jiy=h^—d 

h^  —d 
10.  Dividing  by  2Ay  y=~—: —  -^ 

Prob.  3.  Given  ax-\- by =h\  h—ad 

And         x-{-y=dl      To  find  ^.  Ans.  ?/=  ^_^  * 

325.  The  rule  given  above  may  be  generally  applied,  for 
,  the  extermination  of  unknown  quantities.      But  there  are 

cases,  in  which  other  methods  will  be  found  more  expedi- 
tious. 

Suppose  x~hy        > 

And     ax-\-hx—y'^  \ 

As  in  the  first  of  these  equations  x  is  equal  to  Jiy,  we  may, 
in  the  second  equation,  substitute  this  value  of  x  instead  of  x 
itself.     The  second  equation  will  then  be  converted  into 
ahy+bhy=y^^ 

The  equality  of  the  two  sides  is  not  affected  by  this  alter- 
ation, because  we  only  exchange  one  quantity  x,  for  another 
which  is  equal  to  it.  By  this  means  we  obtain  an  equation 
which  contains  only  one  unknown  quantity.     Hence, 

326.  Rule  II.  To  exterminate  an  unknown  quantit}'-, 
Find  the  value  of  one  of  the  unknown  quantities,  in  one  of  the 
equations  ;  and  then,  in  the  other  equation,  substituti:  this 
value,  for  the  unknoivn  quantity  itself. 

Prob.  4,  A  privateer  in  chase  of  a  ship  20  miles  distant, 
sails  8  miles,  while  the  ship  sails  7.  How  far  must  the  pri- 
vateer sail,  before  she  overtakes  the  ship .? 

It  is  evident  that  the  whole  distance  which  the  privateer 
sails  during  the  chase,  must  be  to  the  distance  which  the  slijp 
i?ails  in  the  same  time,  as  8  to  7. 
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Let;c=the  distance  which  the  privateer  sails; 
And  j^=the  distance  which  the  ship  sails. 

1.  By  the  supposition,  x=7j  +  20') 

2.  And  also,  x:y::8:l  ^ 

3.  Mult,  extremes  and  means,  Sy=7x 

4.  Dividing  by  8,  y=i^ 

5.  Substituting  ''/for?/ in  the  1st  eq.  ;sc'=|x+20 

6.  Multiplying  by  8,  and  transp.  ;v  =  l60. 

Prob.  5.  The  ages  of  two  persons  A  and  B  are  such,  that 
seven  years  ago,  A  was  three  times  as  old  as  B ;  and  seven 
years  hence,  A  will  be  twice  as  old  as  B.  What  is  the  age 
oiB? 

Let  :>i:=the  age  of  A;  And  y=the  age  of  B; 

Then  x—l  was  the  age  of  A,  7  years  ago; 
And    y—1  was  the  age  of  B,  7  years  ago. 
Also  x-^l  will  be  the  age  of  A,  7  years  hence; 
And  y  +  1  will  be  the  age  of  B,  7  years  hence. 

1.  By  the  first  condition,  x—'7=3x{y—'7)=5y-21 

2.  By  the  second,  ;c+7=2x  (y+7)=2y  +  14 

3.  Transp.  7  in  the  1st  equa.      x=3y  —  lA 

4.  Subst.32,'-14fora;,inthe2d,  3y-14+7=2jf4-14 

5.  Transp.  and  uniting  terms,  y=2l,  the  age  of  B. 

Prob.  6.  There  are  two  numbers,  of  which 

The  greater  is  to  the  less,  as  3  to  2:  and 
Their  sum  is  the  sixth  part  of  their  product. 

What  is  the  less  number  ?  Ans.  10. 

327.  There  is  a  third  method  of  exterminating  an  un- 
known quantity  from  an  equation,  which,  in  many  cases,  is 
preferable  to  either  of  the  preceding. 

Suppose  that  x+3y=a'> 
And  that         x  —  3y=b^ 

If  we  add  together  the  first  members  of  these  two  equa- 
tions, and  also  the  second  members,  we  shall  hare 

2x=a+b 
an  equation  which  contains  only  the  unknown  quantity  x. 
The  other,  having  equal   co-efficients  with  contrary  signs, 
has  disappeared.  (Art.  77.)     The  equahty  of  the  sides  is 
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preserved,  because  we  have  only  added  equal  quantities  t& 
equal  quantities.  (Ax.  1.) 

Again  suppose  3x+y=hy 
And  2a:+y=dl 

If  we  subtract  the  last  equation  from  the  first,  we  shall 
have 

x=h—d 

where  y  is  exterminated,  without  affecting  the  equality  of  the 
sides.  (Ax.  2.) 

Again,  suppose    x—2p=a} 
And  x-{-^y=h  \ 

Multiplying  the  1st  by  2,        2x—/ly=2a 

Then  addmg  the  2d  and  3d,  5x=b-\-2a.      Hence^ 

328.  Rule  III.     To  exterminate  an  unknown  quantity, 

Multiply  or  Divide  the  equation,  if  necessary,  in  such  a 
manner  that  the  term  which  contains  one  of  the  unknown  quan- 
ties  shall  be  the  same  in  both. 

Then  subtract  one  equation  from  the  other,  if  the  signs  of 
this  unknown  quantity  are  alike,  or  add  them  together,  if  the 
signs  are  unlike. 

It  must  be  kept  in  mind  that  both  members  of  an  equa- 
tion are  always  to  be  increased  or  diminished,  multiplied  or 
divided  ahke.  (Art.  170.) 

Prob.  7.  The  numbers  in  two  opposing  armies  are  such, 
that, 

The  sum  of  both  is  21110;  and 
^  Twice  the  number  in  the  greater  army,  added  to  three 
times  the  number  in  the  less,  is  52219. 

Wiiat  is  tho  number  in  the  greater  army  ? 

Let  pr=the  greater.  And  y=the  less. 

1.  By  the  first  condition,  a?4-t/=21110      > 

2.  By  the  second,  2r+3y =52219  > 

3.  Multiplying  the  1st  by  3,  3x-t-3z/ =63330  ' 

4.  Subtracting  the  2d  from  the  3d,  a:=lllll. 

Prob.  8.  Given  2x4-y-lQ,  and  3x-3y^6,  to  find  the 
value  of  X. 


EQUATIONS. 

1. 

2. 
3. 
4. 
6. 

By  supposition,                         2a' + 2/ = 1 6  > 
And                                            3;c-3^-6  f 
Multiplying  the  1  st  by  3,         6x  +  2,y  =48 
Adding'the  2d  and  3d,             9^=54 
Dividing  by  9,                           x=(S. 
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Pi'ob.  9,  Givefl  x+y  —  li,  and  x~y=2,  to  find  the  vahie 
*f  y.  Ans.  6. 

In  the  succeeding  problems,  either  of  the  three  rules  for 
exterminating  unknown  quantities  will  be  made  use  of,  as 
will  in  each  case  be  most  convenient. 

329.  When  one  of  the  unknown  quantities  is  determined, 
the  other  may  be  easily  obtained,  by  going  back  to  an  equa- 
tion which  contains  both,  and  substituting,  instead  of  that 
which  is  already  foiuid,  Its  numerical  value. 

Prob.  10.  The  mast  of  a  ship  consists  of  two  parts  : 

One  third  of  the  lower  part,  added  to  one  sixth  of  the  up- 
per part,  is  equal  to  28 ;  and 

Five  times  the  lower  part,  diminished  by  six  times  the  up- 
per part,  is  equal  to  12. 

What  is  the  height  of  the  mast  ? 

Let  ;f=the  lower  part ;  And  y =the  upper  part. 

1.  By  the  first  condition,  ^x-\--ly=28  } 

2.  By  the  second,  5x—iiy  =  l2  ^ 

3.  Multiplying  the  1st  by  6,  2x-{-y  =  lQS 

4.  Dividing  the  2d  by  6,  ■lx—y=2 

5.  Adding  the  3d  and  4th,  2cr+|-A'  =  170 
G.  Multiplying  by  6,  12a:+5;f  =  1020 

7.  Uniting  terms,  and  dividing  by  17,  :v=60,the  lower  paft. 

Then  by  the  3d  step,  2x-\-y  =  lGS 

That  is,  substituting  60  for  x,     1 20  +  /;  =  1 68       [per  part. 

Transposing  1 20,  ?/  =  1 68  - 1 20 =48,  the  up- 

Prob.  11.  To  find  a  fraction  such  that, 

If  a  unit  be  added  to  the  numerator,  the  fraction  Avill  be 
equal  to  ^  ;  but 

If  a  unit  be  added  to  the  denominator,  the  fraction  v.ill 
be  equal  to  |. 

lict  ;\'£=the  numorator,  Aod  y=the  denominator* 

W 
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1.  By  the  first  condition, 

"  r 

X  \ 

2.  By  the  second,  -——■=l\    \ 

3.  Clearing  the  tst  of  fractions,  3^+3=^ 

4.  Subst.  3;v+ 3,  for  y  in  the  2d,  '^^^T^'=\ 

5.  Clearing  of  fractions,  4:x=3x+4! 

6.  Transp.  and  uniting  terms,     ^=4,  the  numerator 

Then  subst.  4for  :v'  in  the  3d,  12+3=15=y,the  d'enominator. 

Prob.  12.  What  two  numbers  afe  those. 

Whose  difference  is  to  their  sum,  a-s  2  to  3 ;  and 
Whose  sum  is  to  their  product,  as  3  to  5  ? 

Ans.  10  and  2. 

Prob.  13.  To  find  two  numbers  such,  that 

The  product  of  their  sum  and  ditference  shall  be  5,  and 
The  product  of  the  sum  of  their  squares  and  the  differ- 
ence of  their  squares  shall  be  65. 

Let  :):=the  greater  number;  And  y=t\ie  less; 

f.  By  the  first  condition,.  (^x-\-y)x{x—y)=5 

2.  By  the  second,  {x^+y^)x{x'^  —y'^)=(j5 

3.  Mult,  the  factors  in  the  1st,  (Art.  235.)     x^  —y^  =5 

4.  Dividing  the  2d  by  the  3d,  (Art.  118.y    x'^+y^z=12 

5.  Adding  the  3d  and  4th,  2x^  =18 

6.  Dividing  by  2,  x^=9 

7.  By  evolution,  x  =  ^9—'3,  the  greater  number; 
The  other  number  is  2. 

In  the  4th  step,  the  first  member  of  the  2d  equation  is  di- 
Tided  by  x^—y^,  and  the  second  member  by  5,  which  is- 
equal  to  x^  —y^. 

Prob.  14.  To  find  two  numbers,  whose  differeH€e  is  8,  anct 
product  240. 

Prob.  15.  To  find  two  numbers, 

Whose  difference  shall  be  12,  and 
The  sum  of  their  squares  1424. 

Let  ;v=the  greater;  And  y=sthe  lessr 
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S.  By  the  1st  condition,  a  — 2/  =  12  ^ 

2.  By  the  second,  a  «  +y^=  1'124  > 

3.  Ti-ansp.  y  in  the  1st,  x  =  i/-\-12 

4.  Squaring  both  sides,  a-^  =«/2 +24j/+144 

5.  Transp.  y^  in  the  2d,  x^  =1424-?/2 

6.  Making  the  4th  and  5th  equal,  7/24.24^-1-144  =  1424-?,'" 

7.  Transp.  and  uniting  terms,  2y*+247/  =  12S0 

8.  Dividing  by  2,  y^  +  12y =G40 

9.  Completing  the  square,  ?/*  4-12?/4-36=6'76 

iO.  Extracting  and  transp.  y=-Q-  a/67¥=— G±2G. 

And    A'=:?/-fl2=20+12=32 


Equations  which  contain    three    on    more   Unknown 
Quantities. 

330.  In  the  examples  hitherto  given,  each  has  contained 
no  more  than  tivo  unknown  quantities.  And  two  indepen- 
jdent  equations  have  been  sufficient  to  express  the  conditions 
of  the  question.  But  problems  may  involve  three  or  more 
unknown  quantities;  and  may  require  for  their  solution  as 
inany  independent  equations. 

Suppose  x-{-y-\-z  =  l2     ^ 

And         x-\-2y  —  2z  =  10y  are  given,  to  find  x.  y,  and ;:. 

And         x-{-y  —  z=4:        ) 

From  these  three  equations,  two  others  may  be  deriv^ed, 
which  shall  contain  only  tivo  unknown  quantities.  One  of 
the  three  in  the  original  equations  may  be  exterminated,  in 
the  same  manner  as  Avhen  there  are,  at  first,  only  two,  hy  the 
^•ules  in  arts.  324,  6, 8. 

In  the  equations  given  aboye,  if  we  transpose  y  and  z,  we 
■shall  have, 

In  the  first,  x  =  12— y—z  ^ 
In  the  second,  3:'=::  10—2^+22  > 
In  the  third,     x=4:—y-\-z        ) 

Fr&m  these  we  may  deduce  two  new  equations,  frona 
which  X  shall  be  excluded. 

By  making  the  1st  and  2d  equal,    l2—y—z  =  l0—2y-\-2z  > 
By  maidng  the  2d  and  3d  equal,     10—2y-{-2z  =  i—y+z    ) 

By  trans,  and  uniting  terms,  in  the  1st  of  these  two,  y=3z-2  > 
By  trans,  and  uniting  terms,  in  the  «;econd,  y=z-^Q  ) 
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From  these  two  equations,  one  maybe  derived  contaia- 
ing  only  one  unknown  quantity, 

Making  one  equal  to  the  other,  82:— 2=c;+6 

Transp.  uniting  terms,  and  dividing,  z=^.     Hence, 

331.  To  solve  a  problem  containing  three  unknown  quan- 
tities, and  producing  three  independent  equations, 

First,  from  the  three  equations  deduce  two,  containing  only 
two  unknown  quantities, 

Then,  from  these  two  deduce  one,  containing  only  one  un- 
known quantity. 

For  making  these  reductions,  the  rules  already  given  are 
sufficient.     (Art.  324,  6,  8.) 

Prob.  16.  Let  there  be  given, 

1.  The  equation  x-f  5?/ +  6^  =  53  ) 

2.  A  nd  A' + 3^  +  3r  =  30  J  To  find  x,  y,  and  z. 

3.  And  x-{-y-\rZ  =  \2      ) 

From  these  three  equations  to  derive  two,  containing  only 
two  unknown  quantities, 

4.  Subtract  fhe  2d  from  the  1st,  23/+3~=23> 

5.  Subtract  the  3d  from  the  2d,  2y-\-2z~l^  \ 
From  these  two,  to  derive  one, 

6.  Subtract  the  5th  from  the  4th,  z=5. 

To  find  X  and  y,  we  have  only  to  take  their  values  fro  hi 
the  3d  and  5th  equations.  (Art.  329.) 

7.  Transp.  the  5th  and  dividing,   y=9— ;i=9  — 5=4 

8.  Transposing  in  the  3d,  a?  =  1 2-z-y  =■  1 2-5-4 = 3. 

Prob.  17.  To  find  x,  y,  and  z,  from 

1.  The  equation  a'  +  t/4-~  — 12      ") 

2.  And  x+2y+3z=20  \ 

3.  And  fr+|i/+z=6    ) 

4.  Multiplying  the  I  st  by  .S,  3r  -\-3y-\-2z=m 

5.  Subtracting  the  2d  from  the  4th,    2x-\-y  =  lG 

6.  Subtracting  the  3d  from  the  1st,     ■J;  — ^r+y— |7/=Q 

7.  Clearing  the  6th  of  fractions,         4.v  4-3^=30  > 

8.  Multiplying  the  5th  by  3,  6.v-f  3y=48  \ 

9.  Subtracting  the  7th  from  the  8th,  2r  =  12.  And  ,r=6. 

.  ...  36-4;^     36-24 

10.  Transp.  in  the  7th,  and  dividing,  y=— ——=——— =4. 

SL  Transp.  in  the  1st  equation,       y~12-x~y=:12~Q~4:=Z 
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In  l3ik  example  all  the  reductions  have  been  made  accor- 
-dine;  to  the  third  rule  for  exterminating  unknown  quantities. 
(Art.  328.)  But  either  of  the  three  may  be  used  at  pleas- 
ure. 

332.  A  calculation  may  often  be  very  much  abridged,  by 
the  exercise  of  judgment,  in  stating  the  question,  in  select- 
ing the  equations  from  which  others  are  to  be  deduced,  in 
simplifying  fractional  expressions,  in  avoiding  radical  quanti- 
ties, &c.  The  skill  which  is  necessary  for  this  purpose,  how- 
ever, is  to  be  acquired,  not  from  a  system  of  rules ;  but 
from  practice,  and  a  habit  of  attention  to  the  peculiarities  in 
the  conditions  of  different  pro'olems,  the  variety  of  ways  in 
which  the  same  quantity  may  be  expressed,  the  numerous 
forms  ^vhich  equations  may  assume,  iic.  In  many  of  the 
examples  in  this  and  the  preceding  sections,  the  processes 
might  have  been  shortened.  But  the  object  has  been  to  il- 
lustrate general  principles,  rather  than  to  furnish  specimens 
of  expeditious  solutions.  The  learner  will  do  w-ell,  as  he 
passes  along,  to  exercise  his  skill  in  abridging  the  calcula- 
tions which  are  here  given,  or  substituting  others  in  their 
stead. 

(1.  x-^y=:a) 

Prob.  18.  Given,  {  2.  x+z=h  \-To  fmd  x,  y,  and  r. 

l2,.y+z=c) 

a-^h—c                 a-\-c  —  b                     b-\-c—a 
Ans.   x=— — 5 — •  And  3/= ^ And  z——^ ■ 

Prob.  19.  Three  persons  A,  B,  and  C,  purchase  a  horse 
for  100  dollars,  but  neither  is  able  to  pay  for  the  whole.  The 
p'^yment  would  require. 

The  'ivhole  of  A's  money,  together  with  half  of  B's  ;  or 

The  whole  of, B's,  with  one  third  of  C's;  or 

The  whole  cf  C's,  with  one  fourth  of  A's. 
How  much  money  had  each.'* 

Let  .r= A's  z=C's 

y—B'%  a  =  100 
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1 .  By  the  first  condition,  '^+jy^O') 

2.  By  the  second,  y+^z=a  > 

3.  By  the  third,  z+lx=a} 

4.  Transp.  in  the  1st,  and  clear,  fractions,  y=2a—2x 

5.  Transp.  in  the  second,  y=:a-~^z 

6.  Making  the  4th  and  5th  equal,  2a~2x=a--^z 

7.  Trans,  in  the  6th,  and  clear,  fractions,  z=6x  —  '3a  > 

8.  Trans,  in  the  3d,  z=a  —  i^x    ) 

9.  Making  the  7th  and  8th  equal,  ^x  —  3a=a  —  ^-x' 

10.  Trans,  in  the  9th  and  clear,  fractions,  25x=:lQa  =  lGQ0 

1 1 .  Dividing  by  25,  ;>^=64,A'snnoney. 
12  By  the  Sth  equation,  2=a  —  ^r==100  — 16  =  84,  C's. 
13.  By  the  5th,                      y=a-}z-lQO— 23=12,  B's- 

333.  The  learner  must  exercise  his  own  judgment,  as  to 
ihe  choice  of  the  quantity  to  he  first  exterminated.  It  will 
generally  be  best  to  begin  with  that  which  is  most  free  from 
co-efficients,  fractions,  radical  signs,  Sac. 

Prob.  20.  The  sum  of  the  distances  which  three  persons, 
A,  B,  and  C,  have  travelled  is  62  miles ; 
A's  distance  is  equal  to  4  times  C's,  added  to  twice  B's;  and 
Twice  A's  added  to  3  times  B's,  is  equal  to  17  times  C's. 

What  are  the  respective  distances  .'' 

Ans.  A's,  46  miles  ;  B's,  .9;  and  C's  7. 

Prob.  21 .  To  find  x,  y,  and  z,  from 

1.  The  equation         '  |a:+4y+|2r=62) 

2.  And  ^,r+^y+ 1^=47  S 

3.  And  i.r4-|i/+-i.2r=38) 

!  4.  Clear,  the  1st  of  fractions,    12jc+&2/  +  6z  =  1488      ) 

5.  Do.     the2d,  20x-^15y  +  12z=:2820\ 

6.  Do.     the  3d,  30a:+24?/+20:r=4560 ) 

7.  Mult,  the  4th  by  2,  24a;-}-  16^-f  12z=2976 

8.  Subtract.  5th  from  7th,  Ax-^-y  —  lBQ 

9.  Mult,  the  5th  by  5,  100;i--h757/  +  60^= 14100 

10.  Mult,  the  6th  by  3,  90a.- -{- 72?/ -f  60^  =  13680 

11.  Subtract.  10th  from  9th,       10a?+3i/=420 

12.  Transp.  in  the  8th  y  =  156— 4r 

420-lO.r 

13.  Do.  11th,  and  divid.  by  3,  y= ^ 

420 -lOa: 

14.  Mak.  12th and  13th  equal,  ^ =  156— 4Af 

15.  Clearing  of  fractions,  he.    «=24 

16.  By  the  12th,  3/=156-4a:  =  156-96=60. 

17.  By  the  4tb,  transp.  Sec.       ^=120. 


X. 
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Prsb.  22.  Given   <  xz=300  >  To  find  x,  y,  and  z. 
(yz =200) 

Ans.  x=30.  3/=20.  0=10. 

334.  The  same  method  which  is  employed  for  the  reduc- 
tion of  three  equations,  may  be  extended  to  4,  5,  or  any 
number  of  equations,  containing  as  many  unknown  quanti- 
ties. The  unknowTi  quantities  may  be  exterminated,  one  af- 
ter another,  and  the  number  of  equations  may  be  reduced 
by  successive  steps,  from  five  to  four,  from  four  to  three, 
from  three  to  two,  &ic. 

Prob.  23.  To  find  w,  x,  y,  and  s,  from 

1.  The  equation  \y+z+\u'  =  '^'\ 

2.  And  cc+y-\-w=Q       I  ^ 

3.  And  ^+y+~^12     f'^^^'*  equations. 

4.  And  x-\-w+z  =  \0    j 

5.  Clear,  the  1st  of  frac.  y+2^+ty  =  16  ) 

6.  Subtract.  2d  from  3d,  2f  — w  =  3    >  TAree. equations 

7.  Subtract.  4th  from  3d,         y—iv=2    ) 

8.  Adding:  5th  and  6th,       y4-2z  =  19}  m 

9.  Subtract.  7th  from  6th,  -y+z  =  l  I  ^^"^  equations. 

10.  Adding  8th  and  9th,  42r=20.     Or  z=5      ') 

11.  Transp.  in  the  8th,     y=19-3z=19-15=4  1  Quantities 

12.  Transp.  in  the  3d,      x==l2—y—z=3  (   required- 

13.  Transp.  in  the  2d,      ^t;=9— a:— ^=2  J 

fw-^50=x     ') 

*Prob.  24.  Given    <j  ^+  J^^=^|  ^To  find  ir,  x,  y,  and  z. 

lz+195=3iv} 

Answer,  it; =100  y=90 

«  =  150  z  =  105. 


535.  If  in  the  algebraic  statement  of  the  conditions  of  a 

*  For  more  examples  of  the  solution  of  Problems  by  equations, 
see  Euler's  Algebra,  Part.  i.  Sec.  4,  Simpson's  Algebra,  Sec.  ii,  Simp- 
son's Exercises,  Maclaurin's  Alg^ebra,  Part  1,  Chap.  2  and  IS,  Emer- 
son's Algebra,  Book  ii,  Sec.  1,  Saunderson's  Algebra,  Book  ii  and  m^ 
■md  Dydson's  IMatliematical  Repository. 
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problem,  tlie  original  equations  are  more  numerous  than  the 
unknown  quantities ;  these  equations  will  either  he  contra- 
dictory, or  one  or  more  of  them  will  be  superfluous. 

Thus  the  equations  \  jtJZgQ  [  '^^^  contradictorjr. 

For  by  the  first  a? =20,  while  by  the  second  a: =40. 

But  if  the  latter  be  altered,  so  as  to  give  to  .v  the  same  val- 
ue as  the  former,it  will  be  useless,  in  the  statement  of  a  prob- 
lem. For  nothing  can  be  determined  from  the  one,  wHicla 
can  not  be  from  the  other. 

Thus,  of  the  equations   ]  ,    —  in  ^  ^"^  ^^  superfluous. 

For  either  of  thern  is  sufficient  to  determine  the  value  of 
X.  They  are  not  independent  equations.  (Art.  322.)  One  is 
convertible  into  the  other.  For  if  we  divide  the  1st  by  6,  it 
will  become  the  same  as  the  second. 

Or  if  w€  multiply  the  second  by  6y  it  will  become  the 
same  as  the  first. 

336.  But  if  the  number  of  independent  equations  produ- 
ced from  the  conditions  of  a  problem,  is  less  than  the  num- 
ber of  unknown  quantities,  the  subject  is  not  sufficiently  lim- 
ited to  admit  of  a  definite  answer.  For  each  equation  cart 
limit  but  one  quantity.  And  to  enable  us  to  find  this  quan- 
tity, all  the  others  connected  with  it,  must- either  be  previ- 
ously known,  or  be  determined  from  other  equations.  If 
this  is  not  the  case,  there  will  be  a  variety  of  answers  which 
will  equally  satisfy  the  conditions  of  the  question.  If,  for 
instance,  in  the  equation 

y-«[nd  y  are  required,  there  may  be  fifty  different  answers. 
The  values  of  x  and  y  may  be  either  99  and  1,  or  98  and  2, 
or  97  and  3,  fee.  For  the  sum  of  each  of  these  pairs  of 
numbers  is  equal  to  100.  But  if  there  is  a  second  equation 
which  determines  one  of  these  quantities,  the  other  may 
then  be  found  from  the  equation  already  given.  As  .t-}-?/  =  100, 
if  a; =46,  y  must  be  such  a  number  as  added  to  4G  will  make 
loo,  that  is,  it  must  be  54.  No  other  number  will  answer 
this  condition. 

337.  For  the  sake  of  abridging  the  solution  of  a  problem,how- 
ever,  the  number  of  independent  equations  actually  put  upon 
paper  is  H'equcntly  less,  than  the  number  of  unknown  quan- 
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titles.  Suppose  we  are  required  to  divide  100  into  two  such, 
parts  that  the  greater  shall  be  equal  to  three  times  the  less. 
If  we  put  X  for  the  greater,  the  less  will  be  100—  .r.  (Art.196.) 

Then  by  the  supposition,  jc=300  — 3a: 

Transposing  and  dividing,  a: =75,  the  greater. 

And  100-75=25,  the  less. 

Here,  two  unknown  quantities  are  found,  although  there 
appears  to  be  but  one  independent  equation.  The  reason  of 
tliis  is,  that  a  part  of  the  solution  has  been  omitted,  becaus* 
it  is  so  simple,  as  to  be  easily  supplied  by  the  mind.  To 
have  a  view  of  the  whole,  without  abridging,  let  ;v=the 
greater  number,  and  y=the  less. 


1. 

2. 
3. 
4. 

Then  by  supposition,                     x-\-y  —  \^Q\ 
And                                                   5i/=x          5 
Transp.  x  in  the  1st,                       y  =  lOO—x 
Dividing  the  2d  by  3,                      y  =  ix 

5. 
6. 

7. 

Making  the  3d  and  4th  equal,      |;c  =  100— ^c 
Multiplying  by  3,                           x= 300  —  3j7 
Transp.  and  dividing,                      x  =  '75,  the  greater. 

8. 

By  the  3d  step,                           2/  =  l00-x=25,  the  less, 

By  comparing  these  two  solutions  with  each  other,  it  will 
be  seen  that  the  first  begins  at  the  6th  step  of  the  latter,  all 
the  preceding  parts  being  omitted,  because  they  are  too  sim- 
ple to  require  the  formality  of  writing  down. 

Probi  To  find  two  numbers  whose  sum  is  30,  and  the 
differeiuce  of  their  squares  120. 

Lettt=30  &  =  120 

;c=the  less  number  required. 
Then  a—x=ihe  greater.  (Art.  195,) 
And  a^ —2ax-\-x^  =the  square  of  the  greater.  (Art.  214,) 
From  thii  subtract  x^  the  square  of  the  less,  and  we  shall 
have  a^  —2ax=the  diiference  of  their  squares, 

1.  By  supposition,  b=a^—2ax 

2.  By  transposition,  2ax=a^  —b 

^.  .,.      ,  a^-b 

3.  Dividmg  by  2a  x=:~^ — 

,    „         .       ,  3Q2-120 

4.  llestonng  the  numbers,       x= — ^  '    ^  =13,  the  less, 

°  '  2  X  30  ' 

And  a--^=30— 13=17,  the  greater, 
X 
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338.  Ill  most  cases  also,  the  solution  of  a  problem  wHrcfr 
contains  many  unknown  quantities  may  be  abridged,  by  par- 
ticular artifices  in  substituting  a  single  letter  for  several. 
(Art.  321.) 

*  Suppose  four  numbers,  u,  x,  y,  and  £,  are  required,  of  whick^ 
The  sum  of  the  three  first  is  13^ 

The  sum  of  the  two  first  and  last  17 

The  sum  of  the  fu'st  and  two  last  18 

The  sum  of  the  three  last  21 

Then    1.  u  +  x-\-y  =  l3 

2.  u+x+z^n 

3.  u+y+z=13 

4.  x+y+z=2l 

Let  <Sbe  substituted  for  the  sum  of  the  four  numbers,  that 
16,  for  u  +  x  +  y-{-z.  It  will  be  seen  that,  of  these  four  equa- 
tions, 

The  first  contains  all  the  letters  except  z,  that  is,  S—z  —  ]3 
The  second  contains  all  except  y,  that  is,  S—y  =  n 

The  third  contains  all  except  x,  that  is,  S—x  =  18 

The  fourth  contains  all  except  u,  that  is,  S— m=2L 

Adding  ail  tliese  equations  together,  we  have 

4^S—z—y—x—u=Q9 
Or    'lS-{z-\-y-\-x+u)=G9{ArUQ2.) 
But    S={z+y-{-x+y)  hy  substitution. 
Therefore,  46'-.S=69,  that  is,  3>S=i69,  and  6'=23. 

Then  puttmg  23  for  <S,  in  the  four  equations  in  which  it  ia. 
first  introduced,  we  have 

23-z^l3^  rs=23- 13  =  10 

23-2^  =  17  I,,       .       J  y=:23-17=6 

23~w=^2lJ  [m=23-21=2; 

Contrivances  of  this  sort  for  facilitating  the  solution  of" 
particular  problems,  must  be  left  to  be  furnished  for  the  oc- 
casion, by  the  ingenuity  of  the  learner.     They  are  of  a  na- 
ture not  to  be  taught  by  a  system  of  rules. 

339.  In  the  resolution  of  equations  containing  several  un- 
known quantities,  there  will  ofien  be  an  advantage  in  adopt- 
ing the  following  method  of  notation. 

^Liullam's  Algebra,  art  lei.  c. 
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' .    The  co-efficients  of  one  of  the  unknown  quantities  arc 
Tepresented, 

In  the  Jirst  equation,  by  a  single  letter,  as  a. 
In  the  second,  by  the  same  letter  marked  with  an  accent,  as  <f, 
in  the  third,  by  the  same  letter  with  a  double  accent,  as  a", 

&;c. 

The  co-efficients  of  the  other  unknown  quantities,  are 
represented  by  other  letters  marked  in  a  similar  manner;  as 
are  also  the  terms  which  consist  of  known  quantities  only. 

Ttvo  equations  containing  the  two  unknown  quantities  x 
and  y  may  be  written  thus, 

(ix-\-by=c 
a!x+h'y=c' 

Three  equations  containing  x,  y,  and  z,  thus, 

ax-^hy+cz=d 

a'x-{-b'y-\-c'z=d' 

a"x-^b''y-\-c"z—d" 

Four  equations  containing  x,  y,  z,  and  w,  thus, 

ax-\-by-\-cz-\-du==e 
a'x-\-b'y-\-c'z-\-d'u=e' 
a"x-\-b"y-\-c"z-\~d''u=e" 
a'''x+b"'y+c"'z-\'d"'u=e"' 

The  same  letter  is  made  the  c9-efficient  of  the  same  un- 
known quantity,  in  different  equations,  that  the  co-efficients 
of  the  several  unknown  quantities  may  be  distinguished,  in 
any  part  of  the  calculation.  But  the  letter  is  marked  with 
different  accents,  because  it  actually  stands  for  different  quan- 
tities. 

Thus  we  may  put  a =4,     a'=6,     a"  =  10,     a"'=20, 8ic. 

To  find  the  value  of  x  and  y. 

1.  In  the  equation,  nx+l)y=t      > 

2.  And  a'x-\-b'y  =  c'  y 

3.  Multiplying  the  Istby  &",(Art.328.)  «6'^-H66'y=c6' 

4.  Multiplying  the  2d  by  b,  ba'x+bb'y=bc' 

5.  Subtracting  the  4th  from  the  3d,      ab'x—ba'x—cb'  —he 

cb' —  be    ^ 

6.  Binding  hyab'—ha  (Art.  121.)      ^—'^/IZi^^  J 

ac'—ca    I 
By  a  similar  process,  y~ 01/^7 ) 
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The  symmetry  of  these  expressions  is  well  calculated  to 
fix  them  in  the  memory.  The  denominators  are  the  same 
in  both ;  and  the  numei'ators  are  like  the  denominators,  ex- 
cept a  change  of  one  of  the  letters  in  each  term.  But  the 
particular  advantage  of  this  method  is,  that  the  expressions 
here  obtained  may  be  considered  as  general  solutions,  which 
gire  the  values  of  the  unknown  quantities,  in  other  equation* 
of  a  similar  nature. 

Thus  if  10;c+6t/  =  100> 
And        40Ar  +  4?/=200  5 
Then  putting  a  =  10  6=6  c=100 

a' =40  &'=4  '^'=200 

Txr    ,  cb'—hc       100x4—6x200 

We  have  X^-y, — 7-t=— tt^ — r — ;:; — T7r-=4. 
ah —ha        10x4—6x40 

^     ,  ac'-ca       10x200  —  100x40 

^^  2/=75r::j7=ni03^4^-6x4O-  =  10. 

The  equations  to  be  resoh'td  may,  originally,  consist  of 
more  than  three  terms.  But  if  they  are  of  the  first  degree, 
and  have  only  two  unknown  quantities,  each  may  be  redu- 
ced to  three  terms  by  substitution. 

Thus  the  equation  dx—!ix-\-hy—Qy=zm  +  ^ 

Is  the  same,  by  art.  120,  as  (<?— 4);v+(A— 6)3/=m  +  8 

And  putting  a =£?— 4,  h—h—Q                c=m+8 

It  becomes  ax+hy^c.^ 


Demonstration  of  Theorems. 

540.  Equations  have  been  applied,  in  this  and  the  prece^ 
ding  sections,  to  the  solution  ofprohlems.  They  may  be  era- 
ployed  with  equal  advantage,  in  the  demonstration  of  theorems. 
The  principal  difference,  in  the  two  cases,  is  in  the  order  in 
which  the  steps  are  arranged.  The  operations  themselves  are 
substantially  the  same.  It  is  essential  to  a  demonstration,  that 
conaplete  certainty  be  carried  through  every  part  of  the  pro- 

*For  the  application  ©f  this  plan  of  notation  to  the  solution  of 
equations  which  contain  more  than  two  unknown  quantities,  see  La 
Croix's  Algebra,  art.  85,  Maclaurin's  Algebra,  Part  i.  Chap.  12, 
Fenn's  Algebra,  p.  57,  and  a  paper  of  Laplace,  in  the  Memoirs  of  the 
Academy  of  Sciences  for  1773. 
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cess.  (Art.ll.)  This  is  effected,  in  the  reduction  of  equations, 
by  adhering  to  the  general  rule,  to  make  no  alteration  which 
shall  aflect  the  value  of  one  of  the  members,  without  equally 
ificreasing  or  dhniRishing  the  other.  In  applying  tliis  princi- 
ple, we  are  guided  by  the  axioms  laid  down  in  art.  63.  These 
axioms  are  as  appliciible  to  the  demonstration  of  theoremSj 
as  Ifo  the  sciution  of  problems. 

But  ihe  order  of  the  steps  will  generally  be  different.  In 
solving  a  problem,  the  object  is  to  tind  the  value  of  the  un- 
known quantity,  by  disengaging  it  from  all  other  quantities. 
But  in  conducting  a  demonstration,  it  is  necessary  to  bring 
the  equation  to  that  particular  form  which  will  express,  in 
algebraic  terms,  the  proposition  to  be  proved. 

Ex.  1.  Theorem.  Four  times  the  product  of  any  two 
numbers,  is  equal  to  the  square  of  their  stun,  diminished  by 
the  square  of  their  difference. 

Let  ;c=the  greater  number,  5=;their  sum, 

2/= the  less,  £?= their  difference! 

DenionstraiiGn. 

1.  By  the  notation  A'+f/=s  \ 

2.  And  x—y=d  ^ 

3.  Adding  the  tAvo,  (Ax.  1.)  2x~s-\-d 

4.  Subtracting  the  2d  from  the  1st,  2^=3  — d 

5.  Mult.  Sd  and  4th,  (Ax.  3.)  4.vj/  =  (s-J-fO  X  {s-d) 

6.  That  is,  (Art.  235.)  Ax'ij:^s^ -d^. 

The  last  equation  expressed  in  words  is  the  proposition 
which  was  to  be  demonstrated.  It  will  be  easily  seen  that 
it  is  equally  applicable  to  any  two  numbers  whatever.  For 
the  particular  values  of  x  and  y  will  make  no  difference  in 
the  nature  of  the  proof. 

Thus4x8x6  =  (8  +  6)2-(8-G)2  =  192. 
And   4xl0x6  =  (104-6)2-(l0-6)^=240. 
And   4xl2xlO  =  (12+10)* -(12-10)2  =480. 

Theorem,  2.  The  sum  of  the  squares  of  any  two  numbers, 
is  equal  to  the  square  of  their  difference,  added  to  twice 
their  product. 

Let  a'=the  greater,  <?=their  difference. 

j'-^'^'C  less,  j9=the:r  product. 
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Demonstration. 

1 .  By  the  notation  x~y=id> 

2.  And  ^y=p      > 

3.  Squaring  the  first,  x^  -'2xy+y*  i=d* 

4.  Multiphdng  the  2d  by  2,  2xy=2p 

5.  Adding  the  3d  and  4th,  x^  +y2  _.^2  _^2p. 

Thus  102+8^=(l0-8)2+2xl0x8  =  164. 

341.  General  propositions  are  also  discovered,  in  an  expe- 
ditious manner,  by  means  of  el^uations.  The  relations  of 
quantities  may  be  presented  to  our  view,  in  a  great  variety 
t)f  ways,  by  the  several  changes  through  which  a  given  equa- 
tion may  be  made  to  pass.  Each  step  in  the  process  will 
contain  a  distinct  proposition. 

Let  s  and  d  be  the  sum  and  differeace  of  two  quantities 
«•  and  y,  as  before. 

1.  Then  «=a;+?/> 

2.  And  d=x—y  ^ 

3.  Dividing  the  1st  by  2,  is=|:y+|y 
.4.  Dividing  the  2d  by  2,  ■k^=i'^~iy 

5.  Adding  the  3d  and  4th,  ^s-^-^d—^x+^x^x 

6.  Sub.  the  4th  from  the  3d,  l^  — 2<^=iy+|y=y' 

That  is, 

Half  the  difference  of  two  quantities,  kidded  to  half  their 
sum,  is  equal  to  the  greater  ;  and 

Half  their  difference  subtracted  from  half  their  sumiy  is  equcd 
to  the  less. 


SECTION  xir. 


RATIO  AND  PROPORTION  * 


Art  '542  HPHE  design  of  mathematical  investigations,  k> 
to  arrive  at  the  knowledge  of  particular 
quantities,  by  comparing  them  with  other  quantities,  either 
equal  to,  or  greater^  or  less  than  those  which  are  the  objects 
®f  inquiry.  The  end  is  most  commonly  attained  by  means 
of  a  series  of  equations  and  proportions.  When  we  make 
use  of  equations,  we  determine  the  quantity  sought,  by  dis- 
covering its  equality  with-  some  other  quantity  or  quantities 
already  known. 

We  have  frequent  occasion,  however,  to  compare  the  un-^ 
known  quantity  with  others  which  are  not  equal  to  it,  but  ei- 
ther greater  or  less.  Here,  a  different  mode  of  proceeding  be- 
comes necessary.  We  may  inquire,  either  how  much  one  of 
the  quantities  is  greater  than  the  other ;  or  how  many  times^ 
(he  one  contains  the  other.  Iii  finding  the  answer  to  either 
of  these  inquiries,  we  discot^er  what  is  termed  a  ratio  of  the 
two  quantities.  One  is  called  arithmetical,  and  the  other  ge~ 
emetrical  ratio.  It  should  be  observed,  however,  that  botk 
these  tex'ms  have  been  adopted  arbitrarily,  merely  for  dis- 
tinction sake.  Arithmetical  ratio,  and  geometrical  ratio, 
are  both  of  thera-  applicable  to  arithmetic,  and  both  to  ge- 
ometry. 

As  the  whole  of  the  extensive  and  important  subject  of 
proportion  depends  upon  ratios,  it  is  necessary  that  these 
:3hould  be  clearly  and  fully  understood. 

343.  Arithmetical  ratio  is  the  difference  between  two- 
quantities  or  sets  of  quantities.  The  quantities  themselves 
are  called  the  tt»'ms  of  the  ratio,  that  is,  the  terms  between- 

*  Euclid's  Elements,  Cook  5,7,  8.  Eider's  Algebra,  Part  i.  Sec.  8 
Emerson  on  Proportion.  Gamus'  Geometry,  Book  iii.  Ludlam's 
Mathematics.  Wallis'  Algebra,  Chap,  19,  20.  Saunderson's  Aige- 
bra.  Book  7.  Bar.'-ow's  Mathematical  Lectures.  See  also  an  ingen- 
ious essay  on  the  5th  book  of  Euclid,  in  the  Analyst  for  MafcU  1814^. 
by  Professor  Adraiji.^ 
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which  the  ratio  exists.  Thus  2  is  the  arithmetical  ratio  of 
5  to  3.  This  is  sometimes  expressed,  by  placing  two  points 
between  the  quantities  thus  5  .  .3,  which  is  the  same  as  5  —  3. 
Indeed  the  term  arithmetical  ratio,  and  its  notation  by  points 
are  almost  needless.  For  the  one  is  only  a  substitute  for  the 
word  difference,  and  the  other  for  the  sign  — . 

344.  If  both  the  terms  of  an  arithmetical  ratio  be  nivlti- 
jplied  or  divided  by  the  same  quantity,  the  ratio  will,  in  effect, 
be  multiplied  or  divided  by  that  quantity. 

Thus  if  a-h=r 

Then  mult,  both  sides  by  A,  (Ax.  3.)     ha—hb=hr 

a      b       r 
And  dividing  by  h,  (Ax.  4.)  "t  ~'T—'j^  * 

345.  If  the  terms  of  one  arithmetical  rati'o  be  added  to» 
or  subtracted  from,  the  corresponding  terms  of  another,  the 
ratio  of  their  sum  or  difference  will  be  equal  to  the  sum  or 
difference  of  the  two  ratios. 

And2lA}^'^^^^^^'^°'^^^°'' 

Then  {a+d)-{b-tk)  =  {a-b)  +  {d-h).  For  each  =«+^-i-A. 
And    {a—d)  —  {b—h)={a  —  b)  —  {d-k).  For  each =a-d-b+Ji. 

Thus  the  arith.  ratio  of  11  ..4  is .7  > 
And    the  arith.  ratio  of    5 . .  2  is  3  j 

The  ratio  of  the  sum  of  the  termsl  6 . .  6isl  0,the  sum  of  the  ratios. 
The  ratio  of  the  drff.  of  the  terms  6 . .  2  is  4,the  diff.  of  the  ratios- 

346.  Geometrical  ratio  is  that  relation  between  quanti- 
ties loliich  is  expressed  by  the  quotient  of  the  one  divided  by 
the  other. 

Thus  the  ratio  of  8  to  4,  is  |  or  2.  For  this  is  the  quotient 
ef  8  divided  by  4.  In  other  words,  it  shows  how  often  4  is 
contained  in  8. 

In  the  same  manner,  the  ratio  of  any  quantity  to  another 
may  be  expressed  by  dividing  the  former  by  the  latter,  or, 
which  is  the  same  thing,  making  the  former  the  numerator 
of  a  fraction,  and  the  latter  the  denominator. 

Or 

Thus  the  ratio  of  a  to  t  is  -r- 

d-\-h 
ThcrSiUo  of  d-\-h  to  b-\-CjkTYT. 
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347.  Geometrical  ratio  is  also  expressed  by  placing  two 
points,  one  over  the  other,  between  the  quantities  com- 
pared. 

Thus  a  :  b  expresses  the  ratio  of  a  to  S  ;  and  12 : 4  the 
ratio  of  12  to  4,  The  two  quantities  together  are  called  a 
cmiplet,  of  which  the  first  term  is  the  antecedent,  and  the  last, 
the  consequent. 

343.  This  notation  by  points,  and  the  other  ui  the  form  of 
a  fraction,  may  be  exchanged  the  one  for  the  other,  as  con- 
venience may  require ;  observing  to  make  the  antecedent  of 
the  couplet,  the  numerator  of  the  fraction,  and  the  conse- 
quent the  denominator. 

h 
Thus  10:5  is  the  same  as  y  and  h  :  d,  the  same  as-^  • 

349.  Of  these  three,  the  antecedent,  the  consequent,  and 
the  ratio,  any  two  being  given,  the  other  may  be  found. 

Let  a=the  antecedent,  c=the  consequent,  r=the  ratio. 

a  .    .  ,        1 

By  definition  r=  — ;  that  is,  the  ratio  is  equal  to  the  antece-' 

dent  divided  by  the  consequent. 

Multiplying  by  c,  a=cr,  that  is,  the  antecedent  is  equal  to 
the  consequent  multiplied  into  the  ratio. 

a  . 

Dividing  by  r,   c=— ,  that  is,  the  consequent  is  equal  to  the 

antecedent  divided  by  the  ratio. 

Cor,  1.  If  tv/o  couplets  have  their  a,ntecedents  equal,  and 
their  consequents  equal,  their  ratios  must  be  equal.'^ 

Cor.  2.  If,  in  two  couplets,  the  ratios  are  equal,  and  the 
antecedents  equal,  the  consequents  are  equal;  and  if  tlie 
ratios  are  equal  and  the  consequents  equal,  the  antecedents 
are  equal.f 

350.  If  the  two  quantities  compared  are  equal,  the  ratio  i-i 
a  unit,  or  a  ratio  of  equality.  Thus  the  ratio  of  3x0  :  IS  is 
a  unit,  for  the  quotient  of  any  quantity  divided  fey  itself  is  1. 

If  the  antecedent  of  a  couplet  is  greater  than  the  con- 
sequent, the  ratio  is  greater  than  a  unit.  For  if  a  dividend 
is  greater  than  its  divisor,  the  quotient  is  greater  than  a  unit- 

*Euclid7.  5.  fEuc.  9.  5, 
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Thus  the  ratio  of  18  : 6  is  3.  (Art.  128.  cor.)     This  is  called 
a  ratio  of  greater  inequalltij. 

On  the  other  hand,  if  the  ajitecedent  is  less  than  the  con- 
sequent, the  ratio  is  less  than  a  unit,  and  is  called  a  ratio  of 
less  inequaUty.  Thus  the  ratio  of  2 :  3,  is  less  than  a  unit,  be- 
cause the  dividend  is  less  than  the  divisor. 

351.  Inverse  or  Reciprocal  ratio  is  the  ratio  of  the  re- 
ciprocals of  two  quantities.     See  art.  49. 

Thus  the  reciprocal  ratio  of  6  to  3,  is  ^  to  -|-,  that  is  j-^^- 

The  direct  ratio  of  a  to  J  is  t,  that  is,  the  antecedent  di- 
vided by  the  consequent. 

..11  I       I       1       h       b 

The  reciprocal  ratio,  is  — 't-  or  — -i-"T"= — ^T~T' 

that  is,  the  consequent  h  divided  by  the  antecedent  a. 

Hence  a  reciprocal  I'atio  is  expressed  hy  i^iverting  thefrao 
lion  which  expresses  the  dii'ect  ratio ;  or,  when  the  notation 
is  by  points,  by  inverting  the  order  of  the  terms. 

Thus  a  is  to  h,  inversely,  as  h  to  a, 

352.  Compound  ratio  is  the  ratio  of  the  products  of  thf 
corresponding  terms  of  two  or  more  simple  ratios.* 

Thus  the  ratio  of  6  :  3,  is  2 

And  the  ratio  of  12 :  4,  is  3 


The  ratio  compounded  of  these  is        72  :  12 =G. 

Here  the  compound  ratio  is  obtained  by  multiplying  to-^ 
gether  the  two  antecedents,  and  also  the  two  consequents,  of 
the  simple  ratios. 

S»  the  ratio  compounded. 

Of  the  ratio  of  a:b 

And  the  ratio  of  e:d 

And  the  ratio  of  h  :  y 


ach 
Is  the  ratio  of  ach  :  ody=-Tj~  ' 

Cerapound  ratio  is  not  different  in  its  nature  from  any  oth- 
er ratio.  The  terra  is  used,  to  denote  the  origin  of  the  ra- 
tio, in  particular  ca'te?. 

*Se,e  note  D. 
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Cor.  The  compound  ratio  is  equal  to  the  product  of  tlif 

simple  ratios. 

a 
The  ratio  of  a  :  &.  is  -?- 

0 

The  ratio  of  c  :  (/,  is  -t 

h 
The  ratio  of  h  :  y,  is  — 

•^     y 

ach 
And  the  ratio  compoiuid  of  these  is       7^—,  which   is  the 

product  of  the  fractions  expressing  the  simple  ratios.    (Art. 
155.) 

So  tlie  ratio  of  8  : 4  is  2 

The  ratio  of  6  :  2  is  3 

The  ratio  of  S  :  2  is  4 


And  the  ratio  compounded  of  these  is  24=2x3x4. 

353.  If,  in  a  series  of  ratios,  the  consequent  of  each  pre- 
ceding couplet,  is  the  antecedent  of  the  following  one,  the 
ratio  of  the  first  antecedent  to  the  last  consequent,  is  equal  to 
that  ivhich  is  compounded  of  all  the  intervening  ratios.* 

Thus,  in  the  series  of  ratios     a  :  h 

b:c 
c  :  d 
d:h 

%he  ratio  of  a:h  is  equal  to  that  which  is  compounded  of 
the  ratios  of  «  :  6,  of  b:c,  of  c:d,  of  d:h.      For  the  com- 

ahcd      a 
pound  ratio,  by  the  last  article,  is  7 — Ji,='Ti  or  a:h.     (Av't. 

145.) 

In  the  same  manner,  ail  the  quantities  which  are  both  an- 
tecedents and  consequents  will  disappear  when  the  fractional 
product  is  reduced  to  its  lowest  terms,  and  will  leave  the  com- 
pound ratio  to  be  expressed  bj  the  first  antecedent  and  the 
last  consequent. 

The  ratio  compounded  of  2 : 6 

f>:8 
S:15,is^Vo=T5  or2:15. 

*  This  is  the  particular  case  of  compound  ratio  which  is  treated  of 
in  the  5th  book  of  Eu':1id.     )?«^e  the  editions  of  Simson  nnd  Plaj'fair. 
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354.  A  particular  class  of  compound  ratios  is  produced, 
by  multiplying  a  simple  ratio  into  itself,  or  into  another  equal  ^ 
ratio.     These  are   termed  duplicate,  triplicate,  quadruplicate, 
&.C.  according  to  the  number  of  multiplicaiions. 

A  ratio  compounded  of  two  equal  ratios,  that  is,  the  square 
of  the  simple  ratio,  is  called  a  duplicate  ratio. 

One  compounded  of  three,  that  is,  the  cube  of  the  simple 
I'atio,  is  called  triplicate,  &c. 

a 

Thus  the  simple  ratio  o( a  to  h,h  a:h  =^-7- 

The  duplicate  ratio  of  a  to  1,13  a^  :h^  ~J^ 

The  triplicate  ratio  of  a  to  h,  is  a^  :h''=j^,  Sec. 

The  terms  duplicate,  triplicate,  &ic.  ought  not  to  be  con- 
founded v.'ith  double,  triple,  Sic* 

The  ratio  of  6  to  2  is  6  :  2=3 

Double  tliis  ratio,  that  is,  twice  the  ratio  is      12 ;  2=6  > 
Triple  the  ratio,  i.  e.  three  times  the  ratio,  is  18  :  2=9  5 
But  the  c?i//?//ccfi:e  ratio,  i.e.  the  sg-Jiore  of  the  ratiojis  6  2  :2^  =9  )   , 
And  the  triplicate  ratio,i.e.the  cube  of  the  ratio, is  6  ^ :  2  ^  =27  5 

355.  That  quantities  may  have  a  ratio  to  each  other,  it  is 
necessary  that  they  should  be  so  far  of  the  same  nature,  as 
that  one  can  properly  be  said  to  be  either  equal  to,  or  great- 
er, or  less  than  the  other.  A  foot  has  a  ratio  to  an  inch,  for 
one  is  twelve  times  as  great  as  the  other.  But  it  can  not  be 
said  that  an  hour  is  either  longer  or  shorter  than  a  rod ;  oi* 
that  an  acre  is  greater  or  less  than  a  degree.  Still,  if  these 
quantities  are  expressed  by  numbers,  there  may  be  a  ratio 
between  the  numbers.  Tliere  is  a  ratio  between  the  number 
of  minutes  in  an  hour,  and  the  number  of  rods  in  a  mile. 

356.  Having  attended  to  the  nature  of  ratios,  we  have 
next  to  consider  in  what  manner  they  will  be  aifected,  by 
varying  one  or  both  of  the  terms  betAveen  which  the  com- 
parison is  made.  It  must  be  kept  in  mind  that,  when  a  di- 
rect ratio  is  expressed  by  a  fraction,  the  antecedent  of  the 
couplet  is  always  the  numerator,  and  the  consequent,  the  de- 
nominator. It  will  be  easy,  then,  to  derive  from  the  proper- 
ties of  fractions,  the  changes  produced  in  ratios  by  varia-? 
tions  in  the  quantities  compared.  For  the  ratio  of  the  two 
quantities  is  the  same  as  the  value  of  the  fractions,  each  be- 

*  Siee  Note  E. 
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ing  the  quotient  of  the  numerator  divided  by  the  denomina- 
tor. (Arts.  135,  346.)  Now  it  has  been  shown,  (Art.  137.) 
that  multiplying  the  numerator  of  a  fraction  by  any  quantity 
is  multiplying  the  value  by  that  quantity ;  ami  that  dividing 
the  numerator  is  dividing  the  value.     Hence, 

357.  Multiplying  the  antecedent  of  a  couplet  by  any  quanti- 
ty, is  multiplyiriig  the  ratio  by  that  qua/itity  ;  and  dividing  the 
ttntecedent  is  dividin<y  the  ratio. 

o 

Thus  the  ratio  of      6  :  2  is  3 
And  the  ratio  of      24  :  S  is  12. 

Here  the  antecedent  and  the  ratio,  in  the  last  couplet,  are 
s€.ach  four  times  as  great  as  in  the  first. 

The  ratio  of  a  :  6  is  j- 

na 
And  th€  ratio  of  na:b  is    -r' 

Cor.  With  a  given  consequent,  the  greater  the  antecedent^ 
the  greater  the  ratio;  and  on  the  other  hand,  the  greater  the 
ratio,  the  greater  the  antecedent.*     See  art.  137.  cor. 

358.  Multiplying  the  consequent  of  a.  couplet  by  any  quan- 
tity is,  in  effect,  dividing  the  ratio  by  that  quantity;  and  divi- 
ding the  consequent  is  midtiplying  the  ratio.  For  multiply- 
ing the  denominator  of  a  fraction,  is  dividing  the  value  ;  and 
dividing  the  denominator  is  multiplying  the  value.    (Art.136.) 

Thus  the  ratio  of  12 : 2,  is  6 
And  the  ratio  of    12:4,  is  3. 

Here  the  consequent,  in  the  second  couplet,  is  twice  as 
great,  and  the  ratio  only  halfzs  great,  as  in  the  first. 

The  ratio  oi  a:b,  is  -r 

a 
And  the  ratio  of  a  :  nb,  is — v- 
'      no 

Cor,  With  a  given  antecedent,  the  greater  the  conse- 
quent, the  less  the  ratio;  and  the  greater  the  ratio,  the  less 
th€  consequent.f    See  art.  138,  cor. 

359.  From  the  two  last  articles,  it  is  evident  that  multiply- 
■ing  the  antecedent  of  a  couplet,  by  any  quantity,  will  have  the 

*  Euclid  8  and  10.  5.     The  first  part  of  the  propositions, 
j-  Euclid  o  and  10.  5.    The  last  part  of  the  propositions. 
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same  effect  on  the  ratio,  as  dividing  the  consequent,  by  that 
quantity;  and  dividing  the  antecedent  will  have  the  same  ef- 
fect as  multiplying  the  consequent.     See  art.  139. 

Thus  the  ratio  of  8 : 4,  is  2 

Mult,  the  antecedent  by  2,  the  ratio  of    16:4,  is  4 
Divid.  the  consequent  by  2,  the  ratio  of    8:2,  is  4. 

Cor.  Any  factor  or  divisor  may  be  transferred,  from  the 
antecedent  of  a  couplet  to  the  consequent,  or  from  the  con- 
sequent to  the  antecedent,  without  altering  the  ratio. 

It  must  be  observed  that,  when  a  factor  is  thus  transferred 
from  one  term  to  the  other,  it  becomes  a  divisor;  and  when 
a  divisor  is  transferred,  it  becomes  a  factor. 

Thus  the  ratio  of  3x6:9=2),, 

Transferring  the  factor  3,  6  :  |  =2  5   ^^'^  '^°^^  ^^^^°' 

Kia         ma  ma         ") 

The  ratio  of  —  :&= — —  h  =t'  \ 

y       y         h       \ 

Transferring  y,  m,a:hij=ma-^hy=~r'       )■ 

^y     I 

hy  hy     ma         \ 

Transferring  m,  a:  ~  =  a-^  —  =7-         { 

°     ^  m  m      by        J 

360.  It  is  farther  evident,  from  arts.  357  and  358",  that  if 
ihe  antecedent  and  consequent  be  both  m.ultiplied,  or  both  divi- 
ded, by  the  same  qtiantity,  the  ratio  ivill  not  be  altered/^     See 
art.  140. 

Thus  the  ratio  of  8:4=2^ 

Mult,  both  terms  by  2,    16  :  8=2  >  the  same  ratio. 

Divid.  both  terms  by  2,    4 :  2=2  ) 

The  ratio  of  a:b=-r 

ma      a 
Mult,  both  terms  by  nt,  ma:mb=—i-~-r 

a  .h      an      a        . 

Divid.  both  terms  by  w,  — •  —  =T-=-r        I 

■'     '  n    n     bn      b       J 

Cor.  1.  The  halves  of  quantities  have  the  same  ratio  as 
their  wholes. 

*Euclidl5.  5, 
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Cor.  2.  The  ratio  of  two  fractions  which  hare  a  Common 
denominator,  is  the  same  as  the  ratio  of  their  numerators. 

a     h 
The  ratio  of  —  :  ~,  is  the  same  as  tliat  of  a:h. 

Cor.  3.  The  direct  ratio  of  two  fractions  which  have  a 
common  numerator,  is  the  same  as  tlie  reciprocal  ratio  of 
their  denominators. 

a     a    ,  11 

Thus  the  ratio  of  —  :  — ,  is  the  same  as  —    —  ovn:m. 
in     n^  m     n 

361.  From  the  last  article,  it  will  be  easy  to  determine 
the  ratio  of  any  two  fractions.  If  each  term  be  multiplied 
by  the  two  denominators,  the  ratio  will  be  assigned  in  inte- 
gral expressions.     Thus,  multiplying  the  terms  of  the  coup- 

a      c  abd    bed 

let   ^- :  -y  by  bd,  we  have  -y-  :  -r  ,  which  becomes  ad :  be, 

by  cancelling  equal  quantities  from  the  numerators  and  de- 
nominators. 

362.  If  to  or  from  the  terms  of  any  couplet,  there  be  added 
or  SUBTRACTED  two  Other  quantities  having  the  same  ratio,  the 
sums  or  remainders  will  also  have  the  same  ratio.*' 

.  Let  the  ratio  of  a-.b 

Be  the  same  as  that  of  c.d 

Tlien  the  ratio  of  the  sum  of  the  antecedents,  to  the  sips 
«f  the  consequents,  viz.  of  a  +  cto  b-\-d,  is  also  the  same"- 

ft+c      c      a 


That  is 


6  +  fZ     d      b 

Demonstration. 


„  .  .  a      c  ^ 

t.  By  supposition,  ~h~~d  "^ 

2.  Mult,  by  b  and  d,  (Ax.  3.)  ad=bc 

3.  Adding  cd  to  both  sides,  (Ax.  1.)  ad-t-cd=bc-\-cd 

hc-\-cd 

4.  Dividmg  by  <7,  (Ax.  4.)  «  +  c= — r — 

?.  Dividing  by  h-\-d\  (Art.  121.)        ^=^=1  - 
*Eu(.lid;}and6.  5, 
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The  ratio  of  tlie  difference  of  the  antecedents,  ta  the  dif- 
ference of  the  consequents,  is  also  the  same. 


a—c      c      a 


'■    Thatis^=-^=j- 

Demonstration. 

1.  By  supposition,  as  before, 

2.  Muhiplying  by  h  and  d, 

3.  Subtracting  cd  from  both  sides, 

4.  Dividing  by  t?, 

5.  Dividing  by  h—d 

Thus  the  ratio  of  15:5  is  3^ 

And  the  ratio  of  9 : 3  is  3  > 

Then  adding  and  subtracting  the  terms  of  the  two  couplets. 
The  ratio  of  15  +  9: 5+3  is  3) 

And  the  ratio  of  15— 9:5  — 3  is  3  > 

Here  the  terms  of  only  two  couplets  have  been  added  to-- 
sether.  But  the  proof  may  be  extended  to  any  number  oi 
couplets,  where  the  ratios  are  equal.  For,  by  the  addition 
of  the  two  first,  a  new  couplet  is  formed,  to  which,  upon  the 
same  principle,  a  third  may  be  added,  a  fourth,  Uc.  Hence, 

363.  If,  in  several  couplets,  the  ratios  are  equal,  the  sum 
of  all  the  antecedents  has  the  same  ratio  to  the  sum  of  all  thr 
consequents,  which  any  one  of  the  antecedents  has,  to  ^ts  conse- 
quent.* 

ri2:6=2 

f»*   ,  .      r      10:5=2 

'hus  the  ratio  oi  <    g  .^_2 

^  I  6:3=2 

Therefore  the  ratio  of  (12+10+S+6):(6  +  5+4+3)=2- 

*  Euclid  1  and  1^  &- 
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863.  An  accurate  and  familiar  acquaintance  with  the  doc- 
trine of  ratios,  is  necessary  to  a  ready  understanding  of  the 
principles  of  proportion,  one  of  the  most  important  of  all 
the  branches  of  the  mathematics.  In  considering  ratios,  we 
compare  two  quantities,  for  the, purpose  of  finding  either 
their  difference,  or  the  quotient  of  the  one  divided  by  the 
other.  But  in  proportion,  the  comparison  is  between  two 
ratios.  And  this  comparison  is  limited  to  such  ratios  as  are 
equal.  We  do  not  inquire  how  much  one  ratio  is  greater  or 
less  than  another,  but  whether  they  are  the  same.  Thus  the 
numbers  12,  G,  8,  4,  are  said  to  be  proportional,  because  the 
ratio  of  1 2 : 6  is  the  same  as  that  of  8  : 4. 

364,  Proportion,  then,  is  an  equality  of  ratios.  It  is  ei- 
ther arithmetical  or  geometrical.  Arithmetical  proportion  is 
an  equality  of  arithmetical  ratios,  and  geometrical  propor- 
tion is  an  equality  of  geometrical  ratios.*  Thus  the  num- 
bers 6,  4,  10,  8,  are  in  arithmetical  proportion,  because  the 
difference  between  6  and  4  is  the  same  as  the  diffcreiice  be- 
tween 10  and  8.  And  the  numbers  6,  2,  12,  4,  are  in  geo- 
metrical proportion,  because  the  quotient  of  6  divided  by  2  is 
the  same,  as  the  quotient  of  12  divided  by  4. 

365.  Care  must  be  taken  not  to  confound  proportion  with 
ratio.  This  caution  is  the  more  necessary,  as  in  common 
discourse,  the  tAvo  terms  are  used  indiscriminately,  or  rather, 
proportion  is  used  for  both.  The  expenses  of  one  man  aro^ 
said  to  bear  a  greater  proportion  to  his  income,  than  those 
of  another.  But  according  to  the  definition  which  has  just 
been  given,  one  proportion  is  neither  greater  nor  less  than 
another.  For  equality  does  not  admit  of  degrees.  One  ratio 
may  be  greater  or  less  than  another.  The  ratio  of  12:2  is 
greater  than  that  of  6  : 2,  and  less  than  that  of*  20 : 2.  But 
these  differences  are  not  applicable  to  proportion,  Avhen  the 
term  is  used  in  its  technical  sense.  The  loose  signiiication 
Avhich  is  so  frequently  attached  to  this  v/ord  may  b*proper 
er\on:^\'\n  familiar  language.  For  it  is  sanctioned  by  gene- 
ral usage.  But,  for  scientific  purposes,  the  distinction  be- 
tween proportion  and  ratio,  should  be  clearly  drawn,  aiKJ  caii- 
tjously  observed.  • 

*  See  Note  F- 
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3S0.  The  equaJitjr  between  two  ratios,  as  has  been  stated'y 
is  called  proportion.  The  word  is  sometimes  applied  also  to 
the  series  of  terms  amoiig  which  this  equality  of  ratios  ex- 
ists. Thus  the  two  couplets  15  : 5  and  6  : 2  are,  when  taken 
together,  called  a  proportion. 

367.  Proportion  may  be  expressed,  either  by  the  corhmon 
sign  of  equahty,  or  by  four  points  between  the  two  couplets. 

Thus  ^  S  ••  6  ='^  ••  ^'  or  8  ••  6 :  :4  ••  2  >     are  arithmetical 


\ 


l  =  C"  d,  or  a  ••  6  :  :c  ••  d^       proportions 

^^   02:6=8:4,  orl2:6::8:4)       are  geometrical 
X    a:h=^d:h,ov    a:b::d:h)  proportions. 

The  latter  is  read,  '  the  ratio  of  a  to  6  equals  the  ratio  of 
d  to  7i ;'  or  more  concisely,  '  a  is  to  b,  as  d  to  A.' 

368.  The  first  and  last  terms  are  called  the  extremes,  and 
the  other  two  the  means.  Homologous  terms  are  either  the 
two  antecedents  or  the  two  consequents.  Analogous  terms 
are  the  antecedent  and  consequent  of  the  same  couplet. 

369.  As  the   ratios  are  equal,  it  is  manifestly  immaterial 
which  of  the  two  couplets  is  placed  first. 

Ct         €  C         €1 

If  a :  6 :.: c  : d,  then  c:d::a:h.     For  if  -r =-7then -7  =-r. 

0       d  do 

370^  The  number  of  terms  must  be,  at  least,  four.  For 
the  equality  is  between  the  ratios  of  two  couplets;  and  each 
couplet  must  have  an  antecedent  and  a  consequent.  There 
may  be  a  proportion,  however,  among  three  quantities.  For 
one  of  the  quantities  may  be  repeated,  so  as  to  form  two 
terms.  In  this  case,  the  quantity  repeated  is  called  the  mid- 
dle term,  or  a  viean  proportional  laetween  the  two  other  quan- 
tities, especially  if  tlie  proportion  is  geometrical. 

Thus  the  numbers  8,  4,  2,  are  proportional.      That  is,  . 
8  : 4 : ;  4 : 2.     Here  4  is  both  the  consequent  in  the  first  coup- 
let, and  the  antecedent  in  the  last.      It  is  therefore  a  mean, 
proportional  between  8  and  2. 

The  last  term  is  called  a  third  proportional  to  the  two  oth- 
er quantities.     Thus  2  is  a  third  proportional  to  8  and  4. 

Sll.  -Inverse  or  reci;irocaZ  proportion  is  an  cquahty  between, 
a  direct  ratio  and  a  reciprocal  ratio. 

^  Thus  4  :  2 : :  I :  I  ;  that  is,  4  is  to  2,  reciprocally,  as  3  to  6. 
Sometimes  also,  the  order  of  the  terms  in  one  of  the  coup- 
lets is  inverted,  without  writing  them  in  the  form  of  a  frac- 
tion. (Art.  Sal.) 
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Thus  4 : 2: :3  : 6  inversely.  In  this  case,  the  first  term  is 
JO  the  second,  as  the  fourth  to  the  third  ;  that  is,  the  first  di- 
vided by  the  second,  is  equal  to  the  fourth  divided  by  thf 
third. 

372.  When  there  is  a  series  of  quantities,  such  that  the  ra- 
tios of  the  first  to  the  second,  of  the  second  to  the  third,  of 
the  third  to  the  fourth,  he.  arc  all  equal ;  the  quantities  are 
said  to  be  in  centinued  proportion.  The  consequent  of  each 
preceding  ratio  is,  then,  the  antecedent  of  the  following  one. 
Continued  proportion  is  also  called  progression,  as  will  be 
seen  in  a  following  section. 

Thus  the  numbers  10,  8,  6,  4,  2,  are  in  continued  arithme- 
tical proportion.     For  10  — 8=8  — 6=6— 4=4  — 2. 

The  numbers  64,  32,  16,  8,  4,  are  in  continu^^d  geometrical 
proportion.     For  64 :  32 : :  32 :  16  : :  16  : 8  : :  8: 4. 

If  a,  b,  c,  d,  h,  he.  are  in  continued  geometrical  propor- 
tion; then  «:  b  : :  b :  c  : :  c :  d : :  d :  h,  he. 

One  case  of  continued  proportion  is  that  of  three  propor- 
tional quantltities.  (Art.  370.) 

373.  As  arithmetical  proportion  is,  generally,  nothing  more 
than  a  very  simple  equation,  it  is  scarcely  necessary  to  treat 
of  it  separately. 

The  proportion  a  ►•  5  : :  c  ••  5 

Is  the  same  as  the  equation  a—b=c  —  d. 

It  Avill  be  proper,  however,  to  observe  that,  if /o2«-  quan- 
tities are  in  arithmetical  proportion,  the  sum  of  the  extreme^ 
is  equal  to  the  sum,  of  the  means. 

Thus  if  a  -b'.'.h- m, then  a-\-m=b  +  h 

For  by  supposition,  a—b=h—m 

And  transp.  —  6  and  —m  a-\-m=b-\-h 

Sointheproportion,12-10::ll  ••  9,we have  12-1-9  =  10+11. 

Again,  if  three  quantities  are  in  arithmetical  proportion, 
the  sum  of  the  extremes  is  equal  to  double  the  mean. 

If  a  "i  ::&  "C,  then  a—b=b—<i 

And  transposing  —b  and  — c,  «-f  c=26. 


Geometrical   Proportion. 

374.  But  if  four  quantities  are  in  geometrical  proportion,  tfi/ 
•PRODUCT  of  the  extremes  is  equal  to  the  prodvrt  c4  the  rneam. 
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If    a:b  ::c:d,  then  ad— he 

a      c 
For  by  supposition,  (Arts.  346,  3G4.)         T~"T 

abd      did 
Multiplying  by  Id,  (i\x.  3.)  -j-  ="^— 

Reducing  the  fractions,  cid=bc. 

Thus  12:8::  15: 10,  therefore  13x10^8x15. 

375.  On  the  other  hand,  if  the  product  of  two  quantities 
is  equal  to  the  product  of  two  others,  the  four  quantities 
will  form  a  proportion,  when  they  are  so  arranged,  that  those 
on  one  side  of  the  equation  shall  constitute  the  means,  and 
those  on  the  other  side,  the  extremes. 

m      h 

If  mi,'=nh,  then  m  :n::h:  y,  that  is        — = — 
J         ^  ji  n      y 

my     nh 
For  by  dividing  my  =nh  by  ny,  we  have  —  = — 

m      h 

And  reducinff  the  fractions,  — = —  , 

^  '  n      y 

.Cor.  The  same  must  be  true  of  any  factors  which  form 
the  two  sides  of  an  equation. 

If  {a-]-b)xc  =  {d—m)  xy,  then  a-i-b  :d  —  m  ::y:c. 

376.  If  three  quantities  are  proportional,  the  product  of 
the  extremes  is  equal  to  the  square  of  the  means.  For  this 
mean  proportional  is,  at  the  same  time,  the  consequent  of 
the  first  couplet,  and  the  antecedent  of  the  last.  (A.rt.  370.)  It 
is  therefore  to  be  multiplied  into  itself,  that  is,  it  is  to  be 
squared. 

If  a:b::b:C;  then  mult,  extremes  and  means,  ac=b^. 

377.  It  foUovv's  from  art.  374,  that  in  a  proportion,  either 
extreme  is  equal  to  the  product  of  the  means,  divided  by 
the  other  extreme ;  and  either  of  the  means  is  equal  to  the 
product  of  the  extremes,  divided  by  the  other  mean. 
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1.  li  a:b  ::c:d,ihen  ad=hc 

be 
2-  Dividing  by  </,  ^~~d 

-fid 
3.  Dividing  the  first  by  c,      h= — 

ad 
A.  Dividing  it  by  &,  ^~X 

be 
5.  Dividing  it  by  a,  d=—  ;  that  is,  the /owr^A  term  is 

equal  to  the  product  of  the  second  and  third  divided  by  the  first. 
On  this  principle  is  founded  the  rule  of  simple  proportion 
in  arithmetic,  commonly  called  the  Hide  of  Three.  Three 
numbers  are  given  to  find  a  fourth,  which  is  obtained  by 
multiplying  together  the  second  and  third,  and  dividing  by 
the  first. 

378.  The  propositions  respecting  the  products  of  the 
means,  and  of  the  extremes,  furnish  a  very  simple  and  con- 
venient criterion  for  determining  whether  any  four  quanti- 
ties are  proportional.  We  have  only  to  multiply  the  means 
together,  and  also  the  extremes.  If  the  two  products  are 
equal,  the  quantities  are  proportional.  If  the  products  are 
not  equal,  the  quantities  are  not  proportional. 

379.  In  mathematical  investigations,  when  the  relations  of 
several  quantities  are  given,  they  are  frequently  stated  in  the 
form  of  a  proportion.  But  it  is  commonly  necessary  that 
this  first  proportion  should  pass  through  a  number  of  trans- 
formations, before  it  brings  out  distinctly  the  unknown  quan- 
tity, or  the  proposition  which  we  wish  to  demonstrate.  It 
may  undergo  any  change  which  will  not  affect  the  equality 
of  the  ratios ;  or  which  will  leave  the  product  of  the  means 
equal  to  the  product  of  the  extremes. 

It  is  evident,  in  the. first  place,  that  any  alteration  in  the 
arrangement,  which  will  not  affect  the  equality  of  these  two 
products,  will  not  destroy  the  proportion.  Thus,  if  a  :  6  : :  c :  of, 
the  order  of  these  four  quantities  may  be  varied,  in  any  way 
which  will  leave  ad=bc.     Hence, 

380.  If  four  quantities  are  proportional,  the  order  of  the 
means,  or  of  the  extremes,  or  of  the  terms  of  both  couplets, 
may  be  inverted,  without  destrotjing  the  proportion. 
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If*         a:  b  ::  c  :  dl  ^ 
And  1S:8::6:43  ' 

1.  Inverting  ilie  meansy^ 

rt:c:*&:<Z).i    ..     (  The  first,  is  to  the  third, 
12 : 6 : :  8 : 4  5  ^*^^^  *^'  (  As  the  second,  to  the  fourth. 

In  other  words,  the  ratio  of  the  antecedents  is  equal  to  the 
ratio  of  the  consequents. 

This  inversion  of  the  means  is  frequently  referred  to  by 
geometers  under  the  name  of  Alternation. -f 

2.  Inverting  the  extremes. 

d:b::c:a    )^u^-     ^  Tlie  fourth,  is  to  the  second, 
4 : 8 :  :6 :  12  3  ^^'  (  As  the  third,  to  the  first. 

3.  Inverting  the  terms  of  each  couplet. 

h  :  a  ::d:c')  .A    .  •     (  The  second,  is  to  the  first, 
8: 12:: 4: 6  5  ^^'  (  As  the  fourth,  to  the  third. 

This  is  technically  called  Inversion. 

Each  of  these  may  also  he  varied,  by  changing  the  order 
of  the  two  couplets.  (Art.  369.) 

Cor.  The  order  of  th*  whole  proportion  may  be  inverted. 

If  a'.h::c:d,  then  d:  c::  b:a. 

In  each  of  these  cases,  it  will  be  at  once  seen  that,  by 
taking  the  products  of  the  means,  and  of  the  extremes,  we 
have  ad=hc,  and  12x4=8x6. 

If  the  terms  of  only  one  of  the  couplets  are  inverted,  the 
proportion  becomes  reciprocal.  (Art.  371.) 

If  a:b::c:d,  then  a  is  to  b,  reciprocally  as  d  to  c. 

381.  A  diiference  of  arrangement  is  not  the  only  alteration 
which  we  have  occasion  to  produce,  in  the  terms  of  a  pro- 
portion. It  is  frequently  necessary  to  multiply,  divide,  in- 
volve, he.  In  all  cases,  the  art  of  conducting  the  investiga- 
tion consists  in  so  ordering  the  several  changes,  as  to  maiur^ 
fain  a  constant  equality,  between  the  ratio  of  the  two  first 
leiTOS,  and  that  of  the  two  last.  As  in  resolving  an  equa- 
tion, we  must  see  that  the  sides  remain  equal ;  so  in  varying 
a  proportion,  the  equality  of  the  ratios  must  be .  preserved. 
And  this  is  effected,  either  by  keeping  the  ratios  the  same, 

*  See  Note  G.  f  Euclid  16.  5. 
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while  the  terms  are  altered  ;  or  by  increasing  or  diminishing 
one  of  the  ratios,  as  much  as  the  other.  Most  of  the  succeed- 
ing proofs  are  intended  to  bring  this  principle  distinctly  into 
view,  and  to  make  it  familiar.  Some  of  the  propositions 
might  be  demonstrated,  in  a  more  simple  manner,  perhaps, 
by  multiplying  the  extremes  and  means.  But  this  would  not 
give  so  clear  a  view  of  the  nature  of  the  several  changes  in 
the  proportions. 

It  has  been  shown  that,  if  hath  the  terms  of  a  couplet  be  mul- 
tiplied or  divided  by  the  same  quantity,  the  ratio  will  remaift 
the  same ;  (Art.  360.)  that  multiplying  the  antecedent  is,  in 
effect,  multiplying  the  ratio,  and  dividing  the  antecedent  is 
dividing  the  ratio ;  (Art.  357.)  and  farther,  that  multiplying 
the  consequent  is,  in  effect,  dividing  the  ratio,  and  dividing 
the  consequent  is  multiplying  the  ratio.  (Art.  358.)  As  the 
ratios  in  a  proportion  are  equal,  if  they  are  both  multiplied, 
or  both  divided,  by  the  same  quantity,  they  will  still  be  equal. 
(Ax.  3.)  One  will  be  increased  or  diminished  as  much  as 
the  other.     Hence, 

382.  If  four  quantities  are  proportional,  two  analogous^  or 
ttvo  homologous  terms  may  he  multiplied  or  divided  by  the  same 
quantity,  without  destroying  the  proportion. 

If  analogous  terms  be  multiplied  or  divided,  the  ratios  will 
not  be  altered.  (Art.  360.)  If  homologous  terms  be  multi- 
plied or  divided,  both  ratios  will  be  equally  increased  or  di- 
minished. (Arts.  357,  8.) 


And  12:  8::  6:4 


1 .  Multiplying  the  tivo  Jiist  terms, 

ma :  mb   ::  cd}  mu        *•  *    ?»      j 

Multiplying  the  two  last  terms. 

12  *  8  •  •  2*x^6  -2x4  (  ^^^  ratios  not  altered. 

3.  Multiplying  the  two  antecedents.^ 

mail:-,  mc  :d    }  x>  ^i,     ^-  n    •  j 

2xl2'8--''x6'i    S  ratios  equally mcreased. 
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4.  Multiplying  the  two  consequents. 

12:2'^^8:;6:  2x4]  ^""^^  ratios  equally  diminishect 

5.  Dividing  the  two  first  terms. 

—  :  —  ::c:d.     The  ratios  not  altered. 
m    m 

6.  Dividing  the  two  last  terms. 

a:b::~  :  —     The  ratios  not  altered. 
m    m 

7.  Dividing  the  two  antecedents. 

ft  c 

—  :h::  —  :d.     The  ratios  equally  diminished. 
mm  n      J 

2.  Dividing  the  two  consequents. 

h  d  ■  .  , 

a:  —  : : c  :  —     The  ratios  equally  increased. 
mm  -i.      J 

Cor.  1.  .^?Z  the  terms  may  be  multiplied  or  divided  by 
the  same  quantity.* 

ma'.mb::mc: md  ^ 
ah       c      d      \  The  ratios  not  aite^d. 

m  '  m"  m'  m     ) 

Cor.  2.  If  four  quantities  are  proportional,  their  halved 
are  proportional. 

Cor.  3.  In  any  of  the  cases  in  this  article,  multiplication 
of  the  consequent  may  be  substituted  for  division  of  the  an- 
tecedent in  the  same  couplet,  and  division  of  the  conse- 
quent, for  multiplication  of  the  antecedent.    (Art.  359,  cor.) 

f  ^sf^  If  d 

ThusJ  ^«=^-^^^^  i  S- i  ^■•m'''''''-^  \ov\  ^""^^^^^=  m 

\jni  w        J    s   1^  m      }        y  m 

*Euclid4.5, 
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383.  Tt  is  often  necessary,  not  only  to  alter  the  terms 
of  a  proportion,  and  to  vary  the  arrangement,  but  to  compare 
one  proportion  with  another.  From  tliis  comparison  will  fre- 
quently arise  a  new  proportion,  which  may  be  requisite  in 
solving  a  problem,  or  in  carrying  forward  a  demonstration. 
One  of  the  most  important  cases  is  that  hi  which  two  of  the 
terms  in  one  of  the  proportions  compared,  are  the  same  with 
two  in  the  other.  The  similar  terms  may  be  made  to  disap- 
pear, and  a  new  proportion  may  be  format!  of  the  four  re- 
maining terms.     I'or, 

384.  Jf  two  ratios  are  respectively  equal  to  a  third,  they  are 
equal  to  each  other.* 

This  is  nothing  more  than  the  11th  axiom  applied  to 
ratios. 

.  .    ..m  .n  I  ^j^^^ a:b::c:d,ora:c::b:d.  ( Art.380.) 

And c:d::m:n )  *  ^ 

2.  If      a:b::in:n}  ^^  t  ,  7     , 

»    J  ,  >  then  a  :  0  : :  c  :  4,  or  a  :  c ::  0  :  d. 

And  m:n::  c  :d  )  ' 


Cor.  If  a:b  ::m 
m :  n>  c 


7  >  then  a:b>c:d.\ 


For  if  the  ratio  of  m  :  n  is  greatci-  than  that  of  c  :  <7,  it  is 
manifest  that  the  ratio  of  a :  b,  which  is  equal  to  that  of  m :  Wy 
is  also  greater  than  that  of  c  ;  (/. 

385.  In  these  instances,  the  terms  which  are  alike,  in  the 
two  proportions,  are  the  two  first  and  the  two  last.  But  this 
arrangement  is  not  essential.  The  order  of  the  terms  may 
be  changed,  in  various  ways,  without  affecting  the  equality  of 
the  ratios. 

1.  The  similar  terms  may  be  the  two  antecedents,  or  the 
two  consequents,  in  each  proportion.     Thus, 

If      m:  a::n:b')   ^        (By  alternation,  m:n'.:a:h 
And  m:c'.:n:d^  ( And  mm::  c:  d. 

Therefore  a  :b  ::  c:  d,  or  a:  c::b  :  d,hy  the  last  article, 

Or  if  a:m::b  :n1   ,        (  By  alternation,  a:b::m:n 
And    c:m::  d:  n^   '        \  And  c:  d\:  ra  ;  n. 

Therefore  a:  b  : :  c  :  d,  or  a: c  ::  h :  d. 


JEuclidll.  5.  t Euclid  IS, 

Aa 
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2.  The  antecedents  in  one  of  the  proportions,  may  be-  the* 

5anie  as  the  consequents  in  the  other. 

If     m:  a::  n  -by  ^        (  By  inver.  and  altern.  a  :b  ::m:7i 
And  c:m:'.d:n\  \  By  alternation^,  c:d::m,'.n 

Therefore  a  :  J,  &ic.  as  before. 

Or  if  a  :?«::&:  n  )    1        ^  By  alternation,  a:h'.'.m'.n 

And   m:  c  ■.-.n:  d)  (  By  iaver. and  altern.  e ; d : :  w : n 

Therefore  a:h,  he. 


3.  Two  homologous  terms,  in  one  of  the  proportions,  may 
be  the  same,  as  two  ancdogoits  terms  in  the  other. 

ir      a  :  m  : :  b  :7i\  r,        (  By  alternation,      a:b::m:n 


And  c:  d  ::m:n  ^  \  And  c:d::  m 

Therefore  a  :  u,  £cc. 


n 


Or  if  a :  6  : :  wi :  ?i  >   1        (  The  first  is  a'.b::m'.n 

And    cm::  d:ny  X Hy  alternation,     e:  d::m'-n 

Therefore,  &,c. 

All  these  are  instances  of  an  equality,  between  the  ratios 
in  one  proportion,  and  those  in  another.  In  geometry,  the 
proposition  to  which  they  belong  is  usually  cited  by  the 
words  "  ex  aequo,'"  or  "  ex  aequali"^  The  second  case  in 
this  article  is  that  which,  in  its  form,  most  obviously  answers 
10  tlie  explanation  in  Euclid.  But  they  are  all  upon  the 
same  principle,  and  are  frequently  referred  to,  without  dis- 
crimination. 

366.  Any  number  of  proportions  may  be  compared,  in 
the  same  manner,  if  the  two  first  or  the  two  last  terms  in 
each  preceding  proportion,  are  the  same  with  the  two  first 
or  the  two  last  in  the  following  one.* 

Thus  \(  a:b::c:  d^ 


And        c  :  f/ : :  A :  M  .1  , 

And       /i:Z::m:np^»«*-*^'-^'^^' 

And      7ii:n::x:y) 


That  is,  the  two  first  terms  of  the  first  proportion  have  rtic 
same  ratio,  as  the  two  last  terms  of  the  last  proportion.  For 
it  is  manifest  that  the  ratio  of  all  the  couplets  is  the  same. 

And  if  the  terms  do  not  stand  in  the  same  order  as  here. 


*?- Euclid  22.  5. 
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jet  if  they  can  be  reduced  to  this  form,  the  same  principle  is 
applicable. 

Thus  i(  a:  c  ::h  :dA 

And    c:h::d:l[^-,       ,        ,, 
.     ,    ,  J        >then  by  alternation 

And   n  :mi:  1 :7i  \  ^ 

And  m\^  '.-.n-.y ) 

Therefore  a'.hwx'.xj^  as  before. 

In  all  the  examples  in  thi?,  and  the  preceding  artick?,  \\\e: 
two  terras  in  one  proportion  which  have  equals  in  another, 
are  neither  the  two  means,  nor  the  two  extremes,  but  one  of 
the  means,  and  one  of  the  extreme? ;  and  the  resulting  pro- 
portion is  uniformly  direct. 

367.  But  if  the  two  means,  or  the  two  extreme?,  in  one 
proportion,  be  the  same  with  the  means,  or  th(;  extremes,  in 
another,  the  four  remaining  terms  will  be  rccij^rocally  ])rn- 
portional. 

If       a:m::n:h'}  I      1 

And  cimiinul^   ^^i^"  "  =  ^  =  =  6"*  7'  <>r  a  :c::d:h. 

01  a  —mn  f  ip^^^^  374.)  Therefore  ah—cd,  and  a:c::d:b. 
And  cd=vm  > 

In  this  example,  the  two  means  in  one  proportion,  are  like 
those  in  the  other.  But  the  principle  will  be  the  same,  if 
the  extremes  are  alike,  or  if  the  extremes  in  one  proportion 
are  like  the  means  in  the  other. 

If       ??i :  o  : :  S  :  ?i  >  ,,  7    ? 

.     ,  7       ,  then  a:.c::d:o. 

And  m:  c  ::d:  n  y 


Or  if  a:m 
And  m :  c 


:n:b\ 
:d:nl 


then  a:c::d :b. 


The  proposition  in  geometry  which  applies  to  this  case  is 
usually  cited  by  the  words  "  ex  aequo  perturbate."* 
:     388.  Another  way  in  which  the  terms  of  a  proportion  rcay 
be  varied,  is  by  addition  or  subtraction. 

If  to  or  from  two  anaJagons  or  two  homoJogovs  terms  of  a. 
proportion,  two  other  quantities  having  the  same  ratio  be  added 
or  subtracted,  the  proportion  loill  bepreservcd.j- 

For  a  ratio  is  not  altered,  by  adding  to  it,  or  sublracllng 
from  it,  the  terms  of  another  equal  ratio,   (Art.  365?.) 

*  Euclid  2."?.  J».  f  Euclid  2.  5. 
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If        a:b  ::  c  :  dl 
And  a:  b  ::7n:nS 

Then  by  adding  to,  or  subtracting  from  a  and  h,  the  terms 
of  the  equal  ratio  ?» :  n,  we  have, 

a-{-7n:b-\-n  ::  c  :  d  and  a—m:  h—n::c:d. 

And  by  adding  and  subtracting  m  and  n,  to  and  from  c  and 
(J,  we  have, 

«  :Z»  ::c^-??^  :f?+3i,  and  a:b  ii  c—m  :  (Z— «. 

Here  the  addition  and  subtraction  are  to  and  from  analo- 
gous terms.  But  by  alternation,  (Art.  380.)  these  terms 
will  become  homologous,  and  we  shall  have, 

a-\-in :c::b  +  n:(l,  and  a—7n:c::h—n:d. 

Cor.  1.  This  addition  may,  evidently,  be  extended  to  any 
numher  of  equal  ratios.* 

{  c:d 

Thus  if  a:  6::^'  ^' '  ^ 


m :  n 
x'.y 

■Then«  :  h:\c-\-h-]~m-\-x:d-\-l+n- 


I 


Cor.  2.  If  a;Z* ::  c:fZ>  ,1  ,        ;         ,       ji 

»     1        /  i>  men  a+m\b::c-\-n:d.\ 

And  m:b'"n:a  ^  '  '  ' 

iFor  by  alternation  a:c::b:d}  there-  ^      « + m  :c+n  : :b:  d 
And  m  :n::b:d  )    fore    \  OYa-\-m  : b  ::  c-^n  :  d, 

389.  From  the  last  article  it  is  evident  that  if,  in  any  pro- 
portion, the  terms  be  added  to,  or  subtracted  from  each  oth- 
er, that  is, 

If  two  analogous  or  homologous  terms  be  added  to,  or  sub- 
tracted from  the  two  others,  the  proportion  will  be  preserved. 

Thus  if  a:h::  c:  d,        and  IS  :  4  : :  6  :  3,  then, 

1.  Adding  the  two  last  terms,  to  the  two  frst. 

a  +  c:b  +  d::a:b  12  +  C  :4-f  2;:12;4 

and  a  +  c:b-\-d::c:d  12+6  :4-|-2::  6  ;2 

or  a-\-c:a::b-\-d:b  12+6  :  12:;44-2:4 

^and  a-^c:c::b-\-d:d.  12+6;    G;;4+2:2. 

*  Euclid  C.  5.  Cor. 

T  Euclid  24.  5.  ; 
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2.  Adding  the  two  antecedents,  to  the  two  com'eqnenis. 
a  +  b:b::c+d:d  12+4:  4  :;6  +  2:2 
a-{-b:a::c^d:c,  fcc.  12  +  4: 12;: 6  +  2. -6,  he. 

This  is  called  Composition.^ 

3.  Subtracting  the  two  \first  terms,  from  the  two  last. 

c—a: a  :: d—b  :b 

c  —  a:c::d—b:d,hc. 

4.  Subtracting  tlie  two  Zns^  terms,  from  the  two  first. 

a—c  :  b  —  d::  a  :  bj- 
a  —  c:b  —  d::  c  :  d,  &c. 

5.  Subtracting  the  consequents,  from  the  antecedents. 

a—b  :  b  ;;  c—d:  d 

a  :  a—b  ::  c  :  c  —  d,  he. 

The  alteration  expressed  hy  the  last  of  tiiese  forms  is  cal- 
led Conversion. 

6.  Subtracting  the  antecedents,  from  the  consequents. 

b—a  :  a  ::  d—c  :  c 

b  :  b  —  a  ::  d  :  d—c,  he. 

7.  Adding  and  subtracting. 

a+b  :  a—b  ::  a-\-d :  a—d. 

That  is,  the  sum  of  the  two  first  terms,  is  to  their  differ- 
ence, as  the  sum  of  the  two  last,  to  their  difference. 

Cor.  if  any  compound  quantities,  arranged  as  in  the  pre- 
ceding examples,  are   proportional,  the  simple   quantities  of 
which  they  are  compounded  are  proportional  also. 
Thus  if  a-rb  :b  ::c-\-d:  d,  then  a  :b  ::c  :  d. 

This  is  called  Division.'l 

330.  ]f  the  corresponding  terms  of  two  or  more  ranks  of 
fraportional  quantities  be  multiplied  together,  the  products 
lodl  be  proportional. 

Tiiis  is  compounding  ratios,  (Art.  352.)  or  compounding 
proponions.  It  should  be  distinguished  from  Avhat  is  called 
composition,  which  is  an  uddiiioa  of  the  terms  of  a  ratio. 
(Art.  380.  2.) 

*  Euclid  18.  5.  f  Euclid  19.  :>. 

X  Euclid  17.  5.     Soc  Note  11. 
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; m:  n  ) 


K      a:h::c:dl  i2;4:.-6;2' 

And  h :  I ::  m:7i\  10  ;  5  : :  8  : 4 


Then       ah  :  hi : :  cm :  dn.  1 20  ;  20  ; :  48  :  8. 

For,  from  the  nature  of  proportion,  the  two  ratios  in  tfee 
first  rank  are  equal,  and  also  the  ratios  in  the  second  rank. 
And  multiplying  the  corresponding  terms  is  multiplying  the 
ratios,  (Art.  352.  cor.)  that  is,  multiplying  equals  by  equals  ; 
(Ax.  3.)  so  that  the  ratios  will  still  be  equal,  and  therefore 
the  four  products  must  be  proportional. 

The  same  proof  is  applicable  to  any  number  of  propor- 
tions- 

Ca:h::c:d 

If  <h:l: :  m  :  n 

lp:q::x:y 

Then  ahp  :  hlq  : :  cmx :  dny. 

From  this  it  is  evident,  that  if  the  terms  of  a  proportion 
be  multiplied,  each  into  itself,  that  is,  if  they  bo  raised  to 
miy  powei;  they  will  still  be  proportional. 

l^a:b::c:d  2: 4;  .-6. -12 

a:h::c:d  2:4;.-6.-12 


Then  a^  :b^  ::  c^  : d^  4: 16  .•:  36  ;  144 

Proportionals  will  also  be  obtained,  by  reversing  this  pro- 
cess, that  is,  by  extracting  the  roots  of  the  terms. 

If  a:h : :  c :  d,  then  -/a  :  ^b  : :  yjc  :  ^d. 

For,  taking  the  product  of  ext^  and  means,  ad=bc 
And  extracting  both  sides,  ^ad=^y/ht 

That  is,  ( Artsr  259,  375.)  ^aty/h : :  y/c :  Vd. 

Hence, 

391.  If  several  quantities  are  proportional,  their  like  pow- 
ers or  like  roots  ore  jyroportional* 

If  a  :b  ::  c  :  d 

*  It  must  not  be  inferred  from  this,  that  quantities  have  th?'  sam-e 
mtio,  as  their  like  powers  or  like  roots.     See  art.  354. 
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Then  a" :  i" ; ;  c"  :  d  \  and  "V«  •  "v^^  •  •  Vc  '  V^?- 

And  "V«"  ••  "-/Z." ; :  Vc"  •  ""Vd" ,  that  is,  a» :  b» : :  c" :  d^ . 

392.  If  the  terms  in  one  rank  of  proportionals  be  divided 
by  the  eorresponding  terms  in  another  rank,  the  quotients 
will  be  proportional. 

This  is  sometimes  called  the  resolution  of  ratios. 

If      a:  b  ::c   :d}  12;  &  ;:  18;  9  > 

And  h:  I  ::m  :  n  3  6:2  ;;    9:3$ 

abed  12618^ 

Then  -^-;-y::-:-  'e   '  ^2  '' '' Y -"s 

This  is  merely  reversing  the  process  in  art.  390,  and  maj" 
be  demonstrated  in  a  similar  manner : 

Or  thus, 

Taking  the  product  of  ext.  and  means,     ad=hc  > 
And  hn=lm ) 

ad     be 
Dividing  one  by  the  other,  t-=y~ 

a    b       c     d 

That  is,  (Art.  375.)  y  .•  -^ : ;  —  :  -. 

This  should  be  distinguished  from  what  geometers  call 
division,  which  is  a  sicbtraction  of  the  terms  of  a  ratio. 
(Art.  389.  cor.) 

When  proportions  ai-e  compounded  by  multiplication,  it 
will  often  be  the  case,  that  the  same  factor  will  be  found  ^n 
two  analogous  or  two  homologous  terms. 

Thus  if  a  :b  ::  e  :  d 
And       m  :  a  ::n  :  c 


am  :  ab  : :  en :  cd 


Here  a  is  in  the  two  first  terms,  and  c  in  the  two  last. 
Dividing  by  these,  (Art.  382.)  the  proportion  becomes 
,m  :  b  : :  n :  d.  Hence, 

393.    In  compounding  proportions,  equal  factors,  or  divi- 
scrs  m  two  analogous  or  homologous  terms  may  be  rejected. 
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(a: 

If  <  6  ; 


c:d  12;  4  ::9:^ 

h::d:l  4:  8  ::3;6 

l:n  8:20::6:15 


Then    a:m::c:ii  12:20;:9;15 

This  rule  may  be  applied  to  the  eases,  to  which  the  terms 
"'  ex  aequo,^^  and  "  ex  aequo  perturbate"  refer.  See  arts.  3S5 
and  337.  One  of  the  methods  may  serve  to  verify  the 
other. 

394.  The  changes  which  may  be  made  in  proportions^ 
without  disturbing  the  equality  of  the  ratios,  arc  so  nume- 
rous, that  they  would  become  burdensome  to  the  memory, 
if  they  were  not  reducible  to  a  few  general  principles.  They 
are  mostly  produced, 

1.  By  inverting  the  order  of  the  terms,  Art.  380. 

2.  By  mult,  or  dividing  by  the  same  quantity,  Art.  362. 

3.  By  compar.  propor's  which  have  like  terms,  Art.  384,5,6,7. 

4.  By  add.  or  stibt.  the  terms  of  equal  ratios,  Art.  388,9. 

5.  By  midt.  or  divid.  one  propor.  by  another.  Art.  390,2,3. 
C.  By  involv.  or  extract,  the  roots  of  the  terms.  Art.  391. 

395.  When  four  quantities  are  proportional,  if  the  first  be 
greater  than  the  second,  the  third  will  be  greater  than  the 
fourth  ;  if  equal,  equal ;  if  less,  less. 

For,  the  ratios  of  the  two  couplets  being  the  same,  if  one 
ig  a  ratio  of  equality,  the  other  is  also,  and  therefore  the  an- 
tecedent in  each  is  equal  to  its  consequent ;  (Art.  350.)  if 
one  is  a  ratio  of  greater  inequality,  the  other  is  also,  and 
therefore  the  antecedent  in  each  is  greater  than  its  conse- 
quent ;  and  if  one  is  a  ratio  of  less  inequality,  the  other  is  al- 
so, and  therefore  the  antecedent  in  each  is  less  than  its  con- 
sequent. 

C  a^h,  c-=d 
Let  a  :h  : :  c  :  d'j  then  if  \  «>  b,  o>  d 

(  a  <6,  c  <id. 

Cor.  1.  If  the  ^r.s'f  be  greater  than  the  third,  the  second- 
will  be  greater  than  the  fourth  :  if  equal,  equal ;  if  less, 
less.* 

*  Euclid  14,  ? 


PROPORTION  201 

For  by  alternation  a:h::c:d  becomes  a:c::h:d,  without 
any  alteration  of  the  quantities.  Therefore  if  a =6,  c=d,  Uc. 
as  before. 


Cor.  2. 


.    J       7  j>  then  it  a=6,  c=d,  &X3.^ 

Andm:  b  ::n:d  )  ' 


For,  by  equality  of  ratios,  (Art.  335.  2.)  oi*  compounding 
satios,  (Arts.  390.  393.) 

a\h::c:d.      Therefore,  if  a—h,  c=d,  &c.  as  before. 

Cor.  3.  If    a:m::n:d'}  ^j       -r-        z  7    o      » 

»     ,       ,  /  then  11  a =6,  c=^d,  Kct 

Ana in:o  ::  c  :n  y  '  '         ' 

For,  by  compounding  ratios,  (Arts.  390,  393.) 

a'.b  ::c:d.     Therefore,  if  a==b,  c—d,  &;c» 


Continues    Proportion. 

396.  When  quantities  are  in  continued  propoi'tion,  all  the 
satios  are  equal.  (Art.  372.)     If 

«  :  J : :  6 :  c : :  c  :  £? : :  cZ :  e, 
fiiie   ratio   of  o  :6  is  the   same,  as  that  of  5:c,  of  c.d,  or  of 
d:e.      The  ratio   of  the  first  of  these   quantities  to  the  last^ 
is  equal  to  the  product  of  all   the  intervening  ratios  j    (Art- 
353.)  that  ig,  the  ratio  of  a  :  e  is  equal  to 

abed 
b       c      d      e 

But  as  the  intervening  ratios  are  2l\\  equal,  instead  of  mul- 
tiplying them  into  each  other,  we  may  multiply  any  one  of 
them  into  itself;  observing  to  make  the  number  of  factors 
equal  to  the  number  of  intervening  ratios.  Thus  the  rati©' 
of  cr:e,  in  the  example  just  given,  is  equal  to 

a      a      a      n     a'^ 

When  several  quantities  are  in  continued  proportion,  the 
number  of  couplets,  and  of  course,  the  number  of  ratios,  is 
one  less  than  the  number  of  quantities.  Thus  the  live  pro- 
portional quantities  a,  b,  c,  d,  e,  form  four  couplets  contain-- 

*  Euclid  20.  5.  f  E«clid  21 .  5. 

Bb 
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jng  four  r<itio5 ;  and  the  ratio  of  arc  is  equal  to  the  ratio  of 
3*  :6*,  that  13,  the  ratio  of  the  fouitli  power  of  the  first 
quantitj,  to  the  fourth  power  of  th«  second.     Hence, 

397.  If  three  quantities  are  proportional,  the  first  is  to  the 
third,  as  the  square  of  the  first,  to  the  square  of  the  second;  or 
as  the  square  of  the  second,  to  the  square  of  the  third.  In 
other  words,  the  first  has  to  the  third,  a  duplicate  ratio  of  the 
first  to  the  second. 

Jf  a:b::b  :c,  tlw3n  a:c::a^  :  6*.     And  universally, 

398.  If  several  quantities  are  proportional,  the  ratio  of 
the  first  to  the  last  is  equal  to  one  of  ih*  intei'vening  ratios 
raised  to  a  power  whose  index  is  one  less  than  the  number  of 
quantities. 

M  there  are ybwr  proportionals  a,  h,  c,  d,  then  a:d::a^  :b^. 
If  there  are  five  a,  b,  c,  d,  e,    a:e  : :  a*  :b*^c. 

399.  If  several  quantities  are  proportional,  they  will  be 
proportional  when  the  order  of  the  whole  is  inverted.  This 
has  already  been  proved,  with  respect  to  four  proportional 
quantities.  (Art.  380.  cor.)  It  may  be  extended  to  any  num- 
ber of  quantities. 

Between  the  numbers,  64,  32,  16,  8,  4, 

The  ratios  are  2,    2,    2,    2, 

Between  the  same  inverted  4,    8,  16,  32,  64, 

The  ratios  are  4,    |,    i,    |-. 

So  if  the  order  of  any  proportional  quantities  be  invert- 
ed, the  ratios  in  one  series  will  be  the  reciprocals  of  those  ia 
the  other.  For,  by  the  inversion,  each  antecedent  become? 
a  consequent,  and  v.  v.  and  the  ratio  of  a  consequent  to  its 
antecedent  is  the  reciprocal  of  the  ratio  of  the  antecedent 
to  the  consequent.  (Art  351.)  That  the  reciprocals  of  equal 
quantities  are  themselves  equal,  is  evident  frem  ax.  4, 


400.  Hap.monical  or  Musical  proportion  may  be  con- 
sidered as  a  species  of  geometrical  proportion.  It  consist? 
in  an  equality  of  geometrical  ratios;  out  one  or  more  of 
t!ie  terms  is  the  difference  between  two  quantities. 

Three  or  four  quantities  are  said  to  be  in  harmonical  pro- 
j)ortioii^  when  the  frst  h  to  the  last,  as  th€  difference  be- 
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t^een   the   two  first,  lo  the  difference  between  the  two  last. 

If  the  three  quantities  a,  h,  and  c,  are  in  harmonical  pro« 
portion,  then  a:c::a—b'.b—c. 

If  the  four  quantities  a,  h,  c,  and  d,.  are  in  harmonical  pros- 
portion,  then  a:d::a—h'.  c — d. 

Thus  the  three  Humhers  12,  8,  G,  are  in  harmonical  pro- 
portion^ 

And  the  four  numbers  20,  16,  12,  10,  are  in  harmonical 
proportion. 

401.  If,  of  four  quantities  in  harmonical  proportion,  anj" 
three  be  giv^n,  tlie  other  may  be  found.  For,  from  the 
proportion 

a  :d::  a — h  :c—d, 

by  taking  the  product  of  the  extremes  and  the   means,  we 
^have  ac  —  ad=^ad—hd. 

And  this  equation  may  be  redaced,  so  as  to  give  the  value 
of  either  of  the  four  letters. 

Thus  by  transposing  -^ad,  and  dividing  by  tr, 
2ad-hd 


402.  A  list  of  th^  articles  in  this  section  which  ccmtam  \hn 
propositions  in  the  5th  book  of  Euclid.* 

Prop.   I.         Art.  363.  XIIL  384,  cor. 

II.  388.  XIV.  39-5,  cor.  I- 

III.  382.  XV.  360. 

IV.  382,  cor.  1,  XVI.  380. 

V.  362.  XVII.  389,  cor. 

VI.  362.  XVIII.  389,  2. 

VII.  349,  cor.  1.  XIX.  389,  4. 

VIII.  357,  cor.  358,  cor.  XX.  395,  cor.  2, 

IX.  349,  cor.  2.  XXI.  395,  cor.  3. 

X.  357,  cor.  358,  cor.  XXII.  386. 

XI.  384.  XXIII.  387. 

Xli.  ^JCa.  XXIV.  388,  cor.  % 

"■''■  See  Not'?  T. 


&E€T10N  XIII. 


VARIATION  OE  GENERAL  PROPORTION.^ 


«  Ar\f>  ^T^HE  Quantities  which  constitute  the  terms  of 
Art.  403.     X  ^  /•        ^i  i  ^  j  ^ 

a  proportion   are,   irequently,   so   related  to 

ca,ch  other,  that,  if  one  of  them  be  either  increased  or  dimin- 
ished, another  depending  on  it  will  also  be  iHcreased  or  di- 
minished, in  such  a  manner,  that  the  proportion  will  still  be 
preserved.  If  the  value  of  50  yards  of  cloth  is  100  dollars, 
and  the  quantity  be  reduced  to"  40  yards;  the  va^ue  will,  of 
course,  be  reduced  to  80  dollars :  if  the  quantity  be  re4uce4 
ito  30  yards,  the  value  will  be  reduced  to  60  dollars,  &c. 

yd.  yd.     del.  doL 
That  is     50: 40::  100: 80 
SO:  30::  100:  60 
60 :  20::  100: 40,  &c. 
As  the  consequent  ,;0f  the  first  couplet  is  varied,  the  con- 
sequent of  the  second  is  varied,  in  such  a  manner,  that  the 
proportion  is  constantly  preserved. 

If  the  two  antecedents  are  A  and  B ;  and  if  a  represents 
a  quantity  of  tlie  same  kind  with  A,  but  either  greater  or  less  ; 
and  b,  a  quantity  of  the  same  kind  with  B,  but  as  many  times 
greater  or  less,  as  a  is  greater  or  less  than  A ;  then 

'  A:a::B:b', 
that  is,  if  A  by  varying  becomes  a,  then  B  becomes  h.  This 
is  expressed  more  concisely,  by  s-aying  that  A  varies  as  B,  or 
A'^is  as  B.  Thus  the  jvages  of  a  labouring  man  vary  as  the 
time  of  his  service.  We  say  that  the  interest  of  money 
which  is  loaned  for  a  given  time,  is  proportioned  to  the  prin- 
cipal. But  a  proportion  contains  four  terms.  Here  are  only 
two,  the  interest  and  the  pincipal.  This  then  is  an  abridg- 
ed statement,  in  which  two  terms  are  mentioned  instead  of 
four.     The  proportion  in  form  v.  ould  be ; 

"  Kev.'ton's  Priacip.  Booki.  Sec.  1.  Lemma  10,  schol.  Emerson 
on  Proportion,  "Woetrs  Algebra,  Ludlani's  Math.  Saunderson's  Alse- 

br:>,  Art  r2&3. 
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As  any  given  principal,  is  to  any  other  principal ; 

So  is  the  interest  of  the  former,  to  the  interest  of  the  latter. 

P.     P.      In.  In. 

For  instance,     100  :  300 : :  G  :  1 S. 

404.  In  many  mathematical  and  philosophical  investiga- 
tions, we  have  occasion  to  determine  the  general  relations  of 
certain  classes  of  quantities  to  each  other,  without  limiting 
the  inquiry  to  any  particular  values  of  those  quanliiies.  In 
such  cases,  it  is  frequently  snfiicient  to  mention  only  two  of 
the  terms  of  a  proportion.  It  must  be  kept  in  mind,  hov/ev- 
er,  that  four  are  always  implied.  When  it  is  said,  for  instance, 
that  the  weight  of  water  is  proportioned  to  its  bulk,  v/e  are 
to  understand, 

Th?.t  one  gallon,  is  to  any  r.nmhcr  of  gallons; 
As  the  iveight  of  one  gallon,  is  to  the  vreight  of  the  given 
number  of  gallons. 

405.  The  character  cc  is  used  to  express  the  proportion 
af  variable  quantities. 

Thus  AoiB  signifies  that  A  varies  as  B,  that  is,  that 
A:a::B:h. 

The  expression  A^B  may  be  called  vl  general  prop  or  fo-iJ. 

406.  One  quantity  is  said  to  varj'  directly  as  another,  when 
the  one  increases  as  the  other  increases,  or  is  diminished  as 
the  other  is  diminished,  so  that 

A^B,  that  is  A :a::B:h. 
The  interest  on  a  loan  is  increased  or  diminished,  in  pro- 
portion to  the  principal.     If  the  principal  is  doubled,  the  in- 
terest is  doubled^  if  the  principal  is  trebled,  the  interest  is 
trebled,  &fc. 

407.  One  quantity  is  said  to  vary  inversely  or  reciprocaUy 
as  another,  vihen  the  one  is  proportioned  to  the  reciprocal  of 
the  other;  that  is,  when  the  one  is  diminished,  as  the  othe# 
is  increased,  so  that 

1  11 

A  oc-gj  that  i?,  A:a::'n-T,  or  A' a::  b:B. 

In  this  case,  if  A  is  greater  than  a,  B  is  less  than  b.  (Art. 
395.)  The  time  required  for  a  man  to  raise  a  given  sum,  by 
his  labour,  is  invei-sely  as  his  wages.  The  higher  his  v.ages, 
.ihc  less  the  time. 

40B.  One  quantity  is  said  to  vary  a?  fn'o  others  jchili;,  when 
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the  one  is  increased  or  diminished,  as  the  product  of  tW 
other  two,  so  that 

.^ oc^C,  that  is  w3 :  a : :  i5C :  5c. 
The  interest  of  money  varies  as  the  product  of  the  prin- 
cipal and  time.      If  the  time  be  doubled,  and  the  principal 
doubled,  the  interest  will  be  four  times  as  great. 

409.  One  quantity  is  said  to  vary  directly  as  a  second,  and 
inversely  as  a  third,  when  the  first  is  always  proportioned  to 
the  second  divided  by  the  third,  so  that 

B  ^       B    b 

A oc^,  that \%A'.a'.\-QX  — 

410.  To  understand  the  methods  by  which  the  statements 
of  the  relations  of  variable  quantities  are  changed  from  one 
form  to  another,  little  more  is  necessary,  than  to  make  an 
application  of  the  principles  of  common  proportion ;  bear- 
ing constantly  in  jaind,  that  a  general  proportion  is  only  an 
abridged  expression,  in  which  two  terms  are  mentioned  in- 
stead of  four.  When  the  deficient  terms  are  supplied,  the 
reason  of  the  several  operations  will  commonly  be  apparent. 

411.  It  is  evident,  in  the  first  place,  that  the  order  of  the 
terms  in  a  general  proportion  may  be  inverted,  (Art.  369.) 

If         A  :  a::  B:b,  that  is,  if  A<x^B; 
Then  B:b  ::  A:  a,  ih&t  is,     B^A. 

412.  If  one  or  both  the  terms  in  a  general  proportion,  be 
inidiiplied  or  divided  by  a  constant  quantity,  the  proportion 
will  be  preserved. 

For  multiplpng  or  dividing  one  or  both  of  the  terms  is 
the  same,  as  multiplying  or  dividing  analagous  terms  in  the 
proportion  expressed  at  length.  (Art.  382.  and  cor,  1.) 

If  A:a::B:h,       that  is,  if       AocB, 

^        Then  tnA :ma::B:  b,       that  is,        mA <^B, 

And     mA:ma'-:''nB'mb,  thdut  is,        mA^mB.  he. 

413.  If  both  the  terms^be  multiplied  or  divided  even  hj 
a  variahle  quantity,  the  proportion  will  bfe  preserved.  For 
this  is  equivalent  to  multiplying  the  two  antecedents  by  one 
quantity,  and  the  two  consequents  by  another.  (Art.  382.) 

If  A:  a   ::  B    :  b,  that  is,  if      AccB; 

Then  MA  :ma  ::  MB :  mb,  that  is,      MA  ccMB,  kc. 
Cor.  1.  If  one  quantity  varies  as  another,  the  quotient  of 
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the  one  divided  by  the  other  is  constant.  Ih  other  word*,  If 
the  numerator  of  a  fraction  varies  as  the  denoiiiluator,  the 
value  remains  tlie  same. 

U  A:^::B:h,  that  is,  if  A<xB, 

^^         A     a    B     b 

Then  ^'J'-^'J-'l'l-     (Art.  128.) 

Here  the  third  and  fourth  terras  are  equal,  because  eacH 
is  equal  to  1.  Of  course  the  two  first  terms  are  equal ;  (Art. 
395.)  so  that,  if  ^  be  increased  or  diminished  as  many  times 
as  B,  the  quotient  will  be  invariably  the  same. 

Cor.  2.  If  the  product  of  two  quantities  is  constant,  one 
varies  reciprocally  as  the  other. 

AB    ah       I      I  11 

If  AB:ah::\:l,  then -g- : -^  : :  ^^  :  y,  or  .4:a::-g:y 

Cor.  3.  Any  factor  in  one  term  of  a  general  proportion^ 
may  be  transferred,  so  as  to  become  a  divisor  in  the  other  j 
and  v.  V. 

A 

If:  AqcBC,  then  dividing  by  B,^ocC.  (Art.  118.) 

If  Aocqj^,  then  rault.  by  C,  AC=^'  (Art.  159.) 

414.  If  two  quantities  vary  respectively  as  a  third,  then 
one  of  the  two  varies  as  the  other.  (Art.  3S4.) 

If      A:a::B:hl   .       .     -.^AccB 
And  C:c::B:bl^^^^'^''^   {CocB; 
Then     ^:a::-C:c,  that  is,  AqcC. 

415.  If  two  quantities  vary  respectively  as  a  third,  thoi"? 
sum  or  difference  will  vary  in  the  same  manner.  (Art.  388.) 

U      A:a::B:h},.    ,.     ..  ^AccB 
And  C:c::5:6r       "       ICocB; 
Then  A-\-C:a  +  c::B:b,  that  is,  A+CccB, 
And    ^-C:a-c::i?:6,  that  is,  e^-C«^. 

Cor.  The  addition  here  may  be  extended  to  any  number 
(i(  quantities  all  varying  alike.  (Art.  388.  cor.  1.) 
If  AccB,  and  CccB,  and  DccB,  and  ExB,  then 
{A+C+D+E)ccB. 

416.  The  terms  of  one  general  proportion  may  be  multi- 
plied or  divided  by  the  corresnonding  terms  of  ar.othcr. 
(Art.  390.) 


I 
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If      A:a::B:b}  ,,    ,  .     ..  (^aB 
And   C:c::D:d\^^'^^''^'^  [Co^D; 


Then    AC:ac::BD:bd   lliat  is,  .^ C oc BJJ. 

Cor.  If  two   quantities  vary  respectively  as  a  third,  the 
^product  of  the  two  will  vary  as  the  square  of  the  other. 

Y   At^\\hcnACa:BK 
And  Cai?  5 

417.  If  any  quantity  vary  as  another,  any  power  or  root 
af  the  former  will  vary,  as  a  like  power  or  root  of  the  latter. 
(Art.  391.) 

If        A:a::B:h,  that  is,  if     Aa:B, 

Then  ^"  :  a"  : :  1^"  :  6"      that  is,         A"  a  B'' , 

L       i  L      i  i  1. 

And    A" :  a"  : :  B" :  b" ,    that  is,  A"  ©c  5"  . 

418.  In  compounding  general  proportions,  equal  factors 
or  divisors,  in  the  two  terras,  may  be  rejected.  (Art.  393.) 

If     A:a::B:b}  iA(tB 

And5;6::C;c>that  is,  if  <  B^C 
And  C:c::D:d)  (C^D 


Then      A:a::D:d,      that  is,      Acx:D 

Cor.  If  one  quantity  varies  as  a  second,  the  second,  as  a 
third,  the  third,  as  a  fourth,  &c.  then  the  first  varies  as  the 
last. 

U  AcxiBacCo:D,thcnAa:D. 

If  A  (X  B  o:  j^fthen  Ax-p ;  that  is,  if  the  first  varies  directly 

as  the  second,  and  the  second  varies rec*j?roca% as  the  third; 
the  first  varies  rejciprocally  as  the  third. 

419.  If  any  quantity  vary  as  the  product  of  two  others, 
and  if  one  of  the  latter  be  considered  constant,  the  first  will 
vary  as  the  other. 

If  Won  LB,  and  if  B  be  constant,  then  Won  L. 

Here  it  must  be  observed,  that  there  are  tivo  conditions; 
First,  that  W  varies  as  the  product  of  the  two  other  quai?- 

titics; 
Secondly,  that  one  of  these  quantities  B  is  constant, 
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Tlien,  bj  the  conditions,  fV:iv : :  LB  :IB',  B  being  the  same 

in  both  terms. 
Divid.  by  the  constant  quantity  B,  W:w  ::L:i,  that  is  IV  ^L 
And  if  L  be  considered  constant,  IV  a  B. 

Thus  the  weight  of  a  board,  of  uniform  thickness  and  den- 
sity, varies  as  its  length  and  breadth.  If  the  length  is  given, 
the  weight  varies  as  tiie  breadtli.  And  if  the  breadth  is  giv- 
en, the  weight  varies  as  the  length. 

Cor.  Tiie  same  principle  may  be  extended  to  any  number 
of  quantities.  The  weight  of  a  stick  of  timber,  of  given 
density,  depends  on  the  length,  breadth,  and  thickness.  If 
the  length  is  given,  the  weia'ht  varies  as  the  breadth  and 
thickness.  If  the  length  and  breadth  are  given,  the  weight, 
varies  as  the  thickness,  &:c. 

If  WaLBT: 

Then  making  Tj  constant,  JV~< BT ; 

And  making  L  and  B  constant,  W^jp.*' 

420.  On  the  other  hand,  if  one  quantity  depends  on  two 
others;  so  that  when  the  second  is  given,  the  first  varies  as 
the  third,  and  when  the  tlnrd  is  given,  the  first  varies  as  the 
second;  then  the  first  varies  as  the  product  of  the  other 
two. 

If  the  weight  of  a  board  varies  as  the  leng;?.,  when  the 
breadth  is  given,  and  as  tlie  breadth  when  the  length  is  giv- 
en ;  then  if  the  length  and  breadth  hoth  vaiy,  the  weigljt  va- 
jies  as  their  product- 

If      JV(xL,  when  B  is  constant,  )  ,i        yrr     nr 
A    1  7v     D      I,       T  •  4.    4.  {  then  fV  <x  BL. 

And  (/(xB,  when  Li  is  constant,  ) 

In  demonstrating  this,  we  have  to  consider,  tu'o  rarmhlc 
values  of  W;  one,  when  Lonly  varies,  and  the  other,  v/heB 
L  and  B  hoth  vary. 

Let  w'=the  first  of  these  variable  values, 
And  w~Xh^  other; 

So  that  W  will  be  changed  to  w\  by  the  varying  of      /y^ 
And  %v  will  be  farther  changed  to  w,  by  the  varying  of  B. 

Then,  by  the  supposition,   W:w'  ::L:l,  when  B  is  constant. 
And  w'  :w::B :b,  when  B  varies. 


Mult,  correspond,  terms,     lV^v' :  ivw' : :  J3L :  hi.  (Art.  390.') 
Divid.  by  w'  (Art.  382.)     W :  w  : :  BL :  hi  i.  e.  IV or  BU. 

Cc 
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The  proof  may  be  extended  to  any  number  of  quantities. 
The  weight  of  a  piece  of  timber,  depends  on  its  length, 
breadth,  thiokness  and  density.  If  any  three  of  these  are 
given,  the  weight  varies  as  the  other. 

This  case  must  not  be  confounded  with  that  in  art.  416, 
cor.  In  that,  B  is  supposed  to  vary  as  A  and  as  C,  at  the 
same  time.  In  this,  B  varies  as  A,  only  when  C  is  constant, 
and  as  C,  only  when  A  is  constant.  It  can  not  therefore  va- 
ry as  A  and  as  C  separately,  at  the  same  time. 


421.  Many  writers,  in  expressing  a  general  proportion,  do 
not  use  the  term  vary,  or  the  character  v/hich  has  here  been 
put  for  it.  Instead  of  A<x.B,  they  say  simply  that  A  is  asB. 
See  Enfield's  Philosophj'.  It  may  be  proper  to  observe  al- 
so, that  the  word  given  is  frequently  .^ised  to  distinguisli  con- 
stant quantities,  from  those  which  are  variable;  as  well  as  to 
distinguish  known  quantities,  from  those  which  are  unknown, 
{Art.  17.) 


SECTION    XIV 


ARITHMETICAL  and  GEOMETRICAL  PROGRES- 
SION. 


Art  422  O^^^'^^'^^^^  which  decrease  by  a  common 
^L>  difference,  as  the  numbers  10,  8,  6, 4,  2,  are 
in  continued  arithmetical  proportion.  (Art.  372.)  Such  a 
series  is  also  called  ^progression,  which  is  only  another  name 
for  continued  proportion. 

It  is  evident,  that  the  proportion  will  not  be  destroyed,  i^ 
the  order  of  the  quantities  be  inverted.      Thus  the  numbers 
2,  4,  6,  S,  10,  are  in  continued  arithmetical  proportion. 

(Quantities,  then,  are  in  arithmetical  progression,  when  they 
increase  or  decrease  by  a  common  difference. 

When  they  increase,  they  form  what  is  called  an  ascending 
series,  as  3,  5,  7,  9,  11,  &c. 

When  they  decrease,  they  form  a  descending  series,  as  11, 
9,  7,  5,  &c. 

The  natural  numbers  1,  2,  3,  4,  5,  6,  &,c.  are  in  arithmetic- 
al progression  ascending. 

423.  From  the  definition  it  is  evident  that,  in  an  ascend- 
ing series,  each  succeeding  term  is  found,  by  adding  the  com- 
mon difference   to  the  preceding  term. 

If  the  first  term  is  3,  and  the  common  difference  2j 
Then  3-f  2=5  is  the  second  term,  7  +  2=9  the  fourth. 

5+2=7     the  third,  9  +  2  =  11  the  fifth,  &c. 

And  the  series  is  3,  5,  7,  9,  11,  13,  &ic. 
If  the  first  term  is  a,  and  the  common  difference  d', 
Then  a-\-d  is  the  second  term,  a  +  2d-\-d=a-\-^d  the  fourth, 
a-\rd-\-d=a-\-2d  the  3d,  a  +  3rf+^/=«+4t/the  5th,&c. 

12  3  -4  5 

And  the  series  is  a,  a  +  d,  a-\-2d,  a-\-2>d,  a-}- /id,  Sic. 

If  the  first  term  and  the  common  difference  are  the  same. 
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the  series  becomes  more  simple.     Thus  if  a  is  the  first  term, 
and  the  common  difference,  and  n  the  number  of  terras,    - 

Then  a  +  a=2d  is  the  second  term 
2a-\-a= 3a  the  third,,  he. 
And  the  series  is  a,  2a,  3a,  4a na. 

424.  In  a  descending  series,  each  succeeding  term  is  found, 
by  subtracting  the  common  difference  from  the  preceding 
term. 

If  a  is  the  first  term,  and  d  the  common  difference,  the 

12  3  4  5 

series  is  a,  a-^d,  a— 2d,  a  — 3d,  a— Ad,  &ic. 

In  this  manner,  we  may  obtain  any  term,  by  continued  ad- 
dition or  subtraction.  But  in  a  long  series,  this  process  would 
become  tedious.  There  is  a  method  much  more  expedi- 
tious.    By  attending  to  the  series 

12  3  4  5 

*  a,  a  +  d,  a+2J,  a-\-3d,  a+4:d,  he. 

it  will  be  seen,  that  the  number  of  times  d  is  added  to  a  is 
one  less  than  the  number  of  the  term. 

The  second  term  is  a-\-d,  i.  e.  a  added  to  once  d ; 
The  third  is  a -{-2d,       a  Sidded  to  twice  d; 

The  fourth  is  a-\-od,       a  added  to  thrice  d,  &;cj 

So,  if  the  series  be  continued",. 

The  60th  term  will  be  a  +  49<f 

The  100th  term  a+Qdd 

In  the  greatest  ievm,  the  number  of  times  dh  added  to  a^ 
is  one  less  than  the  number  of  all  the  terms.     If  then 

a=the  least  term^  z=the  greatest,  w=the  number  of  terms, 
we  shall  have,  in  all  cases,  z=a-\-{n  —  l)xd;  that  is, 

425.  In  an  arithmetical  progression,  the  greatest  term  is 
equal  to  the  least,  +  the  jjroduct  of  the  common  difference  int6 
the  number  of  terms  less  one. 

Any  other  teim  may  be  found  in  the  same  way.  For 
the  series  may  be  made  to  stop  at  any  term,  and  that  may^ 
be  considered,  for  the  time,  as  the  last. 

Thus  the  mih  icvm=a-}-{m  —  l)xd. 

If  the  first  term  and  the  common  difTerence  are  the  same, 

z=a-r{n  —  l)a=a-{-na—a,  that  is, z=na. 
In  an  ascending  series,  tlic  first  term  is,  evidently,  the  leasts 
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and  the  last,  the  greatest.      But  in  a  descending  series,  the 
first  term  is  the  greatest,  and  the  last,  the  least. 

426.  The  equation  z=-a  +  {n  —  l)d  hot  only  shows  the  val- 
»e  of  the  greatest  term,  but,  by  a  few  simple  reductions,  will 
enable  us  to  find  other  parts  of  the  series.  It  contains  four 
different  quantities, 

fl,  the  least  term,         n,  the  number  of  terms,  and 
z,  the  greatest  term,    d,  the  common  difference. 

If  any  three  of  these  be  given,  the  other  may  be  found, 

1.  By  the  equation  already  found, 

z=a-{-{n  —  l)d=the  greatest  term, 

2.  Transposirig  {n-l)d,  (Art.  173.) 

z—{n  —  l)d=a=the  least  term. 


3.  Transposing  a  in  the  1st  and  dividing  by  n  —  I, 
z—a 

n 


~.  =d=the  common  difference. 

4.  Transp.  a  in  the  1st,  dividing  by  d,  and  tiansp.  —1, 

z—a 

—j-r^  1=71= the  nmnbcr  of  terms. 

Prob.  1.  If  the  first  term  of  an  increasing  progi'ession  is 
7,  the  common  difference  3,  and  the  number  of  terms  9, 
what  is  the  last  term  ? 

Ans.  z=a  +  {n-l)d='7  +  {d  —  l)x3=3L 
And  the  series  is  7,  10,  13,  16,  19,  22,  25,  28,  31. 

Prob.  2.  If  the  last  term  of  an  increasing  progression  is 
60,  the  number  of  terms  12,  and  the  common  difference  5, 
what  is  the  first  term  ? 

Ans.  a=z-{n-l)d=&Q-{l2-l)x5=5. 

427.  There  is  one  other  inquiry  to  be  made  conceming  a 
series  in  arithmetical  progression.  It  is  often  necessary  to 
find  the  sum  of  all  the  terms.  This  is  called  the  summation  of 
the  series.  The  most  obvious  nwde  of  obtaining  the  amount 
of  the  terms,  is  to  add  them  together.  But  the  nature  of 
progression  will  furnish  us  with  a  method  more  expeditious. 

It  is  manifest  that  the  sum  of  the  term's  will  be  the  same. 
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in  whatever  orde?-  they  are  written.  The  sum  of  the  ascend- 
ing series  3,  5,  7,  9,  11,  is  the  same,  as  that  of  the  descend- 
ing series  11,  9,  7,  5,  3.  The  sum  of  both  the  series  is,  there- 
fore, tivice  as  great,  as  the  sum  of  tlie  terms  in  one  of  thera. 
There  is  an  easy  method  of  finding  this  double  sum,  and,  of 
course,  the  sum  itself  which  is  the  object  of  inquiry.  Let  a 
given  series  be  wi'itten,  both  in  the  direct,  and  in  tiie  invert- 
ed order,  and  then  add  the  con'esponding  terms  together. 

Take,  for  instance,  the  series  3,    5,    7,    9,11, 

And  the  same  inverted  11,    9,    7,    5,    3. 


The  sums  of  the  terms  will  be         14,  14,  14,  14,  14. 

Take  also  the  series     a,  a-\-d,     a  ■{■2d,  a  +  3d,  «+4J, 

And  the  same  inver.     «+4fl?,  a-{-3d,  a+2d,  a-\-d,     a. 


The  sums  will  be        2a  4-  ^d,2a + id,2a + M,2a  -f  4c?,2a  +  4(/. 

Here  we  discover  the  important  property,  that, 

428.  In  an  arithmetical  progression,  the  sum  of  the  extremes 
is  equal  to  the  sum  of  any  other  two  terms  equally  distant  from 
the  extremes. 

In  the  series  of  numbers  above,  the  sum  of  the  first  and 
the  last  term,  of  the  first  but  one  and  the  last  but  one,  he.  is 
14.  And  in  the  other  series,  the  sum  of  each  pair  of  cor- 
responding terms  is  2a-j-4(/. 

To  find  the  sum  of  all  the  terms  in  the  double  series,  wc 
have  only  to  observe,  that  it  is  equal  to  the  sum  of  the  ex- 
tremes repeated  as  many  times  as  there  are  terms. 
The  sum  of  14,  14,  14,  14,  14=14x5. 

And  the  sum  of  the  terms  in  the  other  double  series  is 
(2a+4J)x5. 

But  tliis  is  iii'ice  the  sum  of  the  terms  in  the  single  series. 
If  then  we  put 

«=the  least  term,  n=the  number  of  terms, 

;2r=the  greatest,  5=the  sum  of  the  terms. 

we  shall  have  this  equation, 

s=—x--xn.     That  is, 

429,  In  an  arithmetical  progression,  the  sum  of  all  the 
terms  is  equal  to  half  the  sum  of  the  extremes  multij)Ued  inf» 
the  niimher  of  terms. 
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Prob.  What  is  the  sum  of  the  natural  series  of  numbers 
1,2,3,  1,5,  g^e.up  to  1000? 

a+z             l  +  IOOO 
Ans.  s=-—^X  21= 7r, X  1000  =  500500. 

430-  In  the  series  of  o^d' numbers  1,  3,  5,  T,  9,  Sec.  con- 
tinued to  any  given  extent,  the  last  term  is  always  one  'ess 
than  twice  the  number  of  terms. 

For  z=a-\-(n  —  l)d.  (Art.  425.)  But  in  the  proposed  sc- 
ries a  =  l,  and  d=2. 

The  equation,  then,  becomes  :r=:I  +  (rj  — 1)  x2=2?j  — 1. 

431.  In  the  series  of  odd  numbers  1,  3,  5,  7,  9,  k.c.  the 
sum  of  the  terms  is  always  equal  to  the  square  of  the  number  of 
terms. 

ror5=-|(/?+2)n.  (Art.  429.) 
But  here  fl  =  l,  and  by  the  last  article,  ^=2;?  — I, 
The  equation,  then  becomes,  5=-|(l+2rt  — 1)k=?i'. 

Thus  1+3=4    ') 

1+3+5=9    >  the  square  of  the  number  of  terms. 
1+3+5  +  7  =  16  i 

Or  thus, 

Series  of  numbers,  1,  3,  5,  7,  9,  11,  13,  15,  &c. 
Number  of  terms,  1,  2,  3,  4,  5,  6,  7,  8,  &c. 
Sum  of  the  terms,       1,  4,  9,  IG,  25,  36,  49,  64.  Uc. 

432.  If  there  be  two  ranks  of  quantities  in  arithmetical 
progression,  the  sums  or  differences  will  also  be  in  arithmetical 
progression. 

For,  by  the  addition  or  subtraction  of  the  correspondins; 
terms,  the  ratios  are  added  or  subtracted.  (Art.  345.)  And 
by  the  nature  of  progression,  all  the  ratios  in  the  series  are 
equal.  Therefore  equal  ratios  being  added  to,  or  subtracted 
from,  equal  ratios,  the  new  ratios  Ihence  arising  will  also  be 
equal. 

To  and  from     3,    6,    9,  l2,  15,  18,  2n  (^ 

Add  and  sub.    2,    4,    6,    8,  10,  12,  14  |  |  2 

)>wliose  ratio  is  -^  - 

Sums  5,  10,  15,  20,25,  30,  35  f  15 

Diff.  1,    2,    3,    4,    5,    G,    7j  [l 

433.  If  ^^  the  terms  of  an  arithmetical  progression  be 
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multiplied  or  divided  by  the  same  quantity,  tlie  products  or 
quotients  will  be  in  arithmetical  progression. 

For,  by  tbe  multiplication  or  division  of  the  terms,  the 
raiio5  are  multiplied  or  divided;  (Art.  344.)  that  is,  equal 
quantities  are  multiplied  or  divided  by  the  given  quantity. 
They  will  therefore  remain  equal. 

If  the  series  3,  5,  7,  9,ll,&:c.  be  mult,  by  4; 

The  prods,  will  be  12,20,28,36,44,&tc.  andif  thisbe  divid.by  2  j 

The  quots.  wiU  be    6,10,l4,18,22,&c. 


GeojIetrical   Progression. 

434.  As  arithmetical  proportion  continued  is  arithmetical 
progression,  so  geometrical  proportion  continued  Is  geomet- 
rical progi'ession. 

The  numbers  64,  32,  16,  8,  4,  are  in  continued  geomet- 
rical proportion.  (Art.  372.) 

In  this  series,  if  each  preceding  t-erm  be   divided  by  the 
common  ratio,  the  quotient  will  be  the  following  term. 
V=32,  and  y  =16,  and  V  =8,  and  |=4. 
If  the  order  of  the  series  be  inverted,  the  proportion  will 
still  be  preserved;  (Art.  399.)  and  the  common  dlyisor  I'lil 
become  a  multiplier.  In  the  series 

4,8,16,32,64,  &;c.  4  x  2=8,  and  8  X  2=16,  and  16  x  2^32,SiC. 

435.  Quantities,  then,  are  in  geometrical  progression,,  when 
they  increase  by  a  common  midtiplier,  or  decrease  by  a  com' 
mon  divisor. 

The  common  multiplier  or  divisor  is  called  the  ratio.  In 
a  descending  series,  it  is,  as  In  com.mon  proportion,  a  direct 
ratio.     But  In  an  ascending  series,  It  is  a  reciprocal  ratio. 

In  the  series  4,8,16,32,&c.|=y  =||  =2,the  common  ratio. 

But  If  the  direct  ratios  are  equal,  the  reciprocal  ratios  are 
also  equal.  (Art.  399.)  So  that  quantities  in  geometriiui  pro- 
gression, whether  ascending  or  descending,  may  be  consid- 
ered proportionals. 

To  Investigate  the  properties  of  geometrical  progression, 
Ve  may  take  nearly  the  same  course,  as  in  arithmetical  pro- 
gression, observing  to  substitute  continual  multiplication  and 
division,  instead  of  addition  and  subtraction.  It  Is  evident,  in 
the  first  place,  that. 


(Geometrical  progression.        art 

436.  In  an  ascending  geometrical  series,  each  succeeding 
term  is  found  by  multipltfing  the  ratio  into  the  preceding  term. 

If  the  first  term  is  a,  and  the  ratio  r, 

Then  axr=ar,  the  second  terra,  ar^  xr:=ar^,  the  fourth, 
arXr=ar^,  the  third,  «r'  xr=ar*,  the  fifth, &c. 

And  the  series  is  a,  ar,  ar^,  ar^,  ar*,  ar',  &ic, 

437.  If  the  first  term  and  the  ratio  are  the  same,  the  prO" 
gression  is  simply  a  series  of  powers. 

If  the  first  term  and  the  ratio  are  each  equal  to  r. 

Then  r  X r=r^,  the  second  term,      r^  xr=r*,  the  fourth, 
r*  X  r=r',  the  third  ,  r*xr=r^,  the  fifth. 

And  the  series  is  r,  r^,r^,  r*,  r^,  r®,  he. 

438.  In  a  descending  series,  each  succeeding  term  is  found 
by  dividing  the  preceding  term  by  the  ratio. 

If  the  first  term  is  ar' ,  and  the  ratio  r, 

The  series  is  ar^,  ar',  ar*,  ar',  ar^,  ar,  a,hQi 

If  the  first  term  is  a  and  the  ratio  r, 

a     a     a  , 

The  series  is  c,  — j  -^»  -5^,&;c,or(Art.207.)«,a*'"~V^'i^c„ 

If  the  first  term  is  1 ,  and  the  ratio  2j 
The  series  is  1,  I,  \,  |,  -jV,  ^2?  sh-^  &c. 

12         3  4  S  6 

By  attending  to  the  series  a,  ar,  ar^,  ar'',  ar'*,  ar',  &c.  it 
ivill  be  seen  that,  in  each  term,  the  exponent  of  tjie  power  of 
the  ratio  is  one  less,  than  the  number  of  the  term. 

If  then  o=the  least  term,        r=the  ratio 

;r=i:the  greatest,  w=the  number  of  terms; 

we  have  the  equation  z=ar^~^,  that  is, 

439.  In  geometrical  progression,  the  greatest  term  is  equal 
to  the  product  of  the  least,  into  that  power  of  the  ratio  whose 
index  is  one  less  than  the  number  of  terms. 

When  the  least  term  and  the  ratio  are  the  sam.e,  the  equa- 
tion becomes  z=r/-"~'=7" .     See  art.  437. 

440.  Of  the  four  quantities  a,z,  r,  and  n,  any  th^ce  being 
given,  the  other  may  be  found.* 

«See  Note  K- 

Dd 
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1.  By  the  kst  article, 

z  =  «r"~* = the  greatest  ttrm. 

21.  Dividing  by  ?"~*, 

z 
-^^=ffl=the  lea&t  term. 

3.  Divid.  the  1st  by  a,  and  extracting  the  root,  (Art.  297.) 
\—j      ~r =i\\e  ratio. 

441.  'The  next  thing  to  be  attended  to  is  the  rule  for  find- 
ing the  sxim  of  all  the  terms. 

U  any  term,  in  an  increasing  geometrical  series,  be  multi- 
plied by  the  ratio,  the  product  will  be  the  succeeding  term. 
(Art.  436.)  Of  course,  if  each  of  the  terms  be  multiplied 
by  the  ratio,  a  new  series  will  be  produced,  in  which  all  the 
terms  except  the  last  will  be  the  same,  as  all  except  the  first 
i?i  the  other  series.  To  make  this  plain,  let  the  new  series 
be  written  under  the  other,  iu  such  a  manner,  that  each 
term  shall  be  removed  one  step  to  the  right  of  that  from 
which  it  is  produced  in  the  line  abo^e. 

Take,  for  instance,  the  series  2,  4,  8,  16,  32 

Mult.  e»ch  term  by  the  ratio,  we  have  4,  8,  16,  32, 64. 

Here  it  will  be  seen,  at  once,  that  the  four  last  terms  in 
the  upper  line  are  the  same,  as  the  four  first  in  the  lower 
line.  The  only  terms  which  are  not  in  both,  are  the  Jirst  of 
the  one  series,  and  the  last  of  the  other.  So  that  when  we 
subtract  the  one  series  from,  the  other,  all  the  terms  except 
these  two  will  disappear,  by  balai^cing  each  other. 

If  the  given  series  is         a,  ar,  ar^,  ar^, ....  or"-*. 
Then  mult,  by  r,  we  have,     ar,  ar^,  ar^, ....  ar''~^^  ar" . 

Now  let  5= the  sum  of  the  terms. 

Then                      s  =a-{- ar-\-ar^ ■\- ar^ ,  ....-{■  nr"'^^. 
And  mult,  by  r,  rs=       ar-{-ar^-{-ar^, +  «r"~* -f  cr" . 


Subt'g  the  first  equation  from  the  second,      rs—s  —  ar*^  —a 

ar^  -_  d 
And  dividing  by  (r~l),  (Art.  121.) 


r-1 
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In  this  equation,  or"  is  the  last  term  in  the  new  series,  and 
is  therefore  the  product  of  the  ratio  into  the  last  term  in  the 
given  series.     Hence, 

442,  The  sum  of  a  series  in  geometrical  progression  is 
found,  by  multipljing  the  greatest  term  into  the  ratio,  sub- 
tracting the  least  teim,  and  dividing  the  rt'maijider  by  the 
ratio  less  one. 

Prob.  If  in  a  series  of  numbers  in  geometrical  progres- 
sion, the  first  term  is  0,  the  last  term  1458^  and  the  ratio  3, 
what  is  the  sum  of  ail  the  terms  .'* 

rz^a      3x1458  —  6 
Aais.  s=-~Y~ 3—^^ =  2184, 

443.  Quantities  in  geometrical  progression  are proportionai 
to  their  differences. 

Let  the  series  be  ^,,  or,  ar^ ,  ar'^,  ar*,  &c. 
Bj  the  nature  ^f  geometrical  progression, 

a'.ar ::  ar :  ar^  : :  ar^  :  ar^  ::  ar^  :  ar*,  he. 

In  each  couplet  let  the  antecedent  be  subtracted  from  the 
consequent  according  to  art.  3SU.  6. 

Then  a:ar::ar—a:ar^—ar::ar^—ar:ar^--aT^,  fcc. 
That  is,  the  first  term  is  to  the  second,  as  the  difference  be- 
tween the  first  and  second,  to  th^e  difference  between  the 
second  and  third;  and  as  the  difference  between  the  second 
and  third,  to  the  difference  between  the  third  and  fourth,  k,c. 
Cor.  If  quantities  are  in  geometrical  progression,  their 
differences  are  also  in  geometrical  progression. 

Thus  the  numbers  3,9,     27,     81,       243,  &:c. 

And  their  differences  G,  18,     54,     162,  &c.  are  in 

geometrical  progression. 

444.  Several  quantities  are  said  to  be  in  hnrmonical  pro- 
gression, when,  of  arj  three  which  are  contiguous  in  the  se- 
ries, the  first  is  to  the  last,  as  the  difference  between  the  two 
first,  to  the  difference  between  the  two  last.     See  art.  400. 

Thus  the  numbers  -60,  30,  20,  15,  12,  10,  are  in  harmonic 
eal  progression. 

For  60  :  20  :: 60-30: 30-20,  And  20: 12:: 30- IS:  15-12, 
AndSO.  15::  30-20-20-15,  And  15  :  10::15-^12:I2-l(t 


SECTION  XT. 


INFINITES  AND  INFINITESIMALS* 

Art.  446.  HP^'J^  ^^ord  ivjlnite  is  used  in  dififerent  senses. 
The  ambiguity  of  the  term  l)as  been  the  oc- 
casion of  much  perplexity.  It  has  even  led  to  tlie  absurd 
supposition,  that  propositions  directly  contradictory  to  each 
other  may  be  mathematically  demonstrated  These  appar- 
ent_  contradictions  are  owing  to  the  fact,  that  what  is  proved 
of  infinit}^,  when  understood  in  one  particular  manner,  is  of- 
ten thought  to  be  true  also,  when  the  term  has  a  very  differ- 
ent signification.  The  two  meanings  are  insensibly  shifted, 
the  one  for  the  other,  so  that  the  proposition  which  is  really 
demonsti-ated,  is  exchanged  for  another  which  is  false  and 
absurd.  To  prevent  mistakes  of  this  nature,  it  is  important 
that  the  different  meanings  be  carefully  distinguished  from 
each  other. 

446.  Infinite,  in  the  liighest,  and  perhaps  the  most 
proper  sense  of  the  word,  is  that  which  is  so  great,  that  no- 
thing  can  be  added  to  it,  or  supposed  to  he  added. 

In  this  sense,  it  is  frequently  used,  in  speaking  of  moral 
and  metaphysical  subjects.  Thus,  by  infinite  wisdom  is 
meant  that  \vhich  will  not  admit  of  the  least  addition.  Infi- 
nite power  is  that  which  cannot  possibly  be  increased,  even 
in  supposition.  This  meaning  of  infinity  is  not  applicable  to 
the  mathematics.  That  which  is  the  subject  of  the  mathe- 
matics is  «7Man%;  (Art.  1.)  such  quantity  as  may  be  con- 
ceived hy  the  human  mind.  But  no  idea  can  be  formed  of 
a  quantity  so  great  that  nothing  can  be  supposed  to  be  added 
to  it.^  In  this  seose,  an  infinite  number  is  inconceivable.  We 
may  increase  a  number  by  continual  addition,  till  we  obtain 
.one  that  shall  exceed  any  limits  which  we  please  to  assign. 
B^  this,  hpw^ever,  we  do  not  arrive  at  a  Bumber  to  which 

*  Locke's  Essays,  Book  2.  Chap.  17.  Berkley's  Analyst.  Preface 
CO  Maclaurin's  Fluxions.  NeAvton's  Princip.  Saunderson's  Algebra, 
Art.  336.    Mansfield's  Essays,  Emerson's  Algebra.  Prob.  73.  ' 
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nodiing  £an  be  added ;  but  only  at  one  that  is  beyond  any 
limits  which  we  have  hitherto  set.  Farther  additif^ns  indy 
be  made  to  it,  with  the  same  ease,  as  those  by  whicli  it  ha's 
aheady  been  increased  so  far.  It  is  tiierefore  not  inimite,  in 
the  sense  in  which  the  term  has  now  been  explained.  It  is 
absurd  to  speak  of  the  greatest  jwssible  number.  No  number 
,can  be  imagined  so  great,  as  not  to  admit  of  being  m?de 
greater.  We  must  therefore  look  for  another  meaning  of  in- 
finity, before  v.e  can  apply  it,  with  propriety,  to  the  liiatbe- 
matics. 

447.  A  mathematical  quantity  is  said  to  be  infimte,  ivhcn  it  is 
iupposed  to  be  increased  beyond  any  determinate  limits. 

By  determinate  limits  are  meant  such  as  can  be  distinctly 
stated.*  In  this  sense,  the  natural  series  of  numbers  1,2,  3 
4,  5,  &c.  may  be  said  to  be  infinite.  For,  if  any  number  be 
mentioned  ever  so  great,  another  may  be  supposed  stili 
greater. 

The  tv.'o  significations  of  the  word  infinite  are  liable  to  be 
confounded,  because  they  are  in  several  points  of  view  tlie 
same.  The  higher  meaning  includes  the  lower.  That  which 
IS  so  great  as  to  admit  of  no  addition,  niu:.t  be  beyond  any 
determinate  limits.  But  the  lower  does  not  necessarily  im- 
ply the  higher.  Though  number  is  capable  of  being  increas- 
ed beyond  any  specified  limits;  it  will  not  follow,  that  a  num- 
ber can  be  found  to  which  no  farther  additions  can  be  made. 
The  two  infinites  agree  in  this,  that,  accordii.'g  to  each,  the 
things  spoken  of  are  great  beyond  calculation.  But  they 
differ  widely  in  another  respect.  To  the  one,  nothing  rail 
be  added.  To  the  other,  additions  can  be  made  at  pleas- 
ure. 

448.  In  the  mathematical  sense  of  the  term,  there  h  no 
absurdity  m  supposing  one  infinite  greater  than  another. 

We  may  conceive  the  numbers         2  2  2  2  2  2  2  &c. 
and  4  4  4  4  4  4  4  &tc. 

to  be  each  extended  so  far  as  to  reach  round  ti^e  globe,  or 
to  the  most  di'^tant  visible  star,  or  beyond  any  greater  boun- 
dxry  which  can  be  mentioned.  But,  if  the  two  series  be 
equally  extended,  the  amouut  of  the  one  will  be  twice  as 
great  as  the  other,  though  both  be  infinite. 

So,  if  the  scries     a-}-   a^ -\-  a^  +   a*+   a*  fcc." 
and  9a  +  Oa  »  +  9a  ^  -f-  Oa  *  +  3«  *  l:.z. 

'^  Se,*'  Note  jL 


222  ALGEBRA. 

be  extended  together  beyond  any  specified  limits,  one  wiH 
be  7ivie  times  as  great  as  the  other.  Btit  it  would  be  absurd 
to  suppose  one  quantity  greater  than  another,  if  the  latter 
were  already  so  great  that  nothing  could  be  added  to  it. 

449.  An  infinite  munber  of  terms  must  not  be  mistaken  for 
an  infinite  quantity.  The  terms  may  be  extended  beyond 
imy  given  limits,  when  the  amount  of  the  whole  is  a  finite 
quantity,  and  even  a  small  one.  If  we  take  half  of  a  unit ; 
then  half  of  the  remainder ;  half  of  the  remaining  half,  &:c. 
we  ohall  have  the  series 

in  which  each  succeeding  term  is  half  of  the  preceding  one. 
JjCt  the  progression  be  continued  ever  so  far,  the  sum  of  all 
the  terras  can  never  exceed  a  unit.  For,  by  the  supposition, 
theie  is  stiU  a  remainder  equal  to  the  last  term.  And  this 
remainder  must  be  added,  before  the  amount  of  the  whole 
can  be  equal  to  a  unit. 

So  1-1-1  +  1  + A  +  A  + A  ^-'  can  never  exceed  8. 

450.  Wheri  a  quantity  is  diminished  till  it  becomes  less  than 
an]f  dctcrviinatc  quantity,  it  is  called  an  infinitesimal. 

Thus,  in  the  series  of  fractions  -,»^,  ^|^,  -j.^i^^,  _^i.^^,&x:. 
a  unit  is  Srst  divided  into  ten  pails,  then  into  a  hundred,  a 
thousand,  8ic.  One  of  these  parts  in  each  succeeding  term, 
is  ten  times  less  than  in  the  preceding.  If  then  the  progres- 
sion be  continued,  a  portion  of  a  unit  may  be  pbtained  less 
than  any  specified  quantity.  This  is  an  infinitesimal,  and,  in 
mathematical  language,  is  said  to  be  infinitely  small.  By  this, 
hov;ever,  we  are  not  to  understand,  that  it  can  not  be  made 
less.  The  same  process  that  has  reduced  it  below  any  limit  l 
whicii  we  have  yet  specified,  may  be  continued,  so  as  to  di-r  I 
minish  it  still  more.  And  however  far  the  progression  may 
be  carried,  we  shall  never  arrive  at  a  point  where  we  must 
necessarily  stop. 

451.  In  the  sense  now  explained,  mathemyatical  quantity 
may  be  said  to  be  infinitely  divisible;  that  is,  it  may  be  sup- 
posed to  be  so  divided,  that  the  j^arts  shall  be  less  than  any 
determinate  quantity,  and  the  number  of  parts  greater  than 
any  given  number. 

In  the  series  -^V,  too,  tctV^T'  T^offo^  ^c.  a  unit  is  divided 
into  a  greater  and  greater  number  of  parts,  till  they  become 
infinitesimals,  and  tlie  number  of  them  infinite,  that  is,  such  a 
number  ?is  exceeds  any  given  number.      But  this  does  not 
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prove  that  we  can  ever  arrive  at  a  division  in  ■«hic]i  the  parts 
shall  be  the  least  possible,  or  the  number  of  parts  Xhc  greatest 
possible. 

452,  One  infinitesimal  may  be  less  than  another. 


The  series  -j^-,  jg^^,  jr^^?  I'S'S'sz-)  ^^^ 

An<1  5  3  _    3  1  St„ 
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may  be  carried  on  together,  till  the  last  terra  in  each  be- 
comes infinitely  small ;  and  yet  one  of  these  terms  will  be 
only  half  as  great  as  the  other.  For,  the  denominators  be- 
in;^  the  same,  the  fractions  will  be  as  their  numerators,  (Ai't» 
360.  cor.  2.)  that  is,  as  &:  3,  or  2 : 1, 

Two  quantities  may  also  be  divided,  each  into  an  infinite 
number  of  parts,  using  the  term  infinite  in  the  mathematicaJ 
sense,  and  yet  the  paits  of  one  be  more  numerous,  tlian  those 
of  the  other. 

Ine  series  3^,  iq-^,  t'otto'j  too^&j  '*^' 

And  JL       1  1  1  ?<Tr 

■^"'^  4&'    4&"5"»   TO'OOJ    4  0^0  0>   ^^* 

may  both  be  infinitely  extended  ;  and  yet  a  unit  in  the  last 
s-eries,  is  divided  into  four  times  as  many  parts  as  in  the  fir?t. 
i3ut  if,  by  an  infinite  number  of  parts  were  meant  sucha  num-' 
her  as  could  not  be  increased",  it  v.ould  be  absurd  to  suppose 
the  divisions  of  any  quantity  to  he  still  more  num^erous.* 

453.  For  all  practical  purposes,  an  infinitesimal  may  be 
considered  as  absolutely  nothing.  As  it  is  less  than  an}' 
determinate  quantity,  it  is  lost  even  in  numerical  calculations. 
In  algebraic  processes,  a  term  is  often  rejected  as  of  no  val- 
ue, because  it  is  infiiiitely  small. 

It  is  frequently  expedient  to  admit  into  a  calculation  a 
small  errour,  or  what  is  suspected  to  be  an  errour.  It  may 
be  diificult  either  to  avoid  the  objectionable  pait,  or  to  ascer- 
tain its  exact  value,  or  even  to  deteniiine,  without  a  long  and 
tedious  process,  whether  it  is  really  an  errour  of  not.  But  if 
it  can  be  shown  to  be  infinitely  small,  it  is  of  no  account  m 
practice,  and  may  be  retained  or  rejected  at  pleasure. 

It  is  impossible  to  find  a  decimal  which  shall  be  exactly 
equat  to  the  vulgar  fraction  |.  Dividing  the  numerator  by 
the  denominator,  we  obtain,  in  the  first  place  -^^.  This  is 
nearly  equal  to  i.     But  -^-^^  is  nearer,  -rWV  still  nearer,  &c, 

^  See  Note  3L 
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Tiic  ei'i'our,  in  the  first  instance,  is  •^^, 

■fr'av  5   -)-._'_ — _9_4-    1    — ^0 1 

■^  "1  1  0     1^  3  0  30     1^"S0         "30" — T 

in  the  same  manner  it  may  be  shown,  that 

the  dlfTerence  between   <^'     i  *oVo '•^°^.' 

(  i  ^"d  .333,  !s  3  oVo.  «^c. 

If  the  decimal  be  supposed  to  be  extended  beyond  an/ 
assigaable  iiuiit,'the  difference  stiil  remaining  will  be  infinite*' 
\y  small.  As  this  errour  is  less  than  any  given  quantity,  it  is 
of  no  account,  and  may  be  considered  in  cahilation  as  no- 
thing. 

454.  From  the  preceding  example  it  will  be  seen,  that  a 
quantity  may  be  continually  coming  nearer  to  another,  and 
yet  ne'ver  reach  it.  The  decimal  0.3333333  Sic.  by  repeated 
additions  on  the  right,  may  be  made  to  approximate  contin- 
ually to  ^,  but  can  never  exactly  equal  it.  A  difference  will 
always  remain,  though  it  may  become  infinitely  small. 

455.  Though  an  infinitesimal  is  of  no  account  of  itself,  yet 
its  ef^2ct  on  other  quantities  is  not  always  to  be  disregarded. 

When  it  is  a  factor  or  a  divisor,  it  may  have  an  important 
influence.  It  is  necessary,  therefore,  to  attend  to  the  rela- 
tions which  infinites,  infinitesimals,  and  finite  quantities  have 
to  each  other.  As  an  infinitesimal  is  less  than  any  assignable 
quantity,  as  it  is  next  to  nothing,  and,  in  practice,  may  be 
considered  as  nothing,  it  is  frequently  represented  by  0. 

An  infinite  quantity  is  expressed  by  the  character  00  - 

456.  As  an  infinite  quantity  is  incomparably  greater  than 
a  finite  one,  the  alteration  of  the  former,  by  an  addition  or" 
subtraction  of  the  latter,  may  be  disregarded  in  calculation. 
A  single  grain  of  sand  is  greater  in  comparison  with  the 
"whole  earth,  than  any  finite  quantity  in  comparisoir  with  one 
which  is  infinite.  If  therefore  infinite  and  finite  quantities 
are  connected  by  the  sign  -\-  or  — ,  the  latter  may  be  reject- 
ed as  of  no  comparative  value.  For  the  same  reason,  if  fi- 
nite quantities  and  infinitesimals  are  connected  by  -|-  or  — , 
the  latter  may  be  expunged. 

457.  But  if  an  infinite  quantity  be  multiplied  by  one  which 
is  finite,  it  will  be  as  many  times  iiicreased,  as  any  othep 
quantity  would,  by  the  same  multiplier. 

If  the  infinite  series  2  2  2  2  2  2  &c.  be  multiphed  by  4, 
^  The  product  will  be  8  8  8  8  8  8  &ic.  four  times  as  great 
as  the  multiplicand.     See  art.  448, 
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458.  And  if  an  infinite  quantity  be  divided  by  a  finite 
tjuantitj,  it  will  be  altered  in  the  came  manner  as  any  other 
quantity. 

If  the  infinite  series    66G6G666   &ic.  be  divided  by  2, 
The  quotient  will  be  33333333  fcc.  half  as  great  as  the 
dividend. 

459,  If  a  Jiniie  quantity  be  multiplied  by  an  infinitcsimcd, 
the  product  will  he  an  infinitesimal ;  that  is,  putting  z  for  a 
finite  quantity,  and  0  for  an  infinitesimal,  (Art.  455.) 

If  the  multiplier  were  a  unit,  the  product  would  be  equal 
lo  the  multiplicand.  (Art.  90.)  If  the  multiplier  is  less  than 
a  unit,  the  product  is  proportionally  less.  If  then  the  mul- 
tiplier is  infinitely  less  than  a  unit,  the  product  must  be  infi- 
nitely less  than  the  multiplicand,  that  is,  it  must  be  an  infi- 
nitesimal. Or,  if  an  infinitesimal  be  considered  as  r.b?o« 
hitely  nothing,  then  the  product  of  z  into  nothing  is  nothing, 
(Art.  112.) 

I     460.    On  the  other  hand,   if  a  finite   quantity  be    divi- 
ded by  an  infinitesimal,  the   quotient  v/ill  be  infinite. 

For,  the  less  the  divisor,  the  greater  the  quotient.  If 
then  the  divisor  be  infinitely  small,  the  quotient  will  be  infi- 
nitely great.  In  other  words,  an  infinitesimal  is  contained 
an  infinite  number  of  iimes  in  a  finite  quantity.  This  may, 
at  first,  appear  paradoxical.  But  it  is  evident,  that  the  quo- 
tient must  increase,  as  the  divisor  is  diminished. 

Thus  6^3=2,  6-4-0.03= 200, 

6-^0.3=20,  6-^0.003=2000,  &c. 

If  then  the  divisor  be  reduced,  so  as  to  become  less  than 
any  assignable  quantit}^,  the  quotient  must  be  greater  than 
any  assignable  quantity. 

461.  If  a  finite  quantity  be  divided  by  an  infinite  quantitj-, 
.the  quotient  will  be  an  infinitesimal. 

For,  the  greater  the  divisor,  the  less  the  quotient.      Jf 
Ee 
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then,  while  the  dividend  is  finite,  the  divisor  be  infinitely 
great,  the  quotient  will  be  infinitely  small. 

It  must  not  be  forgotten,  that  the  expressions  infinitely 
great,  and  infinitely  small  are,  all  along,  to  be  understood  in 
tjie  mathematical  sense,  according  to  the  definitions  in  arts. 
447,  and  450. 
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Division  by  compound  divisors. 


A  /IP 2  T^  ^^^  section  on  diyision,  the  case  in  which 
the  divisor  is  a  compound  quantity  was  omit-^ 
ted,  because  the  operation,  in  most  instances,  requires  some 
knowledge  of  the  nature  of  powers  ;  a  subject  which  had  not 
been  previously  explained. 

Division  by  a  compound  divisor  is  performed  by  the  fol- 
lowing rule,  which  is  substantially  the  same,  as  the  rule  for 
division  in  arithmetic : 

To  obtain  the  first  term  of  the  quotient,  divide  the  first 
term  of  the  dividend,  by  the  first  term  of  the  divisor  :* 

Multiply  the  whole  divisor,  by  the  term  placed  in  the  quo- 
tient ;  subtract  the  product  from  a  part  of  the  dividend ;  and 
to  the  remainder  brin^  down  as  many  of  the  following  terms, 
as  shall  be  necessary  to  continue  the  operation  ; 

Divide  again  by  the  first  term  of  the  divisor,  and  proceed 
as  before,  till  all  the  terms  of  the  dividend  are  brought  down, 

Ex.  1.  Divide  ac-\-hc+ad-{-bd,  by  a-{-b. 

a  +  h)ac-\-bc+ad-^hd{c-\-d 

ac-\-hc,  the  first  subtrahend. 


ad+hd 

ad+bd,  the  second  subtrahend. 


Here  ac,  the  first  term  of  the  dividend,  is  divided  by  a^ 
the  first  term  of  the  divisor,  (Art.  116.)  which  gives  c  for  the 
first  term  of  the  quotient.  Multiplying  the  whole  divisor  by 
this,  we  have  ac+bc  to  be  subtracted  from  the  two  first  terms 
of  the  dividend.  The  two  remaining  terms  are  then  brought 


*  See  Note  N, 
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down,  and  the  first  of  them  is  divided  by  the  first  term  of 
the  divisor,  as  before.  This  gives  d  for  the  second  term  of 
the  quotient.  Then  multiplying  the  divisor  by  d,  we  have 
ad-\-bd  to  be  subtracted,  which  exhausts  the  whole  dividend, 
witliout  leaving  any  remainder. 

The  rule  is  founded  on  this  principle,  that  the  product  of 
the  divisor  into  the  several  parts  of  the  quotient,  is  equal  to 
the  dividend.  (Art.  115.)  Nov/  by  the  operation,  the  pro- 
duct of  the  divisor  into  the  first  term  of  the  quotient  is  sub- 
tracted from  the  dividend;  then  the  product  of  the  divisor 
into  the  second  term  of  the  quotient ;  and  so  on,  till  the  pro- 
duct of  the  divisor  into  each  term  of  the  quotient,  that  is, 
the  product  of  the  divisor  into  the  whole  quotient,  (Art.  100.) 
is  taken  from  the  dividend.  If  there  is  no  remainder,  it  is 
evident  that  this  product  is  equal  to  the  dividend.  If  there 
is  a  remainder,  the  product  of  the  divisor  and  quotient  is 
equal  to  the  whole  of  the  dividend  except  the  remainder. 
And  this  remainder  is  not  included  in  the  parts  subtracted 
from  the  dividend,  by  operating  according  to  the  rule. 

463.  Before  beginning  to  divide,  it  will  generally  be  ex- 
pedient to  make  some  preparation  in  the  arrangement  of  the 
terms.  - 

The  letter  which  is  in  the  first  term  of  the  divisor,  should 
be  in  the  first  term  of  the  dividend  also.  And  the  powers  of 
this  letter  should  be  arranged  in  order,  both  in  the  divisor 
and  in  the  dividend;  the  highest  power  standing  first,  the 
next  highest  next,  and  so  om 

Ex.  2.  Divide2a-6  +  &3_j.2o&2+a3^by  a2-f-j2-f-G&. 

Here  if  v/e  take  a^  for  the  first  term  of  the  divisor,  the 
other  terms  should  be  arranged  according  to  the  powers  of 
ft,  thus; 

aM-   a^h+   ab"^ 

''b-\-  fiZ.2_j.53 


In  liiese  operation?,  particular  care  will  be  necessary  in 
the  management  of  negative  quantities.     Constant  attention 
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tnusi  he  paid  to  the  rules  for  the  signs  in  subtraction,  multi- 
plication and  division.  (Arts.  82,  105,  123.J 

Ex.  3.  Divide  2ax—2a^x—oa^xy-\-6a^x-{-axy—xy,  by 
2a -y. 

If  the  terms  be  arranged  according  to  the  powers  of  a, 
they  will  stand  thus ; 

2a—y)6a^x—oa^xy—2a^x-{-axy-{-2ax—xy{3a^x—ax:-^x^ 
Qa^x  —  3a^xy 

*  *       —2a"x-'raxy 

—2a"x-{-axy 


*  *    +2ax—xy 

-\-2ax—xy 

464.  In  multiplication,  some  of  the  terms,  by  balancing 
each  other,  may  be  lost  in  the  product.  (Art.  110.)  These 
may  re-appear  in  division,  so  as  to  present  terms,  in  the  course 
of  the  process,  different  from  any  which  are  in  the  dividend, 

Ex.   4. 

a+x)«^+a:^(a^— ox+^t" 
a^  -\-a^x 


*  —a^x-\-x^ 
—a^x—ax'' 


*       ax'^-\-x'^ 
ax^  -^-x^ 


Ex.    5. 


u'  -2a.r~h2x'  )a*+4a;''(«3  +2ax-{-2x' 
a^—2a^x+2a^x^ 


*  +2a^x—2a^x^-{-ii^x* 
+2a^x—i\:a^x'^  +^ax^ 

*    4-2a2a:2— 4fla:3+4x^ 
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If  the  learner  will  take  the  trouble  to  multiply  the  quo-^ 
tient  into  the  divisor,  in  the  two  last  examples,  he  will  find, 
in  the  partial  products,  the  several  terms  which  appear  in  the 
process  of  dividing.  But  most  of  them,  by  balancing  each 
other,  are  lost  in  the  general  product. 

Ex.    6. 

a+l)a^+a»  +  aH+(ib+2ac+2c{a^+ab+2e 


*      * 


a^b-{-ab 
a^b  +  ab 


*      3ac+3c 
3ac+3c 


Ex.    7. 

(i+b—c{a+h—c—ax—bx+cx{l  —a; 
a  +  b—c 


*    *    *—ax  —  bx-\-cx 
~ax—bx-\-ex 


Ex.  8.  Divide  2a*  —  ISa^x+lla'^x^  -Bax^  +2x^,    by 
2a^—ax+x^,  Quotient,     a^  —Qax-\-2x^. 

465.  When  there  is  a  remainder  after  all  the  terms  of  the 
dividend  have  been  brought  down,  this  may  be  placed  over 
the  divisor  and  added  to  the  quotient,  as  in  arithmetic. 

Ex.   9. 

a+b)ac+bc+ad+bd+x{c+d+—rT 
ac+bc 


*      ad+bd 
ad-\-bd 
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Ex.  10. 


y 

d'—h)ad—ah  +  bd—hh-\-y{a-Jri-^~r;^° 
ad — ah 


*      bd-bh 
bd-bh 


*     *    y 


It  is  evident  that  a+b  is  the  quotient  belonging  to  the 
whole   of  the   dividend,  excepting   the  remainder  y.     (Art. 

y 

662.)     And  XZT  is  the  quotient  belonging  to  this  remainder. 
(Art.  124.) 

Ex.  11.  Divide  Qax-\-2xy—'3ah—by-\'^ac-\-cy+h,     by 
3a+^.  Quotient.  2x—h-itc-\--^~ —  ■ 

Ex.  12.  Divide  a2J-3a'+2a&-6«-4&4- 22,  by  &-3. 

Quotient,   a* +2a— 4+r3g- • 

Ex.  13.     See  art.  283. 

a■\■^/h)ac^^c^/b■\^a^/d-'t■^/bd{c^\■^/d, 
ac-\■c^/b 


*       a^/c^+  x/bd 
ay/d-\-y/bd 


Ex.  14. 


0'^\^^/y)a•^\fy^r(ir^/y■\■ry{\-\^r^fy 

a+Vy 


*     ars/y+ry 
ar^y  +  ry 
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466.  A  regular  series  of  quotients  is  obtained,  by  dividing 
the  difference  of  the  powers  of  two  quantities,  by  the  differ- 
ence of  the  quantities.     Thus, 

(ys^a^)^{y-a)=y*-^ay^+u^y^+a'^y  +  a\ 

&.C. 

Here  it  will  be  seen,  that  the  index  of  y,  in  the  first  term 
of  the  quotient,  is  less  by  1,  than  in  the  dividend;  and  that 
it  decreases  by  1,  from  the  first  term  to  the  last  but  one  : 

While  the  index  of  a  increases  by  1,  from  the  second 
term  to  the  last,  where  it  is  less  by  1,  than  in  the  dividend. 

This  may  be  expressed  in  a  general  formula,  thus, 

(ym^a^{^  [y-a)  =y-^'-^  +  ay^'-^ ....  -\-oF-^y+d^K 

To  demonstrate  this,  we  have  only  to  multiply  the  quo- 
tient into  the  divisor.  (Art.  115.) 

All  the  terms  except  two,  in  the  partial  products,  will  be 
balanced  by  each  other ;  and  will  leave  the  general  product 
the  same  as  the  dividend. 

Mult.  7/*  +  fl^3+a2i/2+a3j^-4-c* 
Into    y  — « 


y^  -[-ay^  +a^y^  -{-a^y^  +a*y 


■  ay'*  —  a'^y'  —a^y^  —a' 


Product,  y'^ 


So  malt.  /'-Hfl?/'"-Ha2/"-='  _  _  ^aJ^-^y-\-or 
Into         y—a 


»rod.       y" 


ay^'-'-a^y^^-'^ ....  -a^'-'y'  -a'-'y- 
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INVOLUTION  AND  EXPANSION  of  BINOMIALS.^ 


A  /ifi?  ^f^HE  manner  In  which  a  binomial,  as  well  as 
any  other  compound  quantity,  may  be  invol- 
ved by  repeated  multiplications,  has  been  shown  in  the  sec- 
tion on  powers.  (Art.  213.)  But  Avhen  a  high  power  is  re- 
quired, the  operation  becomes  long  and  tedious. 

This  has  led  mathematicians  to  seek  for  some  general 
principle,  by  which  the  involution  may  be  more  easily  and 
expeditiously  performed.  We  are  chiefly  indebted  to  Sir 
Isaac  Newton  for  the  method  which  is  now  in  common  use. 
It  is  founded  on  what  is  called  the  Binomial  Theorem,  the  in- 
vention of  which  was  deemed  of  such  importance  to  mathe- 
matical investigation,  that  it  is  engraved  on  his  monument  id 
Westminster  Abbey. 

468.  If  the  binomial  root  be  a-\-b,  we  may  obtain,  by  mul- 
tiplication, the  following  powers*  (Art.  2113.) 

{a  +  hy=a'^+2ab  +  b^ 
{a+b)^  =a^  +3a^b  +  3ab'^  +h^ 

{a+b)'  =a^  +5a^b+l0a^b''  +  I0a^b^  +5ab'^ -^b' ,  &c. 

By  attending  to  this  series  of  powers,  we  shall  find,  that 
the  exponents  preserve  an  invariable  order  through  the  whole. 
This  will  be  very  obvious,  if  we  take  the  exponents  by  them- 
selves, unconnected  with  the  letters  to  which  they  belong. 

*  Simpson's  Algebra,  Sec.  15.  Simpson's  Fluxions,  Art.  99.  Eu- 
ler's  Algebra,  Sec.  2.  Chap.  10.  Manning's  Algebra.  Saunderson's 
Algebra,  Art.  380.  Vince's  Fluxions,  Art.  S3.  Waring's  Med.  AnaJ, 
p.  415.  Lacroix's  Algebra,  Art.  JS5.  Do.  Comp.  Art,  70.  Lend, 
Phil.  Trans.  1705. 

Ff 
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In  the  square,  the  exponents       <    r  ,         n'  i '  2 

Ih  the  cube,  the  exponent*  ^  ^f  ^  ^^^  ^f  ;^;^ 

T    ,,      .,1  .V  ,    (of  care  4,3,2.1,0 

In  the  4th  power,  the  exponents  )    c  l  .      n\  0^4 

T    ,1      r^^  xi,  .    (  of  a  are  5,4,3,2,1,0 

In  the  5tn  power,  the  exponents  <    /•  7         /^  t  o  o\i  V    o 

^         '  ^  ( of  6  are  0,1,2,3,4,5,  &c. 

Here  it  will  be  seen,  at  once,  that  the  exponents,  of  a  in 

the  first  term,  and  of  b  in  the  iast,  are  each  equal  to  the  in^ 

dex  of  the  power ;  and  that  the  sum  of  the  exponents  of  the 

two  letters  is  in  every  term  the  same.      Thus  in  the  fifth 

power, 

(  in  the  first  term,  is  5  +  0=5 
The  sum  of  the  exponents  <  in  the  second,        4  +  1=5 

(  in  the  third,  3+2=5,&c. 

It  is  farther  to  be  observed^  that  the  exponents  of  a  regu- 
larly decrease  to  0,  and  that  the  exponents  of  b  increase  from 
0.  That  this  will  universally  be  the  case,  to  whatever  ex- 
tent the  involution  may  be  carried,  will  be  evident,  if  we 
consider,  that,  in  raising  from  any  power  to  the  next,  each 
term  is  multiplied  both  by  a  and  by  b. 

Thus  (a  +  J)2=a3+2a6  +  6^ 
Mult,  by  a +6 

[of  a  In  each  term. 

a^  +2a^b  +  ab^,  Here  1  is  added  to  the  exp. 
a^b-\-2ab^+b^,  Here  1  is  added  to  the 
[exp.  of6  in  each  term. 


{a-^rby  ~cA-{-2aH  +  3ab^  +b^ 

If  the  exponents,  before  the  multiplieation,  increase  and 
decrease  by  1,  and  if  the  multiplication  adds  1  to  each,  it  is 
evident  they  must  still  increase  and  decrease  in  the  same 
manner  as  before. 

469.  If  then  a+6  be  raised  to  a  power  whose  exponent 
is  n, 

The  exp's  of  cf  will  b e      n,  n—1,  n—2, 2,       1,       Oj 

And  the  exp's of  6  will  be  0,     I,       2,      ....?i—2,n  —  l,n. 

The  terms  in  which  a  power  is  expressedj  consist  of  the 
letters  with  tlieir  exponmis,  and  the  co-cffi,cicnts.      Setting, 
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"aside  the  co-efficients  for  tbe  present,  we  can  determine, 
from  the  preceding  observationSjthe  letters  and  exponents  of 
any  "power  whatever. 

Thus  the  8th  power  of  a -fi,  when  written  without  the 
co-efficients,  is 

And  the  nth  power  of  a-\-b  k, 

an  -j-a''-ii  +  a"-5i2  . . . .  a^  i«-2_|_ai"-i  +  i«  . 

470.  The  number  of  terms  is  greater  by  1,  than  the  indeK 
of  the  power.  For,  if  the  index  of  the  power  is  n,  a  has,  ii> 
different  terms,  every  index  from  n  down  to  1  ;  and  there  is 
one  additional  term  which  contains  only  b.     Thus, 

The  square  has  3  terms,         The  4tli  power,  5, 
The  cube  4,  The  5th  power,  6,  Sec. 

471.  The  next  step  is  to  find  the  co-efficients.  This  part 
of  the  subject  is  more  complicated. 

In  the  series  of  powers  at  the  beginning  of  art.  468,  the 
co-efficients,  taken  separate  from  the  letters,  are  as  follows ; 

In  the  square,  1,  2,  1,      -whose  sum  is  4=2^, 

In  the  cube,  1,  3,  3,  1,                            8=2% 

In  the  4th  power,  1,  4,  6,  4,  1,                        10=2'^, 

In  the  5ta  power,  1,  5,  10,10,  5,  1,                      32=2*. 

The  order  which  these  co-efficients  observe  is  not  obvious, 
like  that  of  the  exponents,  upon  a  bare  inspection.  But 
they  will  be  found  on  examination  to  be  all  subject  to  the 
following  law  ; 

472.  The  co-efficient  of  the  first  term  is  1  ;  that  of  the 
second  is  equal  to  the  index  of  the  power;  and  universally, 
if  the  co-efficient  of  any  term  be  multiplied  by  the  index  of 
the  leading  quantity  in  that  term,  and  divided  by  the  index  of 
the  following  quantity  increased  by  1,  it  will  give  the  co-cG- 

•  eient  of  the  succeeding  term.''" 

Of  the  two  letters  in  a  term,  the  first  is  called  the  hading 
■quantity,  and  the  other,  the  foUoiving  quantity.  In  the  ex- 
amples which  have  been  given  in  this  section,  a  is  the  lead- 
ing quantity,  and  b  the  following  quantity. 

It  may  frequently  be  convenient  to  represent  the  co-effi- 
■icients,  in  the  several  terms,  by  tlie  capital  letters,  A.B,  C.  hz, 

*  See  .Note  -O. 
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Tlie  nth  power  o[  a+b,  without  the  co-efficients,  is 
a"+«"-i5  +  a"-262+a''-363_^o"-''i*,  &ic.  (Art.  469.) 
And  the  co-efficients  are, 
A^=n,  tlie  co-efncient  of  the  second  term  ; 

n  —  l 
JJ  =  71  X  — cT'^  of  the  third  term ; 

J2  — I     n—2 
C  =  n  X     o'  ^     o    ?  of  the  fourth  term; 

n  — 1     71-2     n-3 
D  =  n  X     2    '^  "TT-  X    ^-,  of  the  ^/z'A  term,  Sic. 

The  regular  manner  in  which  these  co-efficients  are  de- 
rived one  from  another,  will  be  readily  perceived. 

473.  By  recurring  to  the  numbers  in  art.  471, it  will  be  seen, 
that  the  co-efficients  first  increase,  and  then  decrease  at  the 
same  rate ;  so  that  they  are  equal,  in  the  first  term  and  the 
last,  in  the  second  and  last  but  one,  in  the  tliird  and  last  but 
two ;  and,  universally,  in  any  two  terms  equally  distant  from 
the  extremes.  The  reason  of  this  is,  that  {a  +  b)"  is  the  same 
as  (6-t-fi)";  and  if  the  order  of  the  terms  in  the  binomial 
root  be  changed,  the  whole  series  of  terms  in  the  power  will 
be  inverted. 

It  is  sufficient,  then,  to  find  the  co-efficients  of  half  the 
terms.     These  repeated,  will  serve  for  the  whole. 

474.  In  any  power  of  (a-f-6),  the  swn  of  the  co-efficients 
is  equal  to  the  number  2  raised  to  that  power.  See  the  list 
of  co-efficients  in  art.  471.  The  reason  of  this  is,  that,  ac- 
cording to  the  rules  of  multiplication,  when  any  quantity  is 
involved,  the  letters  are  multiplied  into  each  other,  and  the 
co-nfficients  into  each  other.  Now  the  co-efficients  of  a-{-b 
being  14-1=^2,  if  these  be  involved,  a  series  of  the  powers 
of  2  will  be  produced. 

Multiplying  1  -|- 1  or  2 

Into  1  +  1  2 


The  square  is  1 4-24-1  or  4=the  square  of  2 

Mult,  again       1  +  1  2 


The  cube  is     1+3+3+1         or  8  =the  cube  of  2,  8jc. 
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475.  The  principles  which  have  now  been  explained  may 
mostly  be  comprised  in  the  following  general  theorem,  called 

The  Binomial  Theorem. 

The  index  of  the  leading  quantity  of  the  power  of  a  hinomi- 
mial,  begins  in  the  first  term  with  the  index  of  the  power,  and 
decreases  regularly  by  I.  The  index  of  the  foUoiving  quantity 
legins  luith^l  in  the  second  term,  and  increases  regularly  by  1. 
(Art.  468.) 

The  co-efficient  of  the  first  term  is  1  ;  that  of  the  second  is 
equal  to  the  index  of  the  poiver  ;  and  universally,  if  the  co-effi- 
cient of  any  term  be  multiplied  by  the  index  of  the  leading 
quantity  in  that  term,  and  divided  by  the  index  of  the  foUoiving 
quantity  increased  by  1 ,  it  will  give  the  co-efficient  of  the  suc- 
ceeding term.  (Art.  472.) 

In  algebraic  eharacters,  the  theorem  is 

«  —  1 
(a  +  ?>)«=  ft"  +  n  X  a"-'& + n  X  ~2'         ^ ' 

It  is  here  supposed,  that  the  terms  of  the  binomial  have 
no  other  co-efficients  or  exponents  than  1.  Other  binomials 
may  be  reduced  to  this  form  by  substitution. 

Ex.  I.  What  is  the  6th  power  of  x-\-y? 

The  terms  without  the  co-efficients,  are 

x\  x'y,  x^y^,  x^y\  x'-y^,  xy',  y^. 

And  the  co-efficients  are 

6x5     15x4     20x3 
1,     6,  -^;    -3-'    -J-   6,     1 

that  is,     1,     6,     15,         20,  15,      0,     I. 

Prefixing  these  to  the  several  terms,  we  have  the  power 
required ; 

3;6+Ga;*J/4-15.T'*i/'+20x3j/M-15^'2/M-C^3/'+^'- 

2.  (^-|^/i)*-^s4-5JVi-hlG(P/^^  +  10f?^^^4-5£7/V-!-A'^ 
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3.  What  is  the  nth  power  of  b+y? 

Ans.  6"  +Ab"-^y+Bb'^Y  +  (^b'"Y+Di'"^y*,^' 
That  is,  supplying  the  co-efficients  which  are  here  repre- 
sented by  A,  B,  C,  &c.  (Art.  472.) 

I"  +nxh"-^y+nx-~^xb''-Y,  S^c. 

476.  A  residual  quantity  may  be  involved  in  the  same 
manner,  without  any  variation,  except  in  the  signs.  By  re- 
peated multiphcations,  as  m  art.  213,  we  obtain  the  follow- 
■ing  powers  of  {a—b). 

{a-by^a^-2ab  +  b^ 
{a-by=a^-5aH  +  2ab^-b'^ 
ia-b)^=a''-4.a'b  +  6aH^-4.ab'^+b*,  &:c. 

By  comparing  these  with  the  like  powers  of  (a  +  b)  in  art. 
468,  it  will  be  seen,  that  there  is  no  difference,  except  in 
the  eigvs.^  There,  all  the  terms  are  positive.  Here,  the 
terras  which  contain  the  odd  powers  of  6  are  negative.  See 
art.  21 8. 

The  sixth  power  of  {x—y)  is 

X*  ~6x' y-\-15x'^y^  -20a:^y''  +15x^y*  -6xy'  +yK 
The  nth  power  of  {a—b)  is 

a*^  -.Aa'^-'b  4-  Ba"-^b^  -  Ca"-'h\  he. 

477.  When  one  of  the  terms  of  a  binomial  is  a  unit,  it  is 
generally  omitted  in  the  power,  except  in  the  first  or  last 
term;  becauee  every  power  of  1  is  1,  (Art.  209.)  and  this, 
when  it  is  a  factor,  has  no  effect  upon  the  quantity  with 
^hich  it  is  connected.  (Art.  90;) 

Thus  the  cube  of  (a?-f  1)  is      a^'  +3x^  X  1  +3a:X  1  ^  +  1 3 
Which  is  the  ^me  as  x^+3x^+3x  +  l.  ' 

The  insertion  of  the  powers  of  ]  is  of  no  use,  unless  it 
he  to  preserve  the  exponents  of  both  the  leading  and  the  fol- 
lowing quantity  in  each  term,  for  the  purpose  of  finding  the 
co-efiicients.  But  this  v.'ill  be  unnecessary,  if  we  bear  in 
tnind,  that  the  sum  of  the  two  exponents,  in  each  term,  is 
«qual  to  the  index  of  the  power.  (Art.  4G8.)     So  that,  if  we 
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feave  the  exponent  of  the  leading  quantity,  we  may  knov# 
that  of  the  following  quantity,  and  v.  v. 

Ex.  1.  The  sixth  power  of   (1— i/)is 

1 -6?/  + 152/2 -20!/2  + 15^^ -Gy* +^s . 

478.  From  the  comparatively  simple  manner  in  which  the 
power  is  expressed,  when  the  first  term  of  the  root  is  a  unit, 
is  suggested  the  expediency  of  reducing  otlier  binomials  to. 
this  form. 

The  quotient  of  {a-\-x)  divided  by  ais  l(l  +  — ).  This 
multiplied  into  the  divisor,  is  equal  to  the  dividend ;  that  is, 

{a  +  x)=ax  (  l  +  "~)  therefore    (a  +  .r)"  =a"  x  \  1"+— j  • 

By  expandmg  the  factor  (  1  +~j   ,  we  have 

f        xY  f  X        x^        x^         \ 

479.  When  the  index  of  tlie  power  to  which  any  binomi- 
al is  to  be  raised  is  at  positive  whole  number,-  the  series  will  ter- 
minate. The  number  of  terras  will  be  limited,  as  in  all  the 
preceding  examples. 

For,  as  the  index  of  the  leading  quantity  continually  de- 
creases by  1,  it  must,  in  the  end,  become  0,  and  then  the  se- 
lies  will  break  oC 

Thus,  the  5  term  of  the  fourth  power  of  a-\-x  is  x*,  or 
a^x"',  a"  being  commonly  omitted,  because  it  is  equal  to  1. 
(Art.  207.)  If  we  attempt  to  continue  the  series  farther, 
the  co-efFicient  of  the  next  term,  according  to  the  rule,  will  be 

1x0 

—£—=0.    (Art.  112.)      And  as  the  co-efficients  of  all  suc- 
ceeding terms  must  depend  on  this,  they  will  also  be  0. 

480.  If  the  index  of  the  proposed  power  is  negative,  this 
can  never  become  0,  by  the  successive  subtractions  of  a  unit^ 
The  series  will,  therefore,  nevzr  terminate ;  but,  like  many 
decimal  fractions,  may  be  contloued  to  any  extent  that  is- 
desired. 
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Ex.    Expand  into  a  series  T-Tj-Tj  =  (0+2/)"^' 
The  terms,  without  the  co-efficients,  are 

a-\  a-%  a-Y,  «"'i/S  «~'i/^>  Sec. 

+  3x— 4 
The  co-ef.  of  the  2d  term  is -2,  of  the  4th ^ =  -4j 

2x 3  4x 5 

of  the  3d, ^ =  +  3,     of  the  5th ^ =  +  5. 

The  series  then  is 

«-2  -  2(rhj + 3a-^//  =»  - 4a-^y  3  _|.  5^-6^  4  ^  g^^. 

Here  the  law  of  the  progression  is  apparent ;  the  co-effi- 
cients increase  regularly  by  1,  and  their  signs  are  alternately 
positive  and  negative. 

481.  The  Binomial  Theorem  is  of  great  utility,  not  only 
in  raising  pov/ers,  but  particularly  in  finding  the  roots  of  bi- 
nomials. A  i^oot  may  be  expressed  in  the  same  manner  as  a 
power,  except  that  the  exponent  is,  in  the  one  case  an  inte- 
ger, in  the  other  a  fraction.  (x\rt.  245.)  Thus  (a-f-5j"  may 
be  either  a  power  or  a  root.  It  is  a  power  if  n=2,  but  a  root 
ifn=i. 

482.  If  a  root  be  expanded  by  the  binomial  theorem,  the 
series  will  never  terminate.  A  series  produced  in  this  way 
terminates,  only  when  the  index  of  the  leading  quantity  be- 
comes equal  to  0,  so  as  to  destroy  the  co-efficients  of  the 
succeeding  terms.  (Art.  479.)  But,  according  to  the  theo- 
rem, the  difference  in  the  index,  betv/een  one  term  and  the 
next,  is  always  a  unit ;  and  a  fraction,  though  it  may  change 
from  positive  to  negative,  can  not  become  exactly  equal  to  0, 
by  successive  subtractions  of  a  unit.  Thus,  if  the  index  in 
the  first  terra  be  |,  it  will  be, 

In  the  2d,      | - 1  =  -i.     In  the  4th,  -|  - 1  =  -4, 
In  the  3d,  -A - 1  =  —3,     In  the  5th,  — | - 1  =  -|,  See, 

Ex.  What  is  the  square  root  of  {a-\-h)  ? 
The  terms,  without  the  co-efficients,  are 


The  co-effi.cient  of  the  2d  term  is  -f- 


Z' 


of  the  3d,— 2-^  =  -I,     of  the  4th,— ^g— — ^-f-^V 
And  the  series  is  a^  +  -|«     ^b  —  \a     "^ 5 ^  -i-  xV «     ^ i *&:c. 
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483.  The  binomial  theorem  may  also  be  applied  to  quan- 
tities consisting  of  more  than  tivo  terms.  By  substitution,  sev- 
eral terms  may  be  reduced  to  two,  and  when  the  compound 
expressions  are  restored,  such  of  them  as  have  exponents 
may  be  separately  expanded. 

Ex.  What  is  the  cube  of  a4  Z'  +  c  .'' 

Substituting  h  for  (5-fc),  we  have  a-\-(h-\-c)=a-\-h. 

And  by  the  theorem,  (a+h)''  =a^  +Sa^k  +  3ah^  +hK 

That  is,  restoring  the  value  of  h, 

The  two  last  terms  contain  powers  of  (b+c)  ;  but  these 
saaj  be  separately  involved. 


SECTION    XVIII. 


REVOLUTION  OF  COMPOUND  QUANTITIES. 


A        d.'^d,    ^^^E  roots  of  compound  quantities  may  be  ex- 
tracted  by  the  following  general  rule  : 

After  arranging  the  terms  according  to  the  powers  of  one 
of  the  letters,  so  that  the  highest  power  shall  stand  first,  the 
next  highest  next,  ike. 

Take  the  root  of  the  first  term.^  for  the  first  term  of  the  re- 
quired root: 

Subtract  the  power  from  the  given  quantity,  and  divide  the 
first  term  of  the  remainder,  by  the  first  term  of  the  root  invol- 
ved to  the  next  inferiour  power,  and  multiplied  by  the  index  of 
the  given  power  ;\  the  quotient  will  be  the  next  term  of  the  root, 

Stibtract  the  power  of  the  terms  already  found  from  the  giv- 
en quantity,  and,  u^ing  the  same  divisor,  proceed  as  before. 

This  rule  verifies  itself.  '  For  the  root,  whenever  a  new 
term  is  added  to  it,  is  involved,  for  the  purpose  of  subtract- 
ing its  power  from  the  given  quantity ;  and  when  the  power 
is  equal  to  this  quantity,  it  is  evident  the  true  root  is  found. 

Ex.  I.  Extract  the  cube  root  of 

a^  -{-3a''  -3a^ -lla^  +Ga^  +  12a-S{a''  +a-2 
a^,  the  first  subtrahend. 


3a*)  *      3a*,  &c.  the  first  remainder. 

a^+3a*+3a-*  +  a3,  the  2d  subtrahend. 


Sa*)  *       *    —6a*,  he.  the  2d  remainder. 
a«+3a^-3a*  — lla=»+6aM-12a-8. 


7  By  the  given  potver  is  meant  a  power  of  the  same  name  with  the 
requir'-d  root.  As  powers  and  roots  are  correlative,  any  quantity  it 
the  square  of  its  square  root,  the  cube  of  its  cube  root,  k.e. 
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Here  a-,  the  cube  root  of  a^ ,  is  taken  for  the  first  term  of 
the  required  root.  The  power  a®  is  subtracted  from  the 
given  quantity.  For  a  divisor,  the  first  term  of  the  root  is 
squared,  that  is,  raised  to  the  next  inferiour  power,  and  mul- 
tipHed  by  3,  the  index  of  the-  given  pov/er. 

By  this,  the  first  term  of  the  remainder  3a* ,  he.  is  divided; 
and  the  quotient  a  is  added  to  the  root.  Then  a~  +a,  the 
part  of  the  root  now  found,  is  involved  to  the  cube,  for  the 
second  subtrahend,  which  is  subtracted  from  the  whole  of 
the  given  quantity.  The  first  term  of  the  remainder  —6a'^, 
&c.  is  divided  by  the  divisor  used  above,  and  the  quotient 
—2  is  added  to  the  root.  Lastly,  the  whole  root  is  involved 
to  the  cube,  and  the  power  is  found  to  be  exactly  equal  to 
the  given  quantity. 

It  is  not  necessary  to  write  the  remainders  at  length,  as,  m 
dividing,  the  first  term  only  is  wanted. 

2.  Exti'act  the  fourth  root  of 

a* +8a2 +24a^' -f  32a+ 16(a-!-2 


4a3(*      Sa',hc. 

a*  +  8a3+24a2+32cf+16, 

3.  What  is  the  5th  root  of 

Ans.  ct  +  b, 

4.  What  is  the  cube  root  of 

a^-Ga^b+l2ab^-Sb^?  Ans.  a-2L 

5.  What  is  the  square  root  of 

4ff2 -12^64-952 -l-16a/i-24&/i-|-16A^(2a-35+4A 
40,2 


4a)*     -12fl6,  Sic 
4a«-12a6  +  96- 


4a)  *         *  *  +16aA,&c. 

4a'-12a5-f96«+16a/{-246/i-f  16/t2, 
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In  finding  the  divisor  here,  the  term  2a  in  the  root  is  not 
involved,  because  the  power  next  below  the  square  is  the 
first  power. 

485.  But  the  square  root  is  more  commonly  extracted  by 
the  following  rule,  which  is  of  the  same  nature,  as  that 
which  is  used  in  arithmetic. 

After  arranging  the  terms  according  to  the  powers  of  one 
■of  the  letters,  take  the  root  of  the  first  term,  for  the  first 
term  of  the  required  root,  and  subtract  the  power  from  the 
given  quantity. 

Bring  down  two  other  terms  for  a  dividend.  Divide  by 
double  the  root  already  found,  and  add  the  quotient,  both  to 
the  root,  and  to  the  divisor.  Multiply  the  divisor  thus  in- 
creased, into  the  term  last  placed  in  the  root,  and  subtract 
the  product  from  the  dividend. 

Bring  down  two  or  three  additional  terms,  and  proceed  as 
before. 

Ex.  1 .  What  is  the  square  root  of 

a"^  -{-2ab  +  b-  +2ac-\-2hc+c"{a-]-b  +  c 
a^,  tlie  first  subtrahend. 


2ct-rb)*     2ab  +  b- 

Into  6=     2ab-{-b^,  the  2d  subtrahend. 


2a-\-2b  +  c)     *       *  2flc4-2&c+6-2 

Into     c=  2ac-\-2bc-\-c^,  the  3d  subtrahend. 


Here  it  will  be  seen,  that  the  several  subtrahends  are  suc- 
cessively taken  from  the  given  quantity,  till  it  is  exhausted. 
If  then,  these  subtrahends  are  together  equal  to  the  square  of 
the  terms  placed  in  the  root,  the  root  is  truly  assigned  by  the 
rule. 

The  Jirsi  subtrahend  is  the  square  of  the  first  term  of  the 
root. 

The  second  subtrahend  is  tlve  product  of  the  second  term 
of  the  root,  into  itself,  and  into  twice  the  preceding  term. 

The  third  subtrahend  is  the  product  of  the  third  term  of 
the  root,  into  itself,  and  into  twice  the  sum  of  the  two  pre- 
ceding terms,  &c. 

That  is,  the  subtrahends  are  equal  to 

a  2  -f  (2a  -f  b)  X  6  H-  (2a  -f  2b  -'r  c)  X  c,  &;c. 
and  this  expression  is  equnl  to  the  square  of  the  root. 
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For  {a+b)l=a''  +2ab  +  b^  =a^  +  i2a  +  h)xl.  (Art.120.) 
And  putting^ =a  + 5,  the  square  h^=a^ -{-{2.a  +  h)xb. 
And  {a+b-{-cy={h  +  cy=h^  +(2A  +  c)  x  c  j 
that  is,  restoring  the  values  of  h  and  h^, 

{a  +  b  +  cy=a^-+{2a  +  b)xb  +  {2a+2b-^c)xc. 

In  the  same  manner  it  may  be  proved,  that,  if  another 
term  be  added  to  the  root,  the  power  will  be  increased,  by 
the  product  of  that  term,  into  itself,  and  into  twice  the  sum 
of  the  preceding  terms. 

The  demonstration  will  be  substantially  the  same,  if  some 
of  the  terms  be  negative. 

2.  What  is  the  square  root  of 
1 


2-2b)*—^b  +  Ab^ 
Into -26=— 46-1-46=' 


2-46+2/)*       -^     2y-46y-f7/- 
Into         y=  2y-462/+3/2 


3.  What  is  the  square  root  of 

^6— 2a*+3a*  — 2a3+a2  ?  Ans.  a^  — a^-r^T. 

4.  What  is  the  square  root  of 
a*+4a26+462_4a2-864-4f        Ans.  a^ 4-26-2. 

486.  It  will  frequently  facilitate  the  extraction  of  roots,  to 
consider  the  index  as  composed  of  two  or  more  factors. 

Thus  a^  =  a'-  ^  ^.  (Art.  258.)  And  a^  =a'^^  2.      That  is. 
The  fourih  root  is  equal  to  the  square  root  of  the  square 

The  sixth  root  is  equal  to  the  square  root  of  the  cuoe 

root ;  r    ^       C        } 

The  eighth  root  is  equal  to  the  square  root  of  the  fourl.r 

root,  &:c. 

To  find  the  sixth  root,  therefore,  we  may  first  extract  the 
cube  root;  and  then  the  square  root  of  this. 


S^HCTION   xm. 


INFINITE  SERIES. 


Art.  4S7.  V"  ^^  frequently  the  case,  that,  in  attempting  id 
extract  the  root  of  a  quantity,  or  to  divide 
one  quantity  by  another,  we  find  it  impossible  to  assign  the 
quotient  or  root  with  exactness.  But,  by  continuing  the  op- 
eration, one  term  after  another  may  be  added,  so  as  to  bring 
the  result  nearer  and  nearer  to  the  value  required.  See  art. 
454.  When  the  number  of  terms  is  supposed  to  be  extend- 
ed beyond  any  determinate  limits,  the  expression  is  called 
an  infinite  series.  The  quantity,  however,  may  be  finite, 
though  the  number  of  terms  be  unlimited. 

An  infinite  series  may  appear,  at  first  view,  much  less  sim- 
ple, than  the  expression  from  which  it  is  derived.  But  the 
former  is,  frequently,  more  within  the  power  of  calculation 
than  the  latter.  Much  of  the  labour  and  ingenuity  of  math- 
ematicians has,  accordingly,  been  employed  on  the  subject  of 
series.  If  it  were  necessary  to  find  each  of  the  terms. by 
actual  calculation,  the  undertaking  would  be  hopeless.  But 
a  few  of  the  leading  terms  will,  generally,  be  sufficient  to  de- 
termine the  law  of  the  progression. 

^  488.  A  fraction  may  often  be  expanded  into  an  infinite  se- 
ries, by  dividing  the  numerator  by  the  denominator.  For  the 
value  of  a  fraction  is  equal  to  the  quotient  of  the  numerator 
divided  by  the  denominator.  (Art.  135.)  When  this  quo- 
tient can  not  be  expressed  in  a  limited  number  of  terms,  \i 
may  be  represented  by  an  infinite  series. 

Ex.  1.  To  reduce  the  fraction  yzT  ^^  ^"  infinite  series, 
divide  1  by  I  —a,  according  to  the  rule  in  art.4GX 
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l-a)l       (l-f-a  +  aM-a-  ^<i 
1-a 


a 

a— a' 


*       a'  Sec. 


By  coriiinuing  the  operation,  \vc  obtain  the  terms 

l  +  a+u^+o^+a^+a*  +a'^ ,  he.  which  are  sufficient 
to  show  that  the  series,  after  the  first  term,  consists  of  the 
powers  of  a,  rising  regularly  one  above  another. 

That  the  series  may  converge,  that  is,  come  nearer 
and  nearer  to  the  exact  value  of  the  fraction,  it  is  ne- 
cessary that  the  first  term  of  the  divisor  be  greater  than  the 
second.  In  the  example  just  given,  1  must  be  greater  than 
a.  For,  at  each  step  of  the  division,  there  is  a  remainder ; 
and  the  quotient  is  not  complete,  till  this  is  placed  over  the 
divisor  and  annexed.  Now  the  first  remainder  is  a,  the  sec- 
ond a^,  the  third  a^,  Sec.  If  a  then  is  greater  than  1,  the 
remainder  continually  increases  ;  which  shovvs,  that,  the  far- 
ther the  division  is  carried,  the  greater  is  the  quantity,  either 
positive  or  negative,  which  ought  to  be  added  to  the  quo- 
tient. The  series  is,  therefore,  diverging  instead  of  con- 
verging. 

But  if  a  be  less  than  1,  the  remainders  a,  a^ ,  a',  k.Q.  will 
continually  decrease.  For  powers  are  raised  by  multiplica- 
tion ;  and  if  the  multiplier  be  less  than  a  unit,  the  product 
will  be  less  than  the  multiplicand.  (Art.  90.)  If  a  be  taken 
equal  to  i,  then  by  art.  223, 

a^=h         a'=h         "*=i\,         a'^^\,hc. 
and  we  have 

Jlere,    the  tivo  first  terms  =1  +-5,  which  is  less  than  2,  by  i  ; 
the  three  first  =  1  -h  ^,  less  than  2,  by  i ; 

the  four  first  =^l-\-i-.  less  than  2,  by  -i  ; 

[See. 
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So  that,  the  farther  the  series  is  carried,  the  nearer  it  ap- 
proaches to  the  value  of  the  givien  fraction,  which  is  equal 
to  2. 

] 

2.  If be  expanded,  the  series  will  be  the  same  as  that 

1  -f"  ci 

from ,  except  that  the  terms  which  consist  of  the  odd 

powers  of  a  will  be  negative. 

So  that  j^  =  l-a  +  a^-a2+a*-a*  +  «*  &c. 


s. 

Reduce  - 

h 
— 7  to  an  infinite 

—  0 

series. 

a—h]h 
J 

A- 

1- 

~  a 

.     hh     h^h 

&c. 

4i 

bh 

a 

hh 

a 

h^h 
a' 

h^h 

—J-  he.     ' 

' 

+  h 

Here  A  divided  by  ff,  gives—   for  the    first    term  of  the 

ijuotient.  (Art.  124.)     This  is  multiplied  into  <t—h,  and  the 
product  ish——;  (Arts.  159,  153.)  which  subtracted  from 

bh  ih 

h  leaves  —     This  divided  by  a,  gives  -r  (Art.   163.)  for 

the  second  term  of  the  quotient.     If  the  operation  be  con- 
tinued in  the  same  manner,  we  shall  obtain  the  series, 

h     hh     hH      Vh     h^h 

a^a^^  a^        a*    '    a* 
in  which  the  exponents  of  b  and  of  « increase  regularly  by  L 
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4.  Reduce   ^  _     to  an  infinite  series. 

Ang.  l  +  2a  +  2a^+2a^-\-2a*  he. 

489.  An  infinite  series  may  be  produced,  by  extracting  the 
root  of  a  compound  stcrd. 

Ex.  I.    Reduce  Va^+J^    ^q  ^n  infinite    series,  by  ex- 
tracting the  square  root,  according  to  the  rule  in  art.  485. 

/         J2      54         56 


'4a 


i*+7r.T 


J2       J4  \       6* 
2«  +  T-8"a^/-4a"^^^^ 


Here  «,  the  root  of  tbe  first  term,  is  taken  for  the  first 

^erm  of  the  series;  and  the  power  a^  is  subtracted  from  the 

given  quantity.     The  remainder  b^  is  divided  by  2a,  which 

b^ 
gives^,  for  the  second  term  of  the  root.  (Art.  1S4.)     The 

divisor,  with  this  term  added  to  it,  is  then  multiplied  into  the 

b* 
term,  and  the  product  is  6 2 +^T'    (Arts,  159,  155.)      This 

6* 
subtracted  from  b^  leaves  —  FTj  which  divided  by  2a  gives. 

—-^T,  for  the  third  term  of  the  root.  (Art.  163.)  kc. 


2o     8a ^      16a^ 


Hh 
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490.  A  binomial  which  has  a  negative  or  rractional  expc- 
nent,  may  be  expanded  into  an  infinite  series  by  the  binoihi- 
al  theorem.     See  arts.  480,  482. 

Ex.  I.  Expand  T-^^y^  =  (a +y)'"'*  into  an  infinite  serieSir 

The  terms,  without  the  co-effieients,  are 

a~*,  a-^y,  a~^D^,  f*"^^',  a~^y*  S^e. 

+  10x-f> 

The  co-ef.  of  the  2d  term,  is  -4,  of  the  4th,— 2—=- 20^ 

-4x-5                   ^  ,      ■      -20X-7 
of  the  3d, cf =  -h  10,  of  the  5 % , =  -^  35. 

The  series  then  is 
«-»--4a-^^-f  10a-<^//2  -20a-^i/3  4-35a-»^*  he. 
Which  is  the  same  (Art.  207.)  as 
1      4y     10?/=      20j/3     35j/4 

.1 
'X    Expand   {x-\-y)^  into  an  infinite  series.     See  art.  482. 

i  1  3  5^ 

Ans.    x'^\-'iX     '^y  —  lx     ^^2  ^c -ig-o;     ^y'  he. 

Which  is  the  same  as 
1        w         v^  w^ 

2x'^      8x^       16x2 

491.  Though  an  infinite  series  consists  of  an  unhmited 
number  of  terms,  yet,  in  many  cases,  it  is  not  difficult  to  find" 
what  is  called  the  sum  of  the  terms;  that  is,  a  quantity  which 
difters  less,  than  by  any  assignable  quantity,  from  the  value- 
of  the  whole.  This  is  also  called  the  limit  of  the  series. 
Thus  the  decimal  0.33333  &c.  may  come  infinitely  near  to 
the  vulgar  fraction  -i,  but  can  never  exceed  it,  nor  indeed 
exactly  equal  it.  See  arts.  453,  4.  Therefore  -l  is  the  limit 
of  0.33333  he.  that  is,  of  die  series 

JL.  _j!_  .__3 3 .3 5.p 

105  1005  10005  10000 '100000  ^^^' 

If  the  number  of  terms  be  supposed  infinitely  great,  tlie 
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difference    between    their    sum   and   ^,   will  be   infinitely 
small. 

492.  The  sum  of  an  infinite  series  whose  terms  decrease 
hj  a  common  divisor,  may  be  found,  by  the  rule  for  the  sum 
of  a  series  in  geometrical  progression.  (Art.  442.)      Accor- 

rz—a 
dmg  to  this,  o=— — Y~'   ^li^t  is,    the    sura  of  the   series  is 

found,  by  multiplying  the  greatest  term  into  the  ratio,  sub- 
tracting the  least  terra,  and  div^ding  by  the  ratio  less  1.  But, 
in  an  infinite  series  decreasing,  the  least  term  is  infinitely 
.small.  It  may  be  neglected,  therefore,  as  of  no  comparative 
value.  (Art.  456.)     The  formula  will  then  boeora<?. 

rz—0  rz 

o=: —     or  S=- 


1VJA        KJ  , 

r— 1 

Ex.  I.  What  is  the  sum  of  the  infinite  series 

_3_      _1_     _    3 3  3  fi^o 

io»    100'   i'5'oo'    1  0  o'o"o'  To"o^o'cr'o'  *^'^* 

Here,  the  first  term  is  ^1-,  and  the  ratio  is  10. 

rz       10  X-- 
Then     S=i-~^—~—_~-=^=:.:^^  the  answer. 

2.  What  is  the  sum  of  the  infinite  series 

rz       2x1 
Ans.   5= -=- — r=2. 

T—\       2—1 

3.  What  is  the  sum  of  the  infinite  series 

1  +  l  +  i  +  iV  +  A  ^C"  Ans.  1  =  1 +|. 

49?.  There   are  certain  classes  of  infinite  series,  wliose 
sums  may  be  found  by  suhtraction. 

3y  the  rules  for  the  reduction  and  subtraction  of  fractions, 

JL  JL  ir?  _J 

Y~'3'~2x3~2x^ 

}_      1 4-3    _1_ 

"3"  ~T^  3x4  ^3X4' 

-L   _L   ^-^     1 

4  ~y^4x5~4x5'  ^^* 
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If  then  the  fractions  on  tlic  right  be  formed  into  a  series^ 
they  will  be  equal  to  the  dijference  of  two  series  formed  from 
the  fractions  on  the  left.  This  difTereiice  is  easily  found : 
for  if  the  first  term  be  taken  away  from  one  of  these  two 
series,  it  will  be  equal  to  the  other. 

Suppose  we  have  to  find  the  sum  of  the  infinite  series 

From  this,  let  another  be  derived,  by  removing  the  last 
iactor  from  each  of  the  denominators  j  and  let  tlie  sum  of 
the  new  series  be  represented  by  S, 

That  is,  let         S=i  +  l  +  i-fi&^c.    . 
Then  S-|=H-i  +  i  +  iSic. 


11111 

And  by  subtraction  y=^:3"+ "3:4 +^.5' +"5.6"  ^^• 

Here  the  new  series  is  made  one  side  of  an  equation,  and 
.directly  under  it,  is  written  the  same  series,  after  the  first 
ierm  ~  is  taken  away.  If  the  upper  one  is  equal  to  S,  it  is 
evident  that  the  lower  one  must  be  equal  to  >S'~|.  Then 
subtracting  the  terms  of  one  equation  from  those  of  the 
other,  (Ax.  2.)  we  have  the  sum  of  the  proposed  series 
equal  to  1.     For  S-{S—l)  =  S-S+l^^. 

2.  What  is  the  sum  of  the  infinite  series 
11111 


■^'^.C  ■¥   A.a+    t:..n     ^C. 


1-3  ^  2-4  ^  3-5  ^   4-6   '   5-7 

Here  a  nev/  series  may  be  formed,  as  before,  by  omitting 
ihe  last  factor  in  each  denominator. 


Let  S  =  l  +  KI  +  l  +  T&^c. 

Then  S'-f =|  +  i-hl-}-i  +  |  &.C. 


3        2         2         2  2          2 

And  by  subtraction     y = J-^ + '^^  +  3.5" + ~^:q  +  "5.7  ^^• 

3        11111 

^'    ¥=T-3  +  2-4+^-y+4-6"+5-y^'^- 
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In  repeating  the  new  series,  in  this  case,  it  is  nccescarv  to 
.€init  the  two  first  terms,  which  are  l  +  j=|. 

3.  What  is  the  sum  of  the  infinite  series 

1        _1_         1         I__ 

2-4-G  +  4-6-8^6-S-10+8-10-12  ^^^' 

Here  a  new  series  may  be  formed,  by  omitting  the  last 
factor,  and  retaining  the  two  first,  in  each  denominator. 

Let  '^-2^+7.5-+ 6.-8+800"  ^• 
Ihen    c-  g  -  ^.Q  -T  6-8'  +  8-10+10-12  '^''• 


14  4  4  4 

Audbysubt.-g-=2r4:^+j:g:^+^37jo+^0"-i2  ^"• 

1         1  1  1_  1 

^^'        32  "^ 2~4^ + 4^6^ + 6^SM^ + 81012  ^^' 

4..  What  is  the  sum  of  the  infinite  series 

1111^  JL 

i-2  3     2  3  4     3*4  5     4"o"b  4 


^'  Sec  Note  P. 


SECTION    x:x. 


COMPOSITION  AND   RESOLUTION  of   tee  higher 
EQUATIONS. 


Art.  494.  "RQUATIONS  of  any  degree  may  be  produ- 
ced from  simple  equations,  by  multiplica- 
tion. The  manner  in  which  they  are  compounded  will  be 
best  understood,  by  taking  them  in  that  state  in  which  they 
are  all  brought  on  one  side  by  transposition.  (Art.  178.)  It 
will  also  be  necessary  to  assign,  to  the  same  letter^  different 
values,  in  the  different  simple  equations. 

Suppose,  that  in  one  equation,  ,s=2> 
And,  that  in  another,  cc=^) 

By  transposition,  a:— 2=0 

And  a:— 3=0 


3Iuit.  them  together,  x"^  —5x-\-Q: 

Next,  suppose  a?— 4=0 


And  multiplying,  x^ —Qx^  +2Ga;— 24: 

Again,  suppose  a?— 5=0 


And  mult,  as  before  a*  — 14^' -}-71a;2  — I54a:-t-120=0&;c. 

Collecting  together  the  products,  we  have 

{x-2){x—2)  —x"-5x-\-Q=Q 

(a:-2)(x-3)(x-4)  =a:2-9a;2+26a:-24=0         [&c. 

(a:-2)(:c-3)(a:-4)(x-5)=a?^-14a:"-f71a:2-i54a:+120  =  0 

That  is, 

T]i€  prod,  of  two  simple  equations,  is  a  quadratic  equation ; 

of  three  simple  equations,  is  a  cubic  equation ; 

of  four  simple  equations,   is  a  biquadratic,  or  an 
equation  of  the  fourth  degree,  Sec.  (Art.  300.) 

Or,  a  cubic  equation  may  be  considered  as  the  product 
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^r  a  quadratic  and  a  simple  equation :  a  biquadratic,  as  the 
product  of  two  quadratic;  or  of  a  cubic  and  a  simple  equa- 
don,  &.C. 

495.  In  each- case,  the  exponent  of  the  unknown  quantitVs 
in  the  first  term,  is  equal  to  the  degree  of  the  equation ;  and, 
in  the  succeeding  terras,  it  decreases  regularly  by  1,  like  the 
exponent  of  the  leading  quantity  in  the  power  of  a  binomi- 
al. (Art.  468.) 

In  a  quadratic  equation,  the  exponents  are  2,  1. 

In  a  cubic  equation,  3,  2,  1. 

In  a  biquadratic,  4,  3,  2,  1,  &:c. 

496.  The  number  o^  terms,  is  greater  by  1,  than  the  de- 
gree of  the  equation,  or  the  number  of  simple  equations 
n'om  v/hich  it  is  produced.  For,  besides  the  terms  which 
contain  the  different  powers  of  the  unknown  quantity,  there 
is  one  which  consists  of  known  quantities  only.  The  equa- 
tion is  here  supposed  to  be  complete.  But  if  there  are,  in 
the  partial  products,  terms  which  balance  each  other,  these 
may  disappear  m  the  result.    (Art.  110.) 

497.  Each  of  the  values  of  the  unkno-wn  quantity  is  cal- 
led a  root  of  the  equation. 

Thus,  in  the  example  above, 

The  roots  of  the  quadratic  equation  are  3,  2, 

of  the  cubic  equation  4,  3,  2. 

of  the  biquadratic  .5,  4,  3,  % 

The  term  root  is  not  to  be  understood  in  the  same  sense 
here,  as  in  the  preceding  sections.  The  root  of  an  equation 
is  not  a  quantity  v.Iiich  multiplied  into  itself  v;i}l  produce  the 
equation.  It  is  one  of  txie  values  of  the  unknown  quantity; 
and  when  its  sign  is  changed  by  traneposition,  it  is  a  term  ifi* 
one  of  the  binomial  factors  wliich  enter  into  the  composi- 
sition  of  the  equation  of  which  it  is  a  root. 

The  value  of  the  unknown  letter  x,  in  the  equation,  is  a 
quantity  which  may  be  substituted  for  x,  without  affecting 
the  equality  of  the  member?.  In  the  equations  which  we 
are  now  considering,  each  member  is  equal  to  0;  and  the 
first  is  the  product  of  several  factors.  This  product  will 
continue  to  be  equal  to  0,  as  long  as  any  one  of  its  factors  iii 
0.  (Art.  112.)     If  then  in  the  equation 

(r-2)  X  {x-'Z)  X  (.^-4)  x  ix-5)  =0, 
-»-^-  nubstftute  2  for  x,  in  the  first  factor,  we  havs 
e  X  f -r  -  3)  X  U  -  4^  X  t- ~  5^  --=  0. 
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So  if  we  substitute  3  for  x,  in  tlie  second  factor,  or  4  \\'i 
the  third,  or  5  in  the  fourth,  the  whole  product  will  still  be  0= 
This  will  also  be  the  case,  when  the  product  is  formed  by 
an  actual  multiplication  of  the  several  factors  into  each 
other. 

Thus,  as  .T^ -9x2 +26,x -24=0;  ^^rt.  404.) 
So  2"  - 9  X  22  +26  X  2-24=0, 
And  33  _9  X 32  +26  x 3-24=0,  kc. 

Either  of  these  values  of  Xy  therefore,  will  satisfy  the  con- 
ditions of  the  equation. 

498.  The  number  of  roots,  then,  Avhich  belong  to  any 
equation,  is  equal  to  the  degree  of  the  equation. 

Thus,  a  quadratic  equation  has  iwo  roots; 
a  cubic  equation,  three; 
a  biquadratic,  four,  &lc. 
Some  of  these  roots,  however,  may  be  imaginary.     For 
an  imaginary  expression  may  be  one  of  the  factors  from 
ivhich  the  equation  is  derived. 

499.  The  resolution  of  equations,  which  consists  in  find- 
ing their  roots,  cannot  be  well  understood,  without  bringing 
into  view  a  number  of  principles,  derived  from  the  manner 
in  which  the  equations  are  compounded.  The  laws  by 
which  the  co-efficients  are  governed,  may  be  seen,  from  the 
following  view  of  the  multiplication  of  the  factors 

x  —  u,  x—b,  x—c,  x—d,   . 

each  of  Avhich  is  supposed  equal  to  0. 

The  several  co-efiicients  of  the  same  power  of  x,  are  pla- 
ced under  each  other. 

Thus,  —ax  —  bx  is  written  "t,  (  ^j  ^nd  the  other  co-effi- 

eients,  in  the  same  manner. 

The  product,  then 

>    or  (c~fi)=o- 

Into  (t  — 6)=0 

Is      '^^  ~z,  (  >r+aJ=0,  a  quadratic  equation-. 
This  Into  x-c=0 

—a  i       -r-ab  '^ 
li    x"^  —b  \- x^  +ft'c  / x  —  a$c^O,  a  cubic  equatioiw. 

—  C  5         +?>£     ) 

Tim  into  x-d^O 
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—ahc  ^ 

~"   7  >x+ahcd=0,  a  biquadratic- 

-bed  j 


500.  By  attending  to  these  equations,  it  will  be  seen  that, 

In  the  first  term  of  each,  the  co-efhcient  of  a:  is  1 : 

In  the  second  term,  the  co-eiRcient  is  the  sum  of  all  the 

foots  of  the  equation,  with  contrary  signs.      Thus  the  roots 

of  the  quadratic  equation  are  a  and  b,  and  the  co-efficients,  in 

the  second  term,  are  —a  and  —b. 

In  the  third  term,  the  co-efficient  of  x  is  the  sum  of  all  the 
products  which  can  be  made,  by  multiplying  together  any 
two  of  the  roots.  Thus,  in  the  cubic  equation,  as  the  roots 
are  a.  6,  and  c,  the  co-etlicients,  in  the  third  term,  are 
ab,  ac,  be. 

In  the  fourth  term,  the  co-efficient  of  x  is  the  sum  of  all 
the  products  which  can  be  made,  by  multiplying  together 
any  three  of  the  roots,  after  their  signs  are  changed.  Thus 
the  roots  of  tlie  biquadratic  equation  are  a,  b,  c,  and  d,  and 
the  co-efficients  in  the  fourth  term,  are  —abc,  —abd,  —acd^ 
^bcd. 

The  last  term  is  the  product  formed  from  all  the  roots  of 
the  equation,  after  the  signs  are  changed. 

In  the  cubic  equation,  it  is     —ox  —bx  —c  =  —ahc. 

In  the  biquadratic,          —ax—bx—cx—d=-]rabcd,  fee. 

501.  In  the  preceding  examples,  the  roots  are  all  posi- 
tive. The  signs  are  changed  by  transposition,  and  when  the 
several  factors  are  multiplied  together,  the  terms  in  the  pro- 
duct, as  in  the  pov.er  of  a  residual  quantity,  (Art.  476.)  are 
alternately  positive  and  negative.  But  if  the  roots  are  all 
negative,  they  become  positive  by  transposition,  and  all  the 
terms  in  the  product  must  be  positive.  Thus,  if  the  several 
values  of  x  are  —a,  —6,  — c,  —d,  then 

ar+a— 0,  x-\-b  =  0,  x-\-c=0,  x-{-d=0; 
and  by  muldplying  these  together,  we  shall  obtain  the  same 
equations  as  before,  except  that  the  signs  of  all  the  terms 
will  be  positive.      In  other  cases,  some  of  the  roots  may  be 
positive,  and  some  of  them  negative. 

li 
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502.  As  equations  are  raised,  from  a  lower  dcgfee  to  a 
Kiilier,  by  multinlication,  so  they  may  be  depressed.,  from  a 
iiigiier  degree  to  a  lower,  by  division.  The  product  of 
[x—a)  into  {x  —  b)  is  a  quadratic  equation;  thii;  into  {x  —  c) 
is  a  cubic  equation;  and  this  into  (.r— rf)  is  a  biquadratic 
(Art  494.)  if  we  reverse  this  process,  and  divide  the  biquad- 
ratic by  (x  —  d),  the  quotient,  it  is  evident,  will  be  a  cubic 
equation;  and  if  we  divide  this  by  (x—c),  the  quotient  will 
be  quadratic,  &c.  The  divisor  is  one  of  the  factors  from 
vv'bich  the  equation  is  produced,  that  is,  it  is  a  binomial  con- 
sisting of  X  and  one  of  the  roots  with  its  sign  changed. 
When,  therefore,  we  have  found  either  of  the  roots,  we  may 
divide  by  this,  connected  with  the  unknown  quantity,  which 
will  reduce  the  equation  to  the  next  inferiour  degree. 

503.  Various  methods  have  been  devised  for  the  resolution 
of  the  higher  equations;  but  many  of  them  are  intricate  and 
tedious,  and  others  are  applicable  to  particular  cases  only. 
The  roots  may  be  found,  however,  with  sufficient  exactness, 
by  successive  approximations.  From  the  laws  of  the  co-effi- 
cients, as  stated  in  art.  500,  a  general  estimate  may  be  form- 
ed of  the  values  fef  the  roots.  They  must  be  such,  that, 
when  their  signs  are  changed,  their  product  shall  be  equal  to 
the  last  term  of  the  equation,  and  their  sum  equal  to  the  co- 
efficient of  the  second  term.  A  trial  may  then  be  made,  by 
substituting,  in  the  place  of  the  unknown  letter,  its  supposed 
value.  If  this  proves  to  be  too  small  or  too  large,  it  may  be 
increased  or  diminished,  and  the  trials  repeated,  till  one  is 
found  which  v/ill  nearly  satisfy  the  conditions  of  the  equa- 
tion. After  we  have  discovered  or  assumed  two  approxim- 
ate values,  and  calculated  tiie  en-ours  which  result  from  them, 
we  may  obtain  a  more  exact  correction  of  the  root,  by  the 
folio  win  a; 
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,1s  tJiz  difference  of  the  crrours,  to  the  difference  of  the  as- 
sumed numbers :'  - 

So  is  the  least  errour.  to  the  correction  required  in  the  cor-' 
resjponding  assumed  number.'^ 

This  is  founded  on  the  supposition,  that  the  errours  in  the 
results  are  proportioned  to  the  errouvs'inilie  assumed  munbers. 

■^  See  Hutton's  Mathematics, 
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Let  JV  and  n  be  the  assumed  numbers ; 

S  and  s,      the  errours  of  these  numbers; 
R  and  r,      the  errours  in  the  results. 

Then  by  the  supposition  R:r::S:s 

And  subt.  the  consequents  (Art.389.)  R—j- :  S—s  ::r:s. 

But  tile  difference  of  the  assumed  numbers  is  the  same, 
as  the  difference  of  their  errours.  If,  for  instance,  the  true 
number  is  10,  and  the  assumed  numbers  12  and  15,  the  er- 
rours are  2  and  5  ;  and  the  difference  between  2  and  5  is  the 
same,  as  between  12  and  15.  Substituting,  then,  JY—n  for 
S—s,  we  have  R—r:  JV—n  ::r:s,  which  is  the  proportion 
stated  above. 

The  term  difference  is  to  be  understood  here,  aG  it  is  com- 
monly used  in  algebra,  to  express  the  result  of  subtraction 
according  to  the  general  rule.  (Art.  82.)  In  this  sense,  the 
difference  of  two  numbers  one  of  which  is  ])csitive  and  the 
other  negative,  is  the  same,  as  their  sum  would  be,  if  their 
signs  were  alike.  (Art.  85.) 

The  supposition  which  is  made  the  foundation  of  the  rule 
for  finding  the  true  value  of  the  root  of  an  equation,  is  not 
strictly  correct.  The  errours  in  the  results  are  not  cxactlij 
proportioned  to  the  errours  in  the  assumed  numbers.  But 
as  a  greater  errour  in  the  assumed  number,  v.-ill  generally  lead 
to  a  greater  errour  in  the  result,  than  a  less  one,  the  rule  will 
aisswer  the  purpose  of  approximation.  If  the  value  v.liich 
is  first  found,  is  not  sufficiently  correct,  this  may  be  taken  as 
one  of  the  numbers  for  a  second  trial ;  and  the  process  may 
be  repeated,  till  the  errour  is  diminished  as  much  as  is  re- 
quired. There  will  generally  be  an  advantage  in  assuming 
two  numbers  v«^hose. difference  is  1,  or  .01,  or .001,  &,c. 

Ex.   1.  Find  the  value  of  x,  in  the  cubic  equation. 
x^  -Sx^-  -irl^x-10=0. 

Here,  as  the  signs  of  the  terms  are  alternately  positive  and 
negative,  the  roots  must  be  all  positive;  (Art.  501.)  their 
product  must  be  10,  and  their  sum  8. 

Let  it  be  supposed  that  one  of  them  is  5*1  or  5-2.  Then, 
substituting  these  numbers  for  x,  in  the  given  equation,  wo 
have. 
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Bvthelstsuppos'n,(5'l)=^-Sx(5-l)*  +  17x(5-l)-10  =  l-27L 
By  the  second,        (5-2)3-8  x  (5-2)2  4. 17  x  (5-2)-10=2-688, 

That  is,  By  the  first  supposition.  By  the  second  supposition. 

The  1st  term,      ^' =     132-651  140-608 

The  2d,          -Sx^  = -208-08  -216-32 

The  3d,            17^  =       86-7  88-4 

The4th,          -10  =-   10-  -10- 


Sums  or  errours,          +1-271  +2-668 

Subtracting;  one  from  the  other,  1-271 


Their  difference  is  1-417 

Then,  stating  the  proportion, 
1  -4 : 0- 1  : :  1  -27 : 0-09,   the  correction  to  be  sub^ 
tracted  from  the  first  assumed  number  .5-1 :  The  remainder 
IS  5'01,  which  is  a  near  value  of  x. 

To  correct  this  farther,  assume     x=5'01,  or  5*02 

By  the  first  supposition.  By  the  second  supposition. 
The  1st  term  ;f  3=     125-751  126506 

The  2d      -8^2  = -200-8  -201-6 

The  3d        17a-  =       85-17  85-34 

The  4th     -10  =   -10-  -10- 


Errours  +  0-121  +  0246 

0121 


Difference  0-125 

Then    0-125:  0-01 ::  0-121  :  0*01,   the  correction.       Thi« 
subtracted  from  5-01,  leaves  5  for  the  value  of  x',  which  will 
be  found,  on  trial,  to  satisfy  the  conditions  of  the  equation. 
For  53-8x52  +  17x5-10=0. 

We  have  thus  obtained  one  of  the  three  roots.  To  find 
the  other  two,  let  the  equation  be  divided  by  x  —  5,  accor- 
ding to  art.  462,  and  it  will  be  depressed  to  the  next  inferi- 
our  degree.  (Art.  502.) 

x-5)x^  -8x^  -i-l^x  —  lOix^  -3X+2—0, 

Here,  the  equation  becomes  quadratic. 
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By  transposition,  ^c '  --3:v=  —  2 

Completing  the  square,(Art.305.)  ^2_3;^4.  o  ^9  _2  =  i 

Extract  and  transp.  (Art.  303.)    .v  =  |±v/i=|' 


1 34-t 

-       -  -         T— f-^" 

I  The  first  of  these  values  of  a;  is  2  and  the  other  L 

We  have  now  found  the  three  roots  of  the  proposed  equa- 
tion. When  their  signs  are  changed,  their  sum  is  —8,  the 
co-efFicient  of  the  second  term,  and  their  product  —10  the 
last  term. 

2.  What  are  the  roots  of  the  equation 
x^-Sx^-\'4.'X+iS=0?  Ans.   -2,+4,  +  6, 

3.  What  are  the  roots  of  the  equation 
x^-16x^+Q5x~50=zO?  Ans.  1,  5,  10* 


•»  See  Note  Q. 


SECTION   SXl*. 


APPLICATION  OF  ALGEBRA  to  GEOMETRY. 


Art.  504.  I"^  is  often  expedient  to  make  use  of  the  alge- 
braic notation,  for  expressing  the  relatiens  of 
geometrical  quantities,  and  to  throw  the  several  steps  in  a 
demonstration  into  the  form  of  equations.  By  this,  the  na- 
tme  of  the  reasoning  is  not  altered.  It  is  only  translated  in- 
to a  different  language.  Signs  are  substituted  for  words,  but 
they  are  intended  to  convey  the  same  meaning.  A  great 
part  of  the  demonstrations  in  Euclid,  really  consist  of  a  se- 
ries of  equations,  though  they  may  not  be  presented  to  us 
under  the  algebraic  forms.  Thus  the  proposition,  that  the 
sum  of  the  three  angles  of  a  triangle  is  equal  to  tivo  right  an- 
gles, (Euc.  32.  1.)  may  be  demonstrated,  either  in  common 
language,  or  by  means  of  the  signs  used  in  algebra. 

Let  the  side  AB,  of  the  triangle  ABC,  (Fig.  1.)  be  con- 
tinued to  D;  let  the  line  5£  be  parallel  to  AC;  and  let 
GHI  be  a  right  angle. 

The  demonstration,  in  v/ords,  is  as  follows. 

1.  The  angle  EBB  is  equal  to  the  angle  BAC.  (Euc.  29.1.) 

2.  The  angle  CBE  is  equal  to  the  angle  ACB. 

3.  Therefore,  the  angle  EBD  added  to  CBE,  that  is,  the  an- 
gle CBD,  is  equal  to  BAC  added  to  ACS. 

4.  M  to  these  equals,  we  add  the  angle  ABC,  the  angle 
CBD  added  to.  ABC,  is  equal  to  BAC  added  to  ACS 
and  ABC. 

5.  But  CBD  added  to  ABC,  is  equal  to  twice  GHI,  that  is, 
to  two  right  angles.  Euc.  13.  1. 

6.  Therefore,  the  angles  BAC,  and  ACB,  and  ABC,  are 
together  equal  to  twice  GHI,  or  two  right  angles. 

*  This  and  the  following  section  are  to  be  read  after  the  Elements 
oi  laeometry. 
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Now,hy  substituting  the  sign  +,  for  the  word  added,  or  and, 
and  the  character  =,  for  the  word  equal,  we  shall  have  the 
same  demonstration,  in  the  following  form. 

1 .  By  Euclid  29. 1 .        EBD  =BA  C 

2.  And  CBE=ACB 

3.  Add.  the  two  equa's,  EBD+  CBE=BAC+ACB 

4.  Ad.^i?Ctobothsid's  CBD-^ABC=BAC+ACB+ABC 

5.  But,  by  Euc.  13.1,    CBD+ABC=2GHI 

6.  Mak.the4th&5thequ.5e/^C'+^C^-}-^i?C=2G'ii/. 

By  comparing,  one  by  one,  the  steps  of  these  two  demon- 
strations,  it  will  be  seen,  that  they  are  precisely  the  same, 
except  that  they  are  dilterently  expressed.  The  algebraic 
mode  has  often  the  advantage,  not  only  in  being  more  concise 
than  the  other,  but  in  exhibiting  the  order  of  "the  quantities 
more  distinctly  to  the  eye.  Thus,  in  the  fourth  and  fifth 
steps  of  the  preceding  example,  as  the  parts  to  be  compar- 
ed are  placed  one  under  the  other,  it  is  seen,  at  once,  what 
must  be  the  new  equation  deiived  from  these  two.  This 
regular  arrangement  is  very  important,  when  the  demonstra- 
tion of  a  theorem,  or  the  resolution  of  a  problem,  is  unusu- 
ally complicated.  In  ordinary  language,  the  numerous  rela- 
tions of  the  quantities  require  a  series  of  explanations  to 
make  them  understood;  while,  by  the  algebraic  notation, 
the  whole  may  be  placed  distinctly  before  us,  at  a  single 
view.^  The  disposition  of  the  men  on  a  chess-board,  or  the 
situation  of  the  objects  in  a  landscape,  may  be  belter  com- 
prehended, by  a  glance  of  the  eye,  than  by  the  most  labour- 
ed description  in  v/ords. 

505.  It  v/iil  be  observed,  that  the  notation  in  the  example 
just  given  differs,  in  one  respect,  from  that  which  is  generally 
used  in  algebra.  Each  quantity  is  represented,  not  by  a 
swjg/e  letter,  but  by  several.  In  common  algebra,  when  one 
letter  stands  immediately  before  another,  as  ah,  without  any 
character  between  them,  they  are  to  be  considered  as  multi- 
plied together. 

But,  in  geometry,  AB  is  an  expression  for  a  single  line,  and 
not  for  the  product  of  A  into  B.  Multiplication  is  denoted, 
either  by  a  point,  or  by  the  character  x .  The  product  of 
AB  into  CD,  is  AB-CD,  or  ABx  CD. 

506.  There  is  no  impropriety,  however,  in  representing  a 
geometrical  quantity  by  a^ingie  letter.  We  may  make  b 
stand  for  a  line  or  an  angle,  as  well  as  for  a  number. 
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If,  in  the  example  above,  we  put  the  angle 

EBD=a,  ACB=d,  ABC=h, 

BAC=b,  CBD  -^g,  GUI  =1 : 

CBE=c, 

the  demonstration  ^TiIl  stand  thus, 

1.  By  Euc.  29.  1.  a^b 

2.  And  c=d 

3.  Adding  the  two  equation^,  a-{-c=g=h-\-d 

4.  Adding  A  to  both  sides,  g+h=b  +  d'\-h 

5.  By  Euc.  13.  1.  g-ifh=2l 

6.  Making  the  4th  and  5th  equal,  b  +  d+h=2l. 

This  notation  is,  apparently,  more  simple  than  the  other; 
but  it  deprives  us  of  what  is  of  great  importance  in  geomet- 
rical demonstrations,  a  continual  and  easy  reference  to  the 
figure.  To  distinguish  the  two  methods,  capitals  are  gene- 
rally used,  for  that  which  is  peculiar  to  geometry ;  and  small 
letters,  for  that  which  is  properly  algebraic.  The  latter  has 
the  advantage,  in  long  and  complicated  processes,  but  the 
other  is  often  to  be  preferred,  on  account  of  the  facility  with 
which  the  figures  are  consulted. 

507.  If  a  line,  whose  length  is  measured  from  a  given  point 
or  line,  be  considered  positive ;  a  line  proceeding  in  the  op- 
posite direction  is  to  be  considered  negative.  If  JlB,  (Fig.2.) 

reckoned  from  DE  on  the  right,  is  positive  ;  AC  on  the  leji 
is  negative. 

A  line  may  be  conceived  to  be  produced  by  the  motion  of 
a  point.  Suppose  a  point  to  move  in  the  direction  of  AB^ 
and  to  describe  a  line  varying  in  length  with  the  distance  of 
the  point  from  A.  While  the  point  is  moving  towards  B,  its 
<listance  from  A  will  increasei  But  if  it  move  from  B  to- 
wards C,  its  distance  from  A  will  diminish,  till  it  is  reduced 
to  nothing,  and  will  then  increase  on  the  opposite  side.  K^ 
that  which  increases  the  distance  on  the  right,  din>inishes  it 
on  the  left,  the  one  is  considered  positive,  and  the  other  neg- 
ative.    See  arts.  59,  GO. 

Hence,  if  in  the  course  of  a  calculation,  the  algebraic  val- 
ue of  a  line  is  found  to  be  negative ;  it  must  be  measured  in 
a  direction  to  opposite  that  which,  in  the  same  process,  has 
been  considered- positive.  (Art.  197.) 

508.  In  algebraic  calculations,  there  is  frequent  occasion 
for  multiplicaiion,  division,  involution,  &c.     But  how,  it  may 
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be  asked,  can  geometrical  quantities  be  multiplied  into  each 
other.  One  of  the  factors,  in  multiplication,  is  always  to  be 
considered  as  a  number.  (Art.  91.)  The  operation  consists 
in  repeating  the  multiplicand,  as  many  tlnieg  as  there  are 
units  m  the  multiplier,  IIov/  then  can  a  line,  a  surface,  or  a 
^olid,  become  a  multiplier.^ 

To  explain  this,  it  wiJl  be  necessary  to  observe,  that  when- 
ever one  geometrical  quantity  is  multiplied  into  another, 
Som.c  particular  extent  is  to  be  considered  the  vnit.  It 
IS  immaterial  what  this  extent  is,  provided  it  remain  the 
samcj  in  different  parts  of  the  same  calculation.  It  may  be 
an  inch,  a  foot,  a  rod,  or  a  mile.  If  an  inch  is  taken  for  the 
unit,  each  of  the  lines  to  be  multiplied,  is  to  be  considered  as 
made  urt  of  so  many  parts,  as  it  contains  inches.  The  mul- 
tiplicand will  then  be  repeated,  as  many  times,  as  there  are 
units  in  the  multiplier.  M,  for  instance,  one  of  the  lines  be 
a  foot  long,  and  the  other,  half  a  foot ;  the  factors  will  be, 
one  12  inches,  and  the  other  6,  and  the  product  will  be  72 
inches.  Though  it  v,"culd  be  absurd,  to  say  that  one  line  vs 
to  be  repeated,  as  often  as  another  is  long;  yet  there  is  no 
impropriety  in  saying,  that  one  is  to  be  repeated  as  many 
times,  as  there  are  feet  or  rods  in  tlie  other.  This,  the  na- 
ture of  a  calculation  often  requires. 

509.  If  the  line  v.-hich  is  to  be  the  multiplier,  is  only  a 
j)art  of  the  length  taken  for  the  unit ;  the  product  is  a  like 
part  of  the  multiplicand.  (Art.  90.)  Thu?,  if  one  of  the 
factors  is  6  inches,  and  the  other  half  an  inch,  the  product  is 


o  mc 


1^^.^ 


i  510,  Instead  of  referring  to  the  measures  in  com.mon  use, 
as  inches,  feet,  fee.  it  is  often  convenient  to  fix  upon  one  of 
the  lines  in  a  figure,  as  the  unit  with  which  to  compare  all  the 
others.  ¥/hen  there  are  a  number  of  lines  drawn  within 
and  about  a  circle,  the  radius  is  commonly  taken  for  the  unit. 
This  is  particularly  the  case  in  trigonometrical  calculations, 

511.  The  observations  which  have  been  made  concerning 

lines,  may  be  applied  to  surfaces  and  solids.     There  m^ay  be 

occasion  to  .multiply  the  area  of  a  figure,  hy  the  number  of 

inches  in  some  given  line. 

/But  here,  another  difficulty  presents  itself.      The  product 

f  of  two  lines  is  often  spoken  of,  as  being  equal  to  a  surface  ; 
K-nd  the  product  of  a  line  and  a  surface,  as  equal  to  a  solid. 

<     Thus  the   area  of  a  parallelogram  is  said  to  be  equal  to  the 

i    product  of  its  base  and  height ;  and  the  '^olid  content-:  of  a 

Jj 
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cylinder,  is  said  to  be  equal  to  the  product  of  its  length,  into 
the  area  of  one  of  its  ends.  But  if  a  line  has  no  breadth, 
how  can  the  multiplication,  that  is,  the  repetition,  of  a  line 
produce  a  surface  ?  And  if  a  surface  has  no  thickness,  how 
can  a  repetition  of  it  produce  a  solid  ? 

/f  a  parallelogram,  represented  on  a  reduced  scale  by 
ABCD,  (Fig.  3.)  be  five  inches  long,  and  three  inches  wide  ; 
the  area  or  surface  is  said  to  be  equal  to  the  product  of  5  in- 
to 3,  that  is,  to  the  number  of  inches  in  AB,  multiplied  by 
the  number  in  EC.  But  the  inches  in  the  litxes  AB  and  BC 
are  linear  inches,  that  is,  inches  in  length  only ;  while  those 
Avhich  compose  the  surface  AC  are  superficial  or  sg'Mare  in- 
ches, a  different  species  of  magnitude.  How  can  one  of 
these  be  converted  into  the  other  by  multiplication,  a  process 
which  consists  in  repeating  quantities,  without  changing  their 
nature  .'* 

512.  In  answering  these  inquiries,  it  rtiust  be  admitted, 
that  measures  of  length  do  not  belong  to  the  same  class  of 
magnitudes  with  superficial  or  solid  measures ;  and  that  none 
of  the  steps  of  a  calculation  can,  properly  speaking,  trans- 
form the  one  intathe  other.  But,  though  a  line  can  not  be- 
come a  surface  or  a  solid,  yet  the  several  measuring  units  in 
common  use  are  so  adapted  to  each  other,  that  squares, 
cubes,  he.  are  bounded  by  lines  of  the  same  name.  Thas 
the  side  of  a  square  inch,  is  a  linear  inch  ;  that  of  a  square 
rod,  a  linear  rod,  Sec.  The  length  of  a  linear  inch  is  there- 
fore, the  same,  as  the  length  or  breadth  of  a  square  inch. 

If  then,  several  square  inches  are  placed  together,  as  from 
Q  to  R,  (Fig.  3.)  the  mimber  of  them  in  the  parallelogram 
OR  is  ilie  same,  as  the  number  of  linear  inches  in  the  side 
^R :  and,  if  Ave  know  the  leagth  of  this,  we  have  of  course 
the  area  of  the  parallelogram,  which  is  here  supposed  to  be 
one  inch  wide. 

But,  if  the  breadth  is  several  inches,  the  larger  parallelo- 
gram contains  as  many  smaller  ones,  each  an  inch  wide,  as 
there  are  inches  in  the  whole  breadth.  Thus,  if  the  paral- 
lelogram AC  (Fig.  3.)  is  5  inches  long,  and  3  inches  broad, 
it  maybe  divided  into  three  such  parallelograms  as  OR.  To 
obtain  then  the  number  of  squares  in  the  large  parallelogram, 
Ave  have,  only  to  multiply  the  number  of  squares  in  one  of 
the  small  parallelograms,  into  the  number  of  such  parallelo- 
grams contained  in  the  whole  figure.  But  the  number  of 
square  inches  in  one  of  the  small  parallelograms,  is  equal  to 
the  number  of  linear  inches  in  the  length  AB.     And  the 
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"number  of  small  parallelograms,  is  equal  to  the  number  of 
linear  inches  in  the  breadth  BC.  It  is  therefore  said  con- 
cisely, that  the  area  of  the  parallelogram  is  equal  to  the  length 
multiplied  into  the  breadth. 

513.  We  hence  obtain  a  convenient  algebraic  expression 
for  the  area  of  a  right  angled  parallelogram.  If  two  of  the 
sides  perpendicular  to  each  other  are  AB  ^ni\  BC,  the  ex- 
pression for  the  area  is  AB  X  BC ;  that  is,  putting  a  for  the 
area, 

n^ABxBC. 

It  must  be  understood,  however,  that  when  AB  stands  for 
a  line,  it  contains  only  linear  measuring  units ;  but  when  it 
enters  into  tlie  expression  for  the  area,,  it  is  supposed  to  con- 
tain superficial  units  of  the  same  name.  Yet  as,  in  a  given 
length,  the  number  of  one  is  equaJ  to  that  of  the  other,  they 
may  be  represented  by  the  same  letters,  without  leading  to 
errour  in  calculation. 

514.  The  expression  for  the  area  may  be  derived,  by  a 
method  more  simple,  but  less  satisfactorj  perhaps  to  some, 
from  the  principles  which  have  been  stated  coiicerning  varia- 
ble quantities,  in  the  13th  section.  Let  a  (Fig.  4.)  represent  a 
square  inch,  foot,  rod,  or  other  measuring  unit;  and  let  6 
and  /  be  two  of  its  sides.  Also,  let  A  be  the  area  of  any 
right  angled  parallelogram,  B  its  breadth,  and  L  its  length.  ■ 
Then  it  is  evident,  that,  if  the  breadth  of  each  Avere  the 
same,  the  areas  would  be  as  the  lengths ;  and,  if  the  length 
of  each  were  the  same,  the  areas  would  be  as  the  breadths. 

That  is,         A:a::L:  I,  when  the  breadth  is  given, 
And  A:a  ::B  :b,  when  the  length  is  given ; 

Therefore,  (Art.  420.)  A:a::BxL:bl, when  both  vary. 

That  is,  the  area  is  as  the  product  of  the  length  and 
breadth. 

515.  Hence,  in  quoting  the  Elements  of  Euclid,  the  term 
product  is  frequently  substituted  for  reetangle.  And  whatev- 
er is  there  proved  concerning  the  equality  of  certain  rec- 
tangles, may  be  applied  to  the  products  of  the  lines  which 
contain  the  rectangles.* 

51G.  The  area  of  an  oblique  parallelogram  is  also  obtain- 
ed, by  multiplying  the  base  into  the  perpendicular  height. 
Thus  the    expression   for   the    area   of   the    parallelogram 

^  See  Note  R. 
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^BKM  (Fig.  5.)  is  MJ^x  AD,  or  ABxB  C.     For,  by  art. 

^aor^^^'^^  ^^  ^^^^  ^-^^  ^'  *^  "^^^^^^  angled  paralielogram 
,flBCD;  and  by  Euclid  36.1,  paraileloaTams  upon  equal  ba=5es, 
and  between  the  same  parallels,  are  equal :  tliat  is,  JIB  CD 
Js  equal  to  ABAOII. 

I  ^517.  The  area  of  s.  square  is  obtained,  by  multiplying  one 
Di  the  sides  into  itself.      Thus  the   expression  for  ihe   area 

of  the  square  AC,   (Fig.  6.)  isl/lB\ilmt  is, 

a^^AB. 

For  the  area  is  equal  to  AB  xBC.  (Art.  513.) 

But  AB=BC,  therefore,  ABxBC=A"BxAB=^AB. 

51 S.  The  area  of  a  triangle  is  equal  to  half  the  product 
ot^the  base  and  hcjght.  Thus  the  area  of  the  triangle  ABG 
{tig.^  7.)  is  equal  to  half  e^5  into  GI:forit3  equal  BC. 
that  IS,  ^  ' 

a  =  lABxBC. 

For  the  area  of  the  parallelogram  A  BCD  is  ABxBC, 
(Art.  513.)  And,  by  Euc.  41.  1,  if  a  parallelogram  and  a 
triangle  are  upon  the  same  base,  and  between  the  same  par- 
allels, the  triangle  is  half  the  parallelogram. 

5.9.  Hence,  an  algebraic  expression  may  be  obtained,  for 
the  area  of  any  figure  whatever  which  is  bounded  by  right 
Jmes.  For  every  such  figure  may  be  divided  into  trianr^ies. 
1  bus  the  right-lined  figure  "^ 

ABCDE  (Fig  8th.)  is  composed  of  the  triang-les 

ABC,ACE,^adECD.  ^ 

The  area  of  the  triangle  AB  C=^A  C  x  BL, 

That  of  the  triangle  A  CE  =  }^A  C  x  EH 

That  of  the  triangle  ECD=l^EC  x  DG. 

The  area  of  the  whole  figure  is,  therefore,  equal  to 

{k-^CxBL)-\r{lACxEH)-\-{j^ECxDG). 

The  explanations,  in  the  preceding  articles,  contain  the 
first  principles  of  the  memunition  of  superficies.  The  object 
of  introducing  the  subject  in  this  place,  however,  is  not  to 
inake  a  practical  application  of  it,  at  present;  but  merely  to 
show  the  grounds  of  the  method  of  representing  geometrical 
quantities  in  algebraic  language. 

5.20.  The  expression  for  the  superficies  has  here  been  de- 
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rived  from  that  of  a  line  or  lines.  It  is  frequently  necessary 
to  reverse  this  order;  to  liad  a  side  of  a  figure,  from  knowing 
its  area. 

If  the  number  of  square  inclics  in  the  parallflogrvim 
,.^BCD  (Fig.  3.)  whose  breadth  BC  is  S  inches,  be  divided 
by  3 :  the  quotient  will  be  a  parallelogram  JlBEF,  one  inch 
wide,  and  of  the  same  length  Vi^ith  the  larger  one.  But  the 
length  of  the  small  parailelogram,  is  the  length  of  its  side 
AB.  The  number  of  square  inches  in  one  is  the  same,  :?5 
the  number  of  linear  inches  in  the  other.  (Art.  512.)  If 
therefore,  the  area  of  the  large  parallelogram  be  represented 

by  a,  the   side  AB=-j^^t,  that  is,  the  length  of  a  paraJldo- 

grom  is  fcnnJ,  ly  dividing  the  area  ly  the  Ireadth. 

521.  m  a  be  put  for  the  area  of  a  s-jnare  v.'hoce  side  is 
AB 

Then  by  art.  517.  a^IB 

And  extracting  both  sides,  ^a  —AB 

Tliat  i^;,  the  side  of  a  square  is  found,  by  extracting  the 
square  root  of  the  nir.aher  of  measuring  7inits  in  its  area. 

522.  If  AB  be  the  base  of  a  triangle,  and  BC  its  perpen- 
dicular height; 

Then,  by  art.  51S,  a  =  lBC X  AB 

a 
And  dividing  by  |-5C,  tj^^AB, 

That  is,  the  oase  of  a  triangle  is  found,  by  didding  the  area, 
by  half  the  height. 

523.  As  a  surface  is  expressed,  by  the  product  of  its  length 
and  breadth  ;  the  contents  of  a  solid  may  be  exj)ressed,  by  the 
product  of  its  len:j;th,  breadth,  and  depth.  It  is  necessary  to 
bear  in  mind,  that  the  measuring  unit  of  solids  is  a  cube;  and 
that  the  side  of  a  cubic  inch,  is  a  square  inch,  the  side  of  a 
cubic  foot,  a  square  foot,  &c. 

Let  ABCD  (Fig.  3.)  represent  the  base  of  apai'alle]oj>i- 
ped,  5  inches  long,  3  inches  broad,  and  one  inch  deep.  It  is 
evident  there  must  be  as  many  cubic  inches  in  the  solid,  as 
there  are  square  inches  in  its  base.  And,  as  the  product  of  the 
lines  AB  and  BC  gives  the  area  of  this  base,  it  gives,  of 
,coursc,  the  contents  of  the  solid.  But  suppose  that  the 
depth  of  the  paralleiopiped,  inblcad  of  being  one  inch,  is 
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four  inches.  Its  contents  must  be  four  times  as  great.  If, 
then,  the  length  be  AB,  the  breadth  BC,  and  the  depth  CO, 
the  expression  for  the  solid  contents  will  be, 

ABxBCxCO. 

524.  By  means  of  the  algebraic  notation,  a  geometncal 
demonstration  may  often  be  rendered  much  more  simple  and 
.concise,  than  in  ordinary  language.  The  proposition,  (Euc. 
4,  2.)j  that  when  a  straight  line  is  divided  into  two  parts,  the 
square  of  the  whole  line  is  equal  to  the  squares  of  the  two 
parts,  together  v/ith  twice  the  product  of  the  parts,  is  demon- 
strated, by  involving  a  binomial. 

Let  the  side  of  a  square  be  represented  by  s; 
And  let  it  be  divided  into  two  parts,     a  and  b. 

By  the  supposition,  s=a+b 

And,  squaring  both  sides,  s^  =a^  -\-2ah-{-h^ . 

Or,  changing  the  order  of  the  terms,    s^  =a^  -[-b^  -\-2ab. 

That  is,  s^  the  square  of  the  whole  line,  is  equal  to  a^  and 
h  ^ ,  the  squares  of  the  two  parts,  together  with  2ab,  twice  the 
product  of  the  parts. 

525.  The  algebraic  notation  may  also  be  applied,  with 
great  advantage,  to  the  solution  of  geometrical  problems.  In 
doing  this,  it  will  be  necessary,  in  the  first  place,  to  raise  an 
algebraic  equation,  from  the  geometrical  relations  of  the 
quantities  given  and  required;  and  then,  by  the  usual  reduc- 
tions, to  find  the  value  of  the  unknown  quantity  in  this  equa- 
tion.    See  art.  192. 

Prob.  1.  Given  the  base,  and  the  sum  of  the  hypothen- 
use  and  perpendicular,  of  the  right  angled  triangle,  ABC, 
(Fig.  9.)  to  find  the  perpendicular. 

Let  the  base  jlB=b       '] 

The  perpendicular  BC=x        \ 

The  sum  of  hyp.  and  perp.  x-\-AC—a        ( 
Then  transposing  x,  AC=a—x) 

1.  By  Euclid  47. 1,  Wf  +  ~AB  =liC 

2.  That  is,  by  the  notation,     cr^  -^-b^  —{a-xY  —a''^-2a^-\-x^ . 

Here  we  have  a  common  algebraic   equation,  containing 
only  one  unknown  quantity.      The  reduction  of  this  equa- 
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tion,  in  the  usual  manner,  will  give  the  value  of  x,  the  side 
required. 

3.  Trausp.  and  uniting  terms,  2ax=a^—h^ 

4.  Dividing  by  2a,  a-= — ^ =BC. 

The  solution,  in  letters,  wiU  be  the  same,  for  any  right  an- 
gled triangle  whatever,  and  may  be  expressed  in  a  general 
theorem,  thus;  ' In  a  right  angled  triangle,  the  perpendicu- 
lar is  equal  to  the  square  of  the  sum  of  the  hypothenuse  and 
perpendicular,  diminished  by  the  square  of  the  base,  and  di- 
vided by  twice  the  sum  of  the  hypothenuse  and  perpendic- 
ular.' 

It  is  applied  to  particular  cases,  by  substituting  numbers,  for 
the  letters  a  and  b.  Thus,  if  the  base  is  8  feet,  and  the 
sum  of  the  hypothenuse  and  perpendicular  16,  the  expres- 

a^—b^  16^-8* 

sion  — ^ becomes-^— Y^= 6,  the  perpendicular;  and- 

this  subtracted   from   16,  the  sum  of  the  h}'pothenuse  and 
perpendicular,  leaves  10,  the  length  of  the  hypothenuse. 

To  prove  that  the  answer  is  correct,  we  have  only  to  ob- 
serve, that  in  conformity  with  Euclid  47.  1,  8^+6 2=- 10 2. 

Prob.  2.  Given  the  base,  and  the  difference  of  the  hy- 
potlienuse  and  perpendicular,  of  a  right  angled  triangle,  to 
find  the  perpendicular. 

Let  the  base  AB{F\^.  10.)  =6  =20 7 

The  perpendicular,  BC=x  ! 

The  given  difference,  =J=10  [ 

Then  will  the  hypothenuse  AC=x  +  d.  J       For  the 

greater  of  two  quantities,  is  equal  to  the  less  added  to  thei? 

difference.     Then 

1.  By  Euchd  47.  1 ,  'Jc''  =z~AB^  +  ~Bc' 

2.  That  is,  by  the  notation.  (x  +  c/)^  =b^  -^-x^ 

3.  Expanding  (a:+rf)*,  ('Art.227.)  x"" -^Idx-^d""  =b^  ^x^ 

4.  Transp.  and  uniting  term?,  2dx=b^  —d^ 
^.  .,.      ,  b^-d^ 

5.  Dividmg  b V  2d.  x = — ttj —  =  15. 

'=>    •  "2,(1 
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Prob.  3.  if  the  hvpothennse  of  a  right  angled  triangle  is 
30  feet,  and  the  dhference  of  the  other  two  sides  6  feet^ 
what  is  the  length  of  the  base  ?  Ans.  24  feet. 

Prob.  4.  If  the  hypothenuse  of  a  right  angled  triangle  is 
50  rods,  and  the  base  is  to  the  perpendicular  as  4  to  3,  "what 
is  the  length  of  the  perpendicular?  Ans.  30 

Prob.  5.  Having  the  perimeter  and  the  diagonal  of  a 
parallelogram  ABCD,  (Fig.  11.)  to  find  the  sides". 

Let  the  diagonal  AC  =k  =  10'] 

The  side  AB=x  I 

Half  the  perimeter   BC  +  AB=BC+x:=^b  =  14.  f 
Then,  hj  transposing  x,  BC=h  —  x\ 

\.  By  Euclid  47.  1,  ~AB  ^IW  ■=JC' 

2.  That  is,  x^  +  {b-xY=h^ 

3.  Expanding  (5 -.r) 2,  x^ -\-h^ -2bx-\-x^  =]i^ 

4.  Transp,  unit,  and  divid.  by  2,  x^  —  bx=^h^  —  P^ 

5.  Completing  the  square,  x^ -bx-Y\h'^  ^^b"^ -\-\h" -:^b^ 

6.  Extract,  and  transp.  x=\b±''/ ^b^ +  ^h'-Yu^  z=Q, 

Here  the  side  A.B  is  found ;  and  the  side  BC  is  equal  to' 
5-,r=14-8=6. 

Prob.  6.  The  area  of  aright  a.ngled  triangle  ABC  (Fig. 
12.)  being  given,  and  the  sides  of  a  parallelogram  inscribed 
m  it,  to  find  the^side  BC. 

Let  the  given  area  =c,        '    DE=BF=h,        ") 
EB=BF=d,  BC=x.        ]-> 

Then  by  the  fijjure,  CF=BC-BF=:x - h.  S 

L  By  similar  triangles,  CF:  DF::BC  :  AB    . 

2.  That  is,    .  x  —  b:d::ai:AB 

3.  Midt.  ext.  and  means,      dx  =  {x—b)xAB 

4.  By  art.  5 1 8,  a = A.B  x  \B  C=ABx  Ix 

2a 

5.  Dividing  bv  V.I?,  — =AB 

2a  2a  2ah 

6.  Subs.in  the  3d, —  fur  AB,  dx  —  [x  —  b)x  — =2a  —  —" 

7.  Mult,  hj X,  and  trans,      dx- —2GX==—2ab 

2ax         2ab 
S.  Dividing  by  d,  ,   a:^  _.  _-.^ -_ 

2ax      a^      a^     2vJ.> 

9.  Complet.  the  square      '^^  ~~7~+^~*7i"~~T~ 

a  I     la  ^     2ab 

1 0.  Extract,  and  transn.        x  -i\'-R~  ——^B  C. 
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Prob.  7.  The  three  sides  of  a  right  angled  triangle  ABC, 
(Fiff.  13.)  being  given,  to  find  the  segments  made  by  a  per- 
pendicular, dra\vn  from  the  right  angle  to  tlie  hypothenuse. 

The  perpendicular  will  divide  the  original  triangle,  into 
two  right  angled  triangles,  BCD  and  ABD.  ^Euc.  8.  6.) 

1.  By  Euc.  47.  I,  BdVcD=£C 

2.  By  the  figure,  CD=^C-AD 

3.  Squar.  both  sides,  CD  =  {AC-kDY 

4.  Therefore,  BD->r{AG -kDy  ^'C 

5.  Expanding,  BD-f  ZC-S.^C.AD -f  AD=^C/ 

6.  Transposing,  BD=BC-AC+2AC.M) -A^ 
lBy£uc.47.  1,  BD=Zy-AD 

8.  Mak.eth  and7theq.^C-ZC+2.^C.AD=JS' 

9.  Transposing,  2AC .KT>  =AB -irAC -BC 


2 


AB+AC-BC 
10.  Dividing  by  2^  C,    AD= -^j^ 

The  unknown  lines,  to  distinguish  them  from  those  which 
are  known,  are  here  expressed  by  Roman  letters. 

Prob.  S.  Having  the  area  of  a  parallelogram  DEFG 
(Fig.  14.)  inscribed  in  a  given  triangle,  ABC,  to  find  the 
sides  of  the  parallelogram. 

Draw  C/ perpendicular  to  »^^.  By  supposition,  DGh 
parallel  to  AB.     Therefore, 

The  triangle  CHG,  is  similar  to      CIB  } 
And  CDG,  t©     CAB^ 


kk 
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Let  CI=d,  DG^x, 

AB=b,         The  given  area     =a. 

1.  By sim. trian.  CBiCG: vAB : DG 

2.  And  CB'.CG::CI:  CH 

3.  By  eq.  ratios,  (Art.  384.)      AB  iBG::CI:CH 

DGxCI    ^^^ 

4.  Mult.  ext.  and  means,  — AB~  ^ 

5.  By  the  figure,  CI-  CH=IH=DE 

^         °  DGxCI 

6.  Substitut.  for  CH,  CI-—^^~^BE 

dx 

7.  That  is,  d--^==DE  '-i 

dkX 

8.  By  art.  5 1 3^  a^DGx DE=x x  ^- y / 

dx^ 

9.  That  is,  a=dx~~^ 

10.  Transp.  and  mult,  by  &,       dx^—Mx——ah 

ah 
U.  Dividing  by  f7,  x^—hx——~^ 

,       h^     b^     at 
12.  Completing  the  square,-       ^^  ~"^'^~^~~a~~J 


5+    [b^     ab 


13.  Extract,  and  transp.  a:=-5:_V'T~'T=-0^° 

The  side  i)JE  is  foimd,  by  dividing  the  aifea  by  HG, 

Prob.  9.  Through  a  given  pdint,  in  a  given  circle,  so  to 
draw  a  right  line,  that  its  parts,  between  the  point  and  the 
periphery,  shall  have  a  given  difference. 

In  the  circle  AQ^BB,  (Fig.  15..)  let  Pbe  a  given  point,  in 
the  diameter  AB. 

Let  AP=a,  PR=Xr 

BP=ib,         The  given  difference  =d, 

Then,  will  Pq=x-{-d. 
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a.  ByEuc,35.3  PRxPq=APxBP 

2.  That  is,  xx{x  +  d)=axb 

3.  Or,  x'^+dx==ab 

4.  Completing. tlie  square,  x^-\-dx-\-  irf^  =  Id^  +  ah 

5.  Extract,  andtransp.  x=  —^dtV i-d^  +ab=PR. 

V 

With  a  little  practice,  the  learner  may  very  much  abridge 
these  solutions,  and  others  of  a  similar  nature,  by  reducing 
several  steps  to  one.* 


*.£««  Noie  S. 
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EQUATIONS  OF  CURVES. 


''2B  T^  ^^^  preceding  section,  algebra 'has  been  ap- 
*  plied  to  geometrical  figures,  bounded  by  right 
lines.  Its  aid  is  required  also,  in  investigating  the  nature  and 
relations  of  curves.  The  advances  which,  in  modem  times, 
have  been  made  in  this  department  of  geometry,  are,  in  a 
great  measure,  owing  to  the  method  of  expressing  the  dis- 
tinguishing properties  of  the  different  kinds  of  lines,  in  the 
form  of  equations.  To  understand  the  principles  on  which 
inquiries  of  this  sort  are  conducted,  it  is  necessary  to  become 
familiar  with  the  plan  of  ootation  which  has  bejen  generally 
agreed  upon. 

327.  The  positions  of  the  several  points  in  a  curve  drawn  on 
a  plane,  are  determined,  by  taking  the  distance  of  each  from 
two  right  lines  perpendicular  to  each  other. 

Let  the  lines  ^^i'^and  JlG  (Fig.  16.)  be  perpendicular  to 
each  other.  Also,  let  the  lines  DB,  D  B\  D'B'  be  perpen- 
dicular to  AFi  and  the  hnes  CD,  C'J}',  CD",  perpendic- 
tilar  to  AG.  Then  the  position  of  the  point  D  is 
known,  by  the  length  of  the  lines  BD  and  CD.  In  the 
same  manner,  the  point  D'  is  known,  by  the  lines  B'D'  and 
CD' ;  and  the  point  D',  by  the  lines  B'D'  and  C'D".  The 
two  lines  which  are  thus  drawn,  from  any  point  in  the  curve, 
are,  together,  called  the  co-ordir,atcs  belonging  to  that  point. 

But,  as  there  is  frequent  occasion  to  speak  of  each  of  the 
lines  separately,  one  of  them  for  distinction  sake,  is  called 
;in  ordinate,  and  the  other,  an  abscissa.  Thus  BD  is  the  or- 
dinate ©f  the  pomt  D,  and  CD,  or  its  equal  AB,  the  ab- 
scissa of  the  same  point.  It  is,  generally,  most  convenient 
to  take  the  abscissas  on  the  line  AF,  as  AB  is  equal  to  6Z), 
AB'  to  CD',  and  AB"  to  CD'.  Euc.  33.  1.  The  lines  AF 
and  AG,  to  which  the  co-ordinates  are  drawn,  are  called  the 
axes  of  the  co-ordinates. 

528.  If  co-ordinates  could  be  drawn  to  every  point  in  a 
curve,  uid-,  if  the  relations  of  the  several  abscissap  to  their 
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corresponding  ordinates  could  be  expressed  by  an  equation  ; 
the  position  of  each  point,  and  consequently,  the  nitture  of 
the  curve  would  be  determined.  Many  important  proper- 
tics  of  the  figure  might  also  be  discovered,  m.erely  by  throw- 
ing the  equation  into  different  forms,  by  transposing,  dividing, 
involving,  k.c.  But  the  number  of  points  in  a  line  is  unlim- 
ited. It  is  impos|ible,  therefore,  actually  to  draw  co-ordi- 
nates to  every  one  of  them.  Still  there  is  a  way  in  v/hich 
an  equation  may  be  obtained,  that  shall  be  applicable  to  all 
the  parts  of  a  curve.  This  is  effected,  by  making  the  equa- 
tion depend  on  some  property,  which  is  common  to  every  jjair 
of  co-ordinates.  In  explaining  this,  it  will  be  jjroper  to  begirj 
"with  a  straight  line,  instead  of  a  curve. 

Let  AH  (Fig.  17.)  be  a  line  from  which  co-ordinates  are 
drawn,  on  the  axes  AF and  JIG  perpendicular  to  each  other. 
And  let  the  angle  FAHhc  such,  that  the  abscissa  CD  ov  AJB 
shall  be  equal  to  tivice  the  ordinate  BD. 

'i'he  triangles  ABD,  AB'D',  AB'D",  k.c.  are  all  similar. 
(Euc.  29.  1.)     Therefore, 

AB:BD::  AB' :  B'D' : :  AB"  :  B"D'\ 
And  if  AB=2BD,  thm  AB' z=2B' D' ,  and  AB"=2B"D",Uc. 

That  is,  each  abscissa  is  equal  to  twice  the  corresponding 
ordinate.  But,  instead  of  a  separate  equation  for  each  pair 
of  co-ordinates,  one  will  be  sufficient  for  the  whole.  Let  m 
represent  any  one  of  the  abscissas,  and  y,  the  ordinate  be- 
longing to  the  same  point.     Then, 

x=2y,  or  y=lx. 

This  is  a  general  equation,  expressing  the  ratio  of  the  co- 
ordinates of  the  line  AH  to  each  other.  It  differs  from  a 
common  equation,  in  this,  that  x  and  y,  have  no  determinate 
Kiagnitude.  The  only  condition  which  limits  them  is,  that 
they  shall  be  the  abscissa  and  ordinate  of  the  same  ^oint. 

U  x=AB,  then  y  =  BD 

Jf  x  =  AB',         y=BV' 

U  x=AB",        y=B'D",hc,. 

From  this  it  is  evident,  that,  if  one  of  the  co-ordinates 
be  taken  of  any  particular  length,  the  other  will  be  given  by 
the  equation.  If,  for  instance,  the  abscissa  x  be  two  inches 
long,  the  ordinate  y,  which  i^  half  v.  must  be  one  inch. 
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If  xmS,  then  j/=4,  If  x=20,  then  3/  =  15, 

If;^  =  10,         y=5,  If^c  =  10b,         2/=50,  &c. 

On  the  other  hand,  if  y=2,  then  ;t=4,  &;c. 

529.  If  the  angle  HAF  be  of  any  different  magnitude^  as 
In  Fig.  18,  the  general  equation  will  be  the  same,  except  the 
co-efficient  of  x.  Let  the  ratio  of  y  to  x  be  expressed  by 
<i,  that  is,\ct  y:x::aih  Then  by  converting  this  jnto  a© 
equation,  \vc  iiave 

ax=y. 

The  co-efficient  a  will  1)e  a  whole   number   or  a  frac- 
tion, according  as  y  is  greater  or  less  than  x^ 

530.  To  apply  these  explanations  to  curves,  let  it  be  re- 
quired to  find  a  general  equation  of  the  common  parabola. 
(Fig.  19.)  It  is  the  distinguishing  property  of  this  figure,  as 
will  be  shown  jmder  Conic  Sections,  that  the  abscissas  are 
proportioned  to  the  squares  of  their  ordinates.  Let  the  «a- 
tio  of  the  square  of  any  one  ordinate  to  its  abscissa,  be  ex- 
pressed by  a.  As  the  ratio  is  the  same,  between  the  square 
of  any  other  ordinate  of  the  parabola  and  its  abscissa,  we 
have  universally  y^  :x::a:lg  and  by  converting  tliis  into  ae 
equation, 

^x=y^. 

This  is  called  the  equation  of  the  curve.  The  important 
advantages  gained  by  this  general  expression,  are  owing  te 
this,  that  the  equation  is  equally  applicable  to  every  point  of 
the  curve.  Any  value  whatever  may  be  assigned  to  the  ab- 
scissa X,  provided  the  ordinate  y  is  considered  as  belonging  to 
the  same  point.  But,  while  x  and  y  vary  together,  the 
quantity  a  is  supposed  to  remain  constant. 

By  the  equation  of  the  parabola  ax=y^,  and,  extracting 
^he  root  of  both  sides,  (Art.  297.) 

y—s/ax.    If  a— 2,  then  y—-^2x.     And 

if  .r=  4.5=7^5  (Fig.l9.)then3/  =  v/2x4.5=-/9=3=BZ> 
lix=  8.   =^AB'  y=V2x8    =./16=4=5'X>' 

a:  x=12.5=AB"  y=zyr2x\2.5-y/25=5=B"D" 

If,T  =  18.   =JB'"  jf=-/2xT8=v/36=6:=^"Z)". 

534.  When   ordinates  are  drawn  on  loth  sides  of  the  axi^ 
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W  which  they  are  applied;  those  on  one  side wWlhe positivcy 
while  those  on  the  other  side  will  be  negative.  Thus,  in- 
Fig.  19,  if  the  ordinates  on  the  vpper  side  of  AFhe  consid- 
ered positive,  those  on  the  under  side  will  be  negative,  (Art. 
507.)  The  abscissas  also  are  either  positive  or  negative,  ac- 
cording as  they  are  on  one  side  or  the  other  of  the  point 
froni  which  they  are  measured.  Tims,-  in  Fig.  20,  if  the 
abscissas  on  the  right,  AB,  AB\  &c.  be  considered  positive, 
tbose  on  the  left,  AC,  AC",  &c.  will  be  negative.  And,  m 
Ae  solution  of  a  problem,  if  an  abscissa  or  an  ordinate  is 
found  to  be  negative,  it  must  be  set  off',  on  the  side  of  the 
axis  opposite  to  that  on  which  the  values  are  positive. 

55.2.  In  the  preceding  instances,  the  straight  line  or  curve 
to  which  the  ordinates  and  abscissas  are  applied,  crosses  the 
axis,  in  the  point  where  it  is  mtersected  by  the  other  axis. 
Thus  the  curve  (Fig.  19.)  and  the  straight  line  ED'  (Fig^ 
20.)  cross  the  axis  AF,  in  the  point  A,  where  it  is  cut  by  the 
axis  AG.  But  this  is  not  always  the  case.  The  abscissas  on 
the  axis  QF  (Fig.  21.)  may  be  reckoned  from  the  line  GjY.^ 

Let  0?  represent  any  one  of  the  abscissas,  MB,  MB\  &tc^ 
and  y  the  con-esponding  ordinate. 

Let  s=AB,  h=MA, 

And  o=the  ratio  of  BD  to  AB,  as  before. 

Then  az=y,  (Art.  529.)  that  is,  z=~ 

But,  by  the  figure,  AB=MB-MA,  I  e.         z=x~& 
Making  the  two  equations  equal,  a;—b=~ 

And  transposing  —b  x——4-b 

a 

533.  In  investigating  the  properties  of  curves,  it  is  impor- 
tant to  be  able  to  distinguish  readily,  the  cases  in  which  the 
abscissas  or  ordinates  axe  positive,  from  those  in  which  they  are 
negative;  and  to  determine,  under  what  circumstances,  either 
of  the  co-ordinates  vanishes.  An  abscissa  vanishes  at  the  point 
where  the  curve  meets  the  axis  from  which  the  abscissas  are  meas- 
ured. And  an  ordinate  vanishes,  at  the  point  where  the 
curve  meets^he  axis  from  which  the  ordinates  are  measured. 

Thus,  in  Fig.  19,  the  ordinates  are  measured  from  the  line 
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AF.  The  length  of  eacli  ordinate  is  the  distance  of  a  p&P 
ticular  point  inlhe  curve  from  the  line.  As  the  curve  zp- 
proaches  the  axis,  the  ordmate  diminishes,  till  it  becomes 
nothing,  at  the  point  of  intersection.  For,  here,  there  is  no 
distance  between  the  curve  and  the  axis. 

The  abscissas  are  measured  from  the  line  AG,  These 
must  diminish  also,  as  the  curve  approaches  this  line,  and 
become  nothing  at  A. 

534.  From  this  it  is  evident,  that,  when  the  tv/o  axes  meet 
the  curve  at  the  same  point,  the  two  co-ordinates  vanish  to- 
gether. In  Fig.  19,  the  two  axes  meet  the  curve  at  A,  the 
one  cutting,  and  the  other  touching  it.  But,  in  Fig.  21,  the 
axis  MF  crosses  the  line  JVD  at  A  •  while  GjY  crosses  it  at 
JV.  The  ordinate,  being  the  distance  from  MF,  vanishes  at 
A,  vfhere  this  distance  is  nothing.  But  the  abscissa,  being  the 
distance  from  GJY,  vanishes  at  JV  or  M. 

535.  An  abscissa  or  an  ordinate  changes  from  positive  to 
negative,  bj  passing  through  the  point  where  it  is  equal  to  0. 
Thus  the  ordinate  y  (Fig.  20.)  diminishes,  as  it  approaches 
the  point  A  ;  here  it  is  nothing,  and,  on  the  other  side  of  A, 
it  becomes  negative,  because  it  is  below  the  axis  CF.  (Art> 
507.)  In  the  same  manner,  the  abscissa,  on  tlie  right  of  ^G^,- 
diminishes,  as  it  approaches  this  line,  becomes  0  at  A,  and 
then  negative,  on  the  left. 

In  this  case,  the  two  co-ordinates  change  from  positive  to 
negative,  at  the  same  point.  But,  in  Fig.  21,  the  ordiriates 
change  from  positive  to  negative  at  A ;  while  the  abscissas 
continue  positive  to  GJV,  being  still  on  the  right  of  that  line. 
On  the  right  from  A,  the  co-ordinates  are  both  positive  :  be- 
tween A  and  the  line  GJV,  the  abscissas  are  positive,  and  the 
Ordinates  negative  :  and,  on  the  left  of  GJV,  both  are  nega- 

tive. 

536.  The  most  important  applications  of  the  principles 
stated  in  this  section,  will  come  under  consideration,  in  suc- 
ceeding branches  of  the  mathematics,  particularly  in  Flux- 
ions. A  kw  examples  will  be  here  given,  to  illustrate  ihf^ 
observations  which  hav6  now  been  made, 

Prob.  T.  To  find  the  equation  of  the  circle. 
In  the  circle  FGJVI,  (Fig.  22.)  let  the  two  diameters  G'.V 
and  FJ\Ihe  perpendicular  to  each  other.      From   any  point 
in  the     urve,  draw  the  ordinate  DB  perpendicular  to  .^Ff 
aad  AB  wiU  b»  the  corresponding  abscisi^. 
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Let  the  radius  AD=r,  AB=x,  BD—y. 


-2 


Then,  by  Euc.  47.  I,  BD=AD-AB 

That  is,  J/'  =7-2— a:^ 

And  by  evolution,  7/=iv'r2— a,^ 

In  the  same  manner,  a;=i  Vr'^  — ?/* 

That  is,  the  abscissa  is  equal  to  the  square  root  of  the  dif- 
ference between  the  square  of  the  radius  and  the  square  of 
the  ordinate. 

If  the  radius  of  the  circle  be  taken  for  a  vnii,  (Art.  510.) 
its  square  will  also  be  1,  and  the  two  last  equations  will  be- 
come 

y—t^l—x'\      and     x  =  t^\—y'^ 

These  equations  will  be  the  same,  in  whatever  jiart  of 
the  arc  GDF  the  point  D  is  taken.  For  (lie  co-ordinates 
will  be  the  legs  of  a  right  angled  triangle,  the  hypolhenuse 
of  which  Vv'iU  be  equal  to  JlD,  because  it  is  the  radiiis  of 
the  circle. 

537.  To  understand  the  application  to  the  other  quarters 
of  the  circle,  it  must  be  observed,  that,  in  each  of  the  equa- 
tions, the  root  is  ambiguous.  The  values  of  y  and  of  x  may' 
be  either  positive  or  negative.  This  results  from  the  nature 
of  a  quadratic  equation.  (Art.  297.)  It  corresponds  also 
with  the  situation  of  the  different  parts  of  the  circle,  with 
respect  to  the  two  diameters  FM  and  GJV.  In  the  first 
quarter  GF,  the  co-ordinates  are  supposed  to  be  both  posi- 
tive. In  the  second,  GAI,  the  ordinates  are  still  positive, 
but  the  abscissas  become  negative.  (Art.  531.)  In  the  third, 
MA'^,  both  are  negative  :  and  in  the  fourth,  JVF,  the  ordi- 
nates are  negative,  but  the  abscissas  positive.     That  is, 

CFG,  X  is  -f,  and  7/+, 

In  the  quadrant  <j  ^^^  ^      Z]  it] 

IJYF,  X     +,         2/-. 

538,  In  geometry,  linos  are  supposed  to  be  produced  hj 
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the  motion  of  a  point.  If  the  point  moves  uniformly  in  one 
direction,  it  produces  a  straight  line.  If  it  continually  varies 
its  direction,  it  produces  a  curve.  The  particular  nature  of  the 
curve  depends  on  certain  conditions  by  which  the  motion  is 
regulated.  If,  for  instance,  one  point  moves  in  such  a  man- 
^ner,  as  to  keep  constantly  at  the  same  distance  from  another 
point  which  is  fixed,  the  figure  described  is  a  circle,  of  which 
the  fixed  point  is  the  centre.  It  is  evident  from  the  preceding 
problem,  that  the  equation  of  this  curve  depends  on  the  man- 
ner of  description.  For  it  is  derived  from  the  property, 
that  different  parts  of  the  periphery  are  equally  distant  from 
the  centre.  In  a  similar  manner,  the  equations  of  other 
cui'ves  may  be  derived  from  the  lavv^  by  which  they  are  de- 
scribed; as  will  be  seen  in  the  following  examples. 

Prob.  2.  To  find  the  equation  of  the  curve  called  the 
Cissoid  of  Biocies.  (Fig.  23.) 

The  description,  which  may  be  considered  as  the  defini- 
tion of  the  figure,  is  as  follows. 

In  the  diameter  AB,  of  tlie  semi-circle  JJJVB,  let  the 
point  R  be  at  the  same  distance  from  B,  as  P  is  from  Jl. 
Draw  RJV  perpendicular  to  AB,  to  cut  the  circle  in  JV. 
From  A,  through  JV,  draw  a  straight  line,  extending  if  ne- 
cessary beyond  the  circle.  And  from  P,  raise  a  perpendicular, 
to  cut  this  line  in  J\I.  The  curve  passes  through  the  point  M. 

By  taking  P  at  different  distances  from  A,  as  in  Fig.  24, 
any  number  of  points  in  the  curve  may  be  determined.  As 
the  line  P.U  moves  towards  B,  it  becomes  longer  and  longer  j 
so  as  to  extend  the  Cissoid  beyond  the  semicircle. 

To  find  the  equation  of  the  curve,  let  AH.  and  AB  be  the 
axes  of  the  co-ordinates. 


Also,  let  each  of  the  abscissas  AP,  AP',  AP",  &c.  =rx, 
each  of  the  ordinates  PM,P'M',P  M",  &;c.=y, 
and  the  diameter         AB  =b, 

Then,  by  the  construction,  PB  =i,^B—AP=b—x, 

As  PJ/and  RJV  are  each  perpendicular  to  AB,  the  tri- 
angles APJW  and  ARJV  are  similar.  (Euc.  27  and  29,  1.) 
Therefore, 
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1 .  By  sIm.  triangles,  AP :  PM ::AR:  RK 

2.  Or,  by  putting  P5  for  its  equal  AR, 

AP:PM::PB:R^' 
PMxPB 

3.  Mult.  ext.  and  meanS;         ~~qp — =i?A 

PM  x¥b ? 

4.  Squaring  both  sides,  — — ^ =RJ\ 

AP 

5.  By  Euc.  35.  3,  and  3.  3,    AR  x  RB^RJV 

6.  Or,  putting  P£  for  its  equal  AR,  and  AP  for  its  equal  /?i?s 

PBxAP=RJV 

TJSIxPB 

7.  Male.  4th  and  6th  equal,     PB  x  AP= ^^^ 

6.  Mult,  by  ZP,and  divid.by  PB,  AP=PJff  x  PB 

9.  Or,  x^=y^  x{b~x) 

That  is,  the  cube  of  the  abscissa  is  equal  to  the  square  of 
the  ordinate,  multiplied  by  the  difference  between  the  diam- 
.eter  of  the  circle,  and  the  abscissa.  The  equation  is  tho 
same  for  every  pair  of  co-oi'dinates. 

Prob.  3.  To  find  the  equation  of  the  Conchoid  of  Nico- 
luedes. 

To  describe  the  curve,  let  AB  Fig.  25.  be  a  line  given  in 
position,  and  C  a  point  without  the  line.  About  this  point, 
let  the  line  Ch  revolve.  From  its  intersections  with  AB, 
make  the  distances  EM,  E'M,  E"M",  Sic.  each  equal  to 
AD.  The  curve  a\^11  pass  through  the  points  D,  M,  M', 
M",  &c. 

To  find  its  eguaiion,  let  CD  and  AB  be  the  axes  of  the 
co-ordinates.  Draw  jPj'II  pai-allel  to  AP,  and  P»M  parallel 
to  CF.     From  the  construction,  AD  is  equal  to  EM. 

Let  the  abscissa  AP=FM=cx, 

the  ordinate  PM=AF=y, 

the  given  line  CA^^a, 

md  AD^EM=h, 

Then  will  CF^ CA  +  AF^a-^y. 
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As  CM  cuts  the  parallels  CD  and  PM,  and  also  the  paral- 
lels JIP  and  FM,  the  triangles  CFM  and  MPE  are  simi-- 
lar.     Then 

1 .  By  sim.  triangles,  CF :  FM : :  PM :  PE 

FMxPM 


2.  Mult.  ext.  and  means,  PE= — 


CF 


_2      FAlxPM 

3.  Squaring  both  sides,  PE  — -zi% 

CF 

4.  By  Euc.  47.  1,  PE=EM-PM^ 

5.  Mak.  3d  and  4th  equal;     EM-PM= —2 

CF 

6.  That  is,  5^—?/- =7 — ; — rz 

7.  Mult,  by  (a +  y) 2  {a^yY  x{h''—y'')=x'^y'^. 

539.  In  these  examples,  the  equation  is  derived  from  the 
description  of  the  curve.  But  this  order  may  be  reversed. 
If  the  equation  is  given,  the  curve  may  be  described.  For  the 
equation  expresses  the  relation  of  every  abscissa  to  the  cor- 
responding ordinate.  The  curve  is  described,  therefore,  by 
taking  abscissas  of  different  lengths,  and  applying  ordinates  to 
each.  The  line  required,  will  pass  through  the  extremities 
of  these  ordinates. 

Prob.  4.  T©  describe  the  curve  whose  equation  is 

2x=y^,  or     y=iJ2x. 

On  the  line  AF,  (Fig.  19.)  take  abscissas  of  diflcrent 
lengths : 

For  instance, .,41?    =  4-5,thcntheordinate5Z>=3,(Art.530.) 
AB'  =  8-  BD      =4, 

AB"  =12-5  B  D'  =5, 

AB"'=IQ-  B'-D"  =6, 

&c. 

Apply  these  several  ordinates  to  their  abscissas,  and  con- 
nect the  extremities  by  the  line  ADD'D",  &c.  which  will 
b,e  the  curve  required.    The  description  will  be  more  or  less 
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accurate,  according  to  the  number  of  points  for  which  ordi- 
iiates  are  found. 

540.  If  a  point  is  conceived  to  move  in  such  a  manner,  as 
to  pass  through  the  extremities  of  all  the  ordinates  assigned 
by  an  equation ;  the  hne  which  it  describes  is  called  the  locus 
of  the  point,  that  is,  the  path  in  which  it  moves,  and  in  which 
it  may  always  be  found.  The  line  is  also  called  the  locus  of 
the  equation  by  which  the  successive  positions  of  the  point 
are  determined.  Thus  the  common  parabola  (Fig.  19.)  is 
called  the  locus  of  the  points  D,  D',  D'\  &:c.  or  of  the  equa- 
tion ax=y^.  (x\rt,  530.)  The  arc  of  a  circle  is  the  locus 
of  the  equation  AT =±V'r-—.Y2.  (Art.  538.)  To  find  the. 
locus  of  an  equation,  therefore,  is  tbe  same  thing,  as  to  find 
the  straight  hne  or  curve  to  which  the  equation  belongs. 

Prob.  5.  To  find  the  locus  of  the  equation 

y 

^     .r= — ,  or     ax=y, 

in  which,  x  and  y  are  variable  co-ordinates,  while  aba.  de- 
terminate quantity. 

If  the  abscissa  x  he  taken  of  different  lengths,  the  ordi- 
nate y  must  vary  in  such  a  manner  as  to  preserve  ax=y  ;  or, 
converting  the  equation  into  a  proportion,  y  :x:'.a:l.  There- 
fore, as  a  is  a  determinate  quantity,  the  ratio  of  x  to  y  will 
be  invariable;  that  is,  any  one  abscissa  will  be  to  its  ordinate, 
as  any  other  abscissa  to  its  ordinate.  Let  two  of  the  absci^- 
sai8  be  AB  and  AB',  (Fig.  17.)  and  their  ordinates,  BD  and 
B  D' ;  then, 

AB:BD::AB':B'D'. 

The  line  ADD'  is,  therefore,  a  straight  line  :  (Euc.  32.6.) 
and  this  is  the  locus  of  the  equation. 

y 

If  the  proposed  equation  is  x=—-{-h,  the  additional  term 

h,  makes  no  difference  in  the  nature  of  the  locus.  For  ths 
only  effect  of  b,  is  to  lengthen  the  abscissas,  so  that  they 
must  not  be  measui'ed  from  A,  but  from  some  other  point,  as 
M,  (Fig.  21.j  The  ratio  of  AB,  AB',  Lc.  to  BD',  B'D',kc. 
still  remains  the  same.  See  art.  532.  The  locus  of  the 
equation  is,  therefore,  a  straight  line. 

541.  From  this  it  will  be  easy  to  prove,  that  the  lojcus  of 
ei'ery  equation  in  which  the  co-ordinates  x  and  y  are  in  sepa- 
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rate  terms,  and  do  not  rise  above  the  first  power  is  a  straight 
line.     For  every  such  equation  may  be  brought  to  the  form 

y 

^=  '^-^-  ^^^  the  terms  may  be  reduced  to  three,  one 
containing  x,  another  y,  and  a  third,  the  aggregate  of  the 
constant  quantities  which  are  not  co-efficients  of  a;  and  y :  as 
will  be  seen,  in  the  following  problem. 

Prob.  6.  To  find  the  locus  of  the  equatiom 

cx—d-\-hx—y-\-m=n. 
By  transposition,  cx+hx=y-\-n—m-{-d 

Here,  the  constant  quantities,  in  each  term,  may  be  repre- 
sented  by  a  single  letter.(Art.32l.)  If,  then,  we  make  c+h-a, 

n-m-\-d  y 

and  ——^=6;  the  equation  will  become  a;=— 4J,whose 

locus,  by  the  last  article,  is  a  straight  line. 

_  542.  But  if  the  ordinates  are  as  the  squares,  cubes,  or 
higher  powers  of  the  abscissas,  the  loom  of  the  equation  in- 
stead of  being  a  straight  line,  is  a  curve.  For  the  ordinates 
applied  to  a  straight  line,  have  the  same  ratio  to  each  other 
which  their  abscissas  have.  But  quantities  have  not  the 
same  ratio  to  each  other,  which  their  squares,  cubes,  or  high- 
er powers  have.  (Art.  354.)  Thus,  if  x^  =^y,  the  ordinates 
will  increase  more  rapidly  than  the  abscissas.  If  the  abscissas 
be  taken,  1,  2,  3,  4,  &c.  the  ordinates  will  be  equal  to  their 
squares,  1,4,  9,  16,  &c. 

543.  As  an  unlimited  variety  of  equations  may  be  produ- 
ced, by  different  combinations  and  powers  of  the  co-ordi- 
nates, and  as  each  of  these  has  its  appropriate  loais;  it  is  ev- 
ident that  the  forms  of  curves  must  be  innumerable.  They 
may,  however,  be  reduced  to  classes.  The  modern  mode  of 
classing  them,  is  from  the  degree  of  their  equations.  The 
different  orders  of  lines  are  distinguished,  by  the  greatest  index, 
or  sum  of  the  indices  of  the  co-ordinates,  in  any  term  of  the 
equation. 

Thus  the  equation  ax=y  belongs  to  a  line  of  the  first  or- 
der, because  the  index  of  each  of  the  co-ordinates  is  1.  But 
this  order  includes  no  curves.  For,  by  art.  541,  the  locus  of 
every  such  equation  is  a  straight  line. 
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The  equation  cx^  —axy=y^,  belongs  to  the  second  order' 
of  lines,  or  the  first  kind  of  curves,  because  the  greatest  in- 
dex is  2.  The  equation  ^y  +  x'y=bx  also  belongs  to  the  sec- 
ond order.  For,  although  there  is  here  no  index  greater 
than  1,  yet  the  sura  of  the  indices  of  x  and  y,  in  the  second 
term,  is  2. 

The  equation  y^  —3axy=lx^  belongs  to  the  third  order  of 
lines,  or  the  second  kind  of  curves,  because  the  greatest  in- 
dex of  y  is  3. 

544.  In  curves  of  the  higher  orders,  the  ordinate  belong- 
ing to  any  given  abscissa  may  have  different  values,  and  may 
therefore  meet  the  curve  in  several  points.  For  the  length 
of  the  ordinate  is  determined  by  the  equation  of  the  curve, 
and  if  the  equation  is  above  the  first  degree,  it  may  have 
two  or  more  roots,  (Art.  498.)  and  may,  therefore,  give  dif- 
ferent values  to  the  ordinate. 

An  equation  of  the  first  degree  has  but  one  root;  and  a 
line  of  the  first  order,  can  be  intersected  by  an  ordinate,  in 
one  point  only.  Thus  the  equation  of  the  line  AH  (Fig.  17.) 
is  ax=y,  in  which  it  is  evident  y  has  but  one  value,  while  x 
remains  the  same.  If  the  abscissa  x  be  taken  equal  to  ,>iB, 
the  ordinate  y  will  be  BD,  which  can  meet  the  hne  AH  in 
D  only. 

But  the  equation  of  the  parabola,  y^  =a.x,  (Art.  530.)  has 
two  roots.  For,  by  extracting  both  sides,  y=t.y/ax.  (Art. 
297.)  It  is  true  that,  in  this  case,  the  two  values  of  y  are 
equal.  But  one  is  positive,  and  the  other  negative.  This 
shows  that  the  ordinate  may  extend  both  ways  from  the  end 
of  the  abscissa,  and  may  meet  the  opposite  branches  of  the 
curve.  Thus  the  ordinate  of  the  abscissa  AB  (Fig.  19.) 
may  be  either  BD  above  the  abscissa,  or  Bd  below  it. 

A  cubic  equation  has  three  roots;  and  an  ordinate  of  the 
curve  belonging  to  this  equation,  may  have  three  difierent 
values,  and  m.ay  meet  the  curve  in  three  different  points. 
Thus  the  ordinate  of  the  abscissa  AS  (Fig,  26.)  may  be  BD, 
or  BD',  or  Bd. 

545,  When  the  curve  meets  the  axis  on  which  the  ab- 
scissas are  measured,  the  ordinate,  after  becoming  less  and 
less,  is  reduced  to  nothing,  (Art  533.)  But,  in  some  cases, 
a  curve  may  continually  approach  a  line,  without  ever  meet- 
iw^  it.  Let  the  distances  AB,  BB',  B'B',  kc.  on  the  line 
AF,  (Fig.  27.)  be  equal;  and  let  the  curve  DDD  ,  Sic.  be 
of  such  a  nature,  that,  of  the  several  crdin^tps  at  the  points 
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B,  B',  B",  &:c,  eacli  succeeding  one  shall  be  Jialf  the  prece* 
din.s;,  that  is,  B'D'  half  BD,  B"D''  half  BD,  k.c.  It  is  evi- 
dent, that,  however  far  the  straight  line  be  carried,  the  curve 
will  be  coaling  jiearer  and  nearer  to  it,  and  yet  will  never 
quite  I'cach  it.  A  line,  ivhicti  tims  continually  approaches  a 
curve,  zvithout  ever  meeting  it,  is  called  an  assymptote  of  the 
curve.  The  axis  J2.F  is  hers  the  assynriiptote  of  the  curve 
QD'D",  Sec.  As  the  abscissa  increases,  the  ordinate  dimin- 
ishes, so  that,  when  ihe  abscissa  is  mathematically  infinite. 
(Art.  447.)  the  ordinate  becomes  an  infiaitesimalj  and  may 
be  expressed  by  0.  (Art.  4,j;>,)'- 
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Note  A.    Page  40, 


TT  is  common  to  define  multiplication,  by  saying  that  'it  is 
-^  finding  a  product  which  has  the  same  ratio  to  the  multi- 
plicand, that  the  multiplier  has  to  a  unit.'  This  is  strictiy  and 
universally  true.  But  the  objection  to  it,  as  a  definition,  is, 
that  the  idea  of  I'atio,  as  the  term  is  understood  in  arithmetic 
and  algebra,  seems  to  imply  a  previous  Imowledge  of  multi- 
plication, as  well  as  of  division.  In  this  work,  at  least,  geo- 
metrical ratio  is  made  to  depend  on  division,  and  division,  on 
multiplication.  Ratio,  therefore,  could  not  be  properly  in- 
troduced into  the  definition  of  multiplication. 

It  is  thought,  by  some,  to  be  absurd  to  speak  of  a  unit  as 
consisting  of  parts.  But,  whatever  may  be  tru6  with  respect 
to  number  in  the  abstract,  there  is  certainly  no  absurdity  in 
considering  an  integer,  of  one  denomination,  as  made  up  of 
parts  of  a  different  denomination.  One  rod  may  contain 
several  lect)  one  foot,  several  inches,  &c.  And  in  multipli- 
cation, we  may  be  required  to  repeat  the  whole,  or  a  part 
of  the  multiplicand,  as  many  times,  as  there  are  inches  in 
a  foot,  or  part  of  a  foot. 


Note  B.     p.  97. 

As  the  direct  powers  of  an  integral  quantity  have  positive 
indices,  while  the  reciprocal  powers  have  negative  indices; 
it  is  common  to  call  the  former  positive  poivers,  and  the  lat- 
ter negative  poiccrs.  But  this  language  is  ambiguous,  and 
may  lead*  to  mistake.  For  the  same  terms  are  applied  to 
powers  with  positive  and  negative  signs  prefixed.  Thus 
-}-8a*  is  called  a  positive  pov.er;  while  — Sa'*  is  called  a 
negative  one.  It  may  occasion  perplexity,  to  speak  of  the 
latter  as  being  both  positive  and  negative  at  the  same  time ; 
positive,  because  it  has  a  positive  index,  and  negative^  because 
M  m 
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it  has  a  negative  co-efficient.  This  ambiguity  may  be  avoid- 
ed, by  using  the  terms  direct  and  reciprocal ;  meaning,  by 
the  former,  powers  with  positive  exponents,  and,  by  th  v.  lat- 
ter, powers  with  negative  exponents. 


1\0TE   C.      p,    15L 

Every  affected  quadratic  equation  may  be  rediicsd'to  one 
of  the  three  following  forms. 

1 .  x'^  -\~ux=  h\ 
^.  x'^  —ax—h> 
3.  x^-ao;— -6) 

These,  when  they  are  resolved  becom.e 

1.  x=- ^at  V^ M^ ^ ■ 

In  the  two  first  of  these  forms,  the  roots  are  never  ima- 
ginary. For  the  terms  under  the  radical  sign  are  both  posi- 
tive. But,  in  the  third  form,  whenever  b  is  greater  than- 
ia^,  the  expression  ^a^-J  is  negative,  and  therefore  its 
root  is  impossible. 


Note  D.     p.  17S. 

This  definition  of  compound  ratio  is  more  comprehen- 
sive than  the  one  which  is  given  in  Euclid.  That  is  included 
in  this,  but  is  limited  to  a  particular  case,  which  is  stated  in 
art.  353.  It  may  answer  the  purposes  of  geometry,  but  is 
not  sufficiently  general  for  algebra. 

Note  E.     p.  isa.  '. 

It  IS  not  denied,  that  very  respectable  writers  use  these 
terms  indiscriminately.  But  it  appears  to  be  without  any 
necessity.  The  ratio  of  6  to  2  is  3.  There  is  certainly  a 
difference  between  twice  this  ratio,  and  the  square  of  it,  that 
IS,  between  twice  three,  and  the  square  of  three.  All  arc 
agreed  to  call  the  latter  a  duplicate  ratio.      What  occasion  h 
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ffhere,  then,  to  apply  to  it  the  term  double  also?  This  is 
wanted,  to  distinguish  the  other'ratio.  And  if  it  is  confined 
to  that,  it  is  used  according  to  the  common  acceptation  of 
the  wox'd,  in  familiar  language. 


Note  F.     p.  1S5. 

"The  definition  here  given  is  meant  to  be  applicable  to 
quantities  of  every  description.  The  subject  of  proportion, 
y.s  it  is  treated  of  in  Euclid,  is  embarrassed  by  the  means 
which  are  taken  to  provide  for  the  case  of  iiiconwienstirablc 
quantities.  Rut  this  difficulty  is  avoided  by  the  algebraic  no- 
tation, which  may  represent  the  r9.tio  even  of  incommensu- 
rables. 

Thus  the  ratio  of  1  to  •^2  is  ~,-^' 

It  is  impossible  indeed,  to  express,  in  rational  numbers, 
jhe  square  root  of  2,  or  the  ratio  which  it  bears  to  1 .  But 
this  is  not  necessary,  for  the  purpose  of  showing  its  equality 
with  another  ratio. 

The  product  4x2=8.] 
And,  as  cqu&l  quantities  have  equal  roots, 

2x  v'2=v/8,  therefore,  2:^/8  ::  1 :  /2. 

Here  the  ratio  of  2  to  ^8,  is  proved  to  be  the  same,  as 
diat  of  1  to  •/2;  although  .we  arc  unable  to  find  the  exact 
^value  either  of  ys  or  -v/2. 

It  is  impossible  to  determine,  Avith  perfect  accuracy,  the 
ratio  which  the  side  of  a  square  has  to  its  diagonal.  Yet  it 
vis  easy  to  prove,  that  the  side  of  one  square  has  the  same  ra- 
tio to  its  diagonal,  which  the  side  of  any  other  square  has  to 
4ts  diagonal.  When  incommensurable  quantities  are  ©nee 
reduced  to  a  proportion,  they  are  subject  to  the  same  laws  as 
other  proportionals.  Throughout  the  section  on  pro- 
portion, the  demonstrations  do  not  imply  that  we  know  the 
value  of  the  terms,  or  their  ratio=;;  but  only  that  one  of  the 
t.jatios  is  equal  to  the  other. 


pc     ^.     '2*    —  (^  X'- 
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Note  G.     p.  190. 

The  hiversion  of  the  means  can  be  made,  with  strict  pro^ 
pnety,  in  those  cases  only  in  which  all  the  terms  are  quanti- 
ties of  the  same  kind.  For,  if  the  two  last  be  ditTerent 
from  the  two  first,  the  antecedent  of  each  couplet,  after  the 
inversion,  will  be  different  from  the  consequent,  and  there- 
fore, there  can  be  no  ratio  between  them.  (Art.  355.) 

This  distinction,  howe\^er,  is  of  little  importance  in  prac- 
tice. For,  when  the  several  quantities  are  expressed  in 
numbers,  there  will  always  be  a  ratio  between  the  numbers. 
And  when  two  of  them  are  to  be  multiplied  together,  it  ig 
imm.aterial  which  is  the  multiplier,  and  which  the  multiplit 
cand.  Thus,  in  the  Rule  of  Three  in  arithmetic,  a  change 
m  the  order  of  the  two  middle  terms  will  make  no  difference 
in  the  results 


Note  H.     p.  187. 

The  terms  ccmposition  and  division  are  derived  from  "-e- 
ometry,  and  are  introduced  here,  because  they  are  generally 
used  by  writers  on  proportion.  But  they  are  calculated  rath- 
er to  perplex,  than  to  assist,  the  learner.  The  objection  to 
the  word  composition  is,  that  its  meaning  is  liable  to  be  mis- 
taken for  the  composition  or  compounding  of  ratios.  (Art. 
390.)  The  two  cases  are  entirely  diiferent,  and  ought  to  be 
carefully  distinguished.  In  one,  tlie  terras  are  added,  in  the 
other,  they  are  multiplied  together.  The  word  compound 
has  a  similar  ambiguity  in  other  parts  of  the  mathematics. 
The  expression  o  +  b,  in  which  a  is  added  to  h,  is  called  a 
compound  quantity.  The  fraction  i  of  |,  or  |  x  |,  in  which 
J  is^mmtiplied  into  |,  is  called  a  cornpound. fraction. 
^  The  term  division,  as  it  is  used  here,  is  also  exceptionable. 
The  alteration  to  which  it  is  applied,  is  effected  by  subtrac- 
tion, and  has  nothing  of  the  nature  of  what  is  called  division 
m  arithmetic  and  algebra.  Bat  there  is  another  case,  (Art. 
392.)  totally  distinct  from  this,  in  which  the  change  in  the 
terms  of  the  proportion  is  actually  produced  by  division. 


Note  I.     p.  203. 
The  principles  stated  in  ihi';  section,  are  not  cnlv  cxnres- 
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sed  in  diiferent  language,  fvorn  the  corresponding  proposiiions 
in  Euclid,  but  are,  in  several  instances,  more  general.  Thus 
the  first  proposition  in  the  fifth  book  of  the  Elements,  is  con- 
fined to  equimultiples.  But  the  article  referred  to,  as  con- 
taining this  proposition,  is  applicable  to  all  cases  of  equal 
ratios,  whether  tlie  antecedents  are  multiples  of  the  consc- 
q.uents  or  not. 

Note  K.     p.  217. 

The  solution  of  one  of  tlie  cases  is  omitted  in  the  text, 
because  it  is  performed  by  logarithms,  ^vith  which  the  learn- 
er is  supposed  not  to  be  acquainted,  in  tliis  part  of  the  course. 
When  the  first  term,  the  last  term,  and  the  ratio,  are  gircn. 
?.hc  nvmbcr  of  terms  may  be  found  by  the  formula 


lo 


rz 

rr    — ■ 

^'  a 
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Note  L.     p.  221. 

When  it  is  said  that  a  mathem.atical  quantity  may  be  r-up  ■ 
posed  to  be  increased  beyond  any  determinate  limits,  it  is 
not  intended  that  a  quantity  can  be  specified  so  great,  that 
no  limits  greater  than  this  can  be  assigned.  The  quantity 
and  the  limits  may  be  alternateJij  extended  one  beyond  the 
other.  If  a  line  be  conceived  to  reach  to  the  most  distant 
point  in  the  visible  heavens,  a  limit  may  be  mentioned  be- 
yond this.  The  line  may  then  be  supposed  to  be  extended 
farther  than  this  limit.  Another  point  may  be  specified  stiil 
farther  on,  and  yet  the  line  may  be  conceived  to  be  carried 
beyond  it. 


Note  M.     p.  223. 

.  The  apparent  contradictions  respecting  infinity,  are  owinq 
10  the  ambiguity  of  the  term.  It  is  often  thought  that  the 
proposition,  that  quantity  is  infinitely  divisible,  involves  an 
absurdity.  If  it  can  be  proved  that  a  line  an  inch  long  can 
be  divided  into  an  infinite  num.ber  of  parts,  it  can,  by  tl^o 
same  mode  of  reasoning,  be  proved,  that  a  line  tivo   inchf.'< 
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long  may  be  lirst  divided  in  the  middle,  and  \]\vneacho{  tli€ 
factions  be  divided  into  an  infinite  number  of  parts.  In  this 
ivay,  we  shall  obtain  one  infinite  (ake  as  great  as  another. 

If  by  infinity,  here,  is  meant  that  which  is  beyond  any  as- 
signable limits,  one  of  these  infinites  may  be  supposed  great- 
er than  the  other,  without  .any  absurdity.  But  if  it  be  meant 
that  the  number  of  divisions  is  so  great  that.it  can  not  be 
increased,  we  do  not  prove  this,  concerning  either  of  the 
Imes.  We  make  out,  therefore,. no  contradiction.  The  ap- 
parent absurdity  arises  from  shifting  the  meaning  of  the 
terms.  We  demonstrate  that  a  quantity  is,  in  one  sense,  infi- 
nite ;  and  then  infer  thatjt  is  infinite,  in  a  sense  widely  dif- 
ferent. 

iVoTE  N.     p.  227. 

Strictly  speaking,  the  inquiry  to  be  made  is,  how  often  the 
whole  divisor  is  contained  in  as  many  terms  of  the  dividend. 
But  it  is  easier  to  divide  by  a  part  only  of  the  divisor;  and 
this  will  lead  to  no  eirour  in  tlie  result,  as  the  whole  divisor- 
is  multiplied,  in  obtaining  the  several  subtrahends. 

Note  0.     p.  235. 

The  demonstration  of  this  proposition,  particularly  in  its 
application  to  fractional  indices,  could  not  be  introduced, 
with  advantage,  in  thii  part  of  the  course.  It  does  not  ap- 
pear that  Newton  himself  demonstrated  his  theorem,  exf?ept 
by  induction.  And  though  various  demonstrations  have  since 
^jeen  given;  yet  they  are  generally -founded  upon  principles 
tind  methods  of  investigation  not  contained  in  this  introduc- 
tion, such  as  the  laws  of  ..combiiiations,  fluxions,  and  figu- 
rate  numbers. 

Those  who  wdsh  to  examine  the  inquiries  on  this  subject, 
may  consult  Simpson's  Algebra,  Section  15,  Eulers  Algebra^ 
.2?ection  II.  Chap.  11,  Fince's  Fluxion?..  Art.  99,  Lacroix's 
Algebra,  Art.  13S,  he.  Do.  Comp.  Art.  71,  Rees'  Cyclope- 
*lia,  31a.nning's  Algebra,  and  the  London  Phil.  Trans,  f  oL 
Kxxr.  p.  298. 

Note  P.     p.  253, 

The  very  limited  extent  of  this  work  would  admit  of  no- 
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Tiling  more,  than  a  hare  specimen  of  the  Summation  of  Series- 
For  information  on  this  subject,  the  learner  is  referred  to 
Emerson's  Method  of  Increments,  Sterling's  Summation  of 
Series,  Waring';;  [''luxions,  Maclaurin's  Fluxions,  Art.  B28, 
&c.  Wood's  Algebra,  Art.  41 0,  Lacroix's  Comp.  Alg.  Art! 
81,  Sic.  Euler's  Anal.  Inlm.  C.  xiii.  Simpson's  Essays  and' 
Dissertations,  DeMoivre's  Miss.  Analyt.  p.  "i^,  and  the  Lou- 
ijJon  Philosophical  Transactions. 

Note  Q,.     p.  26  L 

To  those  who  have  made  any  considerable  progress  in  the 
mathematics,  this  section  will  doubtless  appear  very  defec- 
tive. But  it  was  impossible  to  do  juctice  to  the  subject, 
without  occupying  more  room,  than  could  be  allotted  to  it 
here.  In  going  through  an  elementary  course  of  mathemat- 
ics and  natural  philosophy,  the  student  will  rarely  have  occa- 
sion to  solve  an  equation  above  the  second  degree. 

Those  who  wish  to  examine  particularly  the  dilferent  meth- 
ods of  solution,  will  find  them,  in  Newton's  Universal  Arith- 
metic, Maclaurin's  Alg.  Part  ix,  Enler's  Alg.  Part  1.  Sec.  4, 
Waring's  Algebra,  Do.  Medit.  Algeb.  Wallis' Algebra,  Simp- 
son's Alg.  Sec.  12,  Fenn's  Alg.  Ch.  3  and  4.  Saunderson's 
Alg.  Book  X,  Simpson's  Essays  and  Dissertations,  Journal  De 
Piijslque,  Mar.  1807,  and  Phik.»sophical  Transactions. 

A^'OTE   R,      D.   26t. 

i. 

It  will  be  thought,  perhaps,  that  it  was  unnecessary  to  be 
30  particular,  in  obtaining  the  expression  for  the  area  of  a 
parallelogram,  for  the  use  of  those  who  read  Playfair's  edi- 
tion of  Euclid,  in  which  ''AD. DC  is  put  for  the  rectangle 
contained  by  yiliand  DC:'  It  is  to  be  observed,  however, 
that  he  inuoduces  this,  merely  as  an  article  of  notatlovL 
(Book  31.  DeL  I.)  And  thoui^^h  a  point  interposed  between 
the  letter;^,  is,  in  algebra,  a  sign  of  multiplication;  yet  he 
does  not  here  undertake  to  show  liov/  the  sides  of  a  parallel- 
ogram may  be  multiplied  together.  In  the  fust  book  of  the 
Supplement,  he  has  indeed  den)onstrated,  that  "equiangukr 
parallelograms  are  to  one  another,  as  the  products  of  the 
numbers  proportioiial  to  their  sides.  '  But  he  has  not  giv- 
^n  to  the  e\prescion?,  the   forms  most  coDvenieRt  for  tiie 
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succeediiK'  parts  of  this  work.  In  making  the  transltioi-? 
from  pure  o^ometry  to  algebraic  solutions  and  demonstra- 
tions, it  is  imoortant  to  have  it  clearly  seen,  that  the  geomet- 
rical principles  are  not  altered;  but  are  only  expressed  m  p 
different  language.- 


Note  S.     p.  275. 

This  section  comprises  very  little  of  what  is  commonly  un- 
derstood by  the  application  of  algebra  to  geometry.  Ihe 
principal  object  has  been,  to  prepare  the  way  for  the  other 
parts  of  the  course,  by  stating  the  grounds  of  the  ^algebraic 
notation  of  geometrical  quantities,  and  rendenng  it  familiar 
by  a  few  examples.  „        , ,  at 

On  the  construction  and  solution  of  problems,  see  Aew-' 
ton's  Arithmetic,  Simpson's  Alg.  Sec.  IS  and  appendix,  ^J^a- 
croi-v's  4r>n  4k.  Geom.  Saunderson's  Alg.  Book  xiii,  .-ma- 
}jU  Instk!  of  Maria  Agnesi,  Book  1,  Sec.  2,  and  Emerson's 
Ma-.  Bock  II.  Sec.  6. 

Note  T.     p.  288. 

On  the  equations  of  curves,  the  geometrical  constractioK 
of  equations,^  the  finding  of  Zoci,  &c.  see  Maclaurin's  A1-. 
Part  III,  and  appendix,  Newton's  Arith.  Emerson's  Alg.  booii 
ii.  Sec.  9,  Do.  Prop,  of  Curves,  Euler  s  Anal.  Infm.  War-' 
ino-'s  Prop.  Alg.  and  Mansfield's  Essays. 

Among  the  subjects  which,  for  want  of  room,  are  entirely 
omitted  In  this  introduction,  one  of  the  most  interesting  is 
the  indetcminate  analysis.  No  part  of  algebra,  perhaps,  is 
better  calculated  to  exercise  the  powers  of  invcniion.  But 
other  branches  of  the  mathematics  are  so  little  dependent  on 
this,  that  it  is  not  absolutely  necessary  to  give  it  a  place  in 
an  elementary  course. 

See,  oil  this  subicct,  Euler's  Algebra,  V  ol.  ii,  with  La- 
grange's addition?,"'  Saunderson's  Alg.  Book  vi,  and  the  Ed- 
inburirb  Phil.  Trans?.ction?,  Vol.  n- 
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succeeding  parts  of  this  Avork.  In  making  the  transltioi'? 
from  pure  o^omelry  to  algebraic  solutions  and  demonstra- 
tions it  is  important"  to  have  it  clearly  seen,  that  the  geomet- 
rical principles  are  not  altered;  but  are  only  expressed  m  v 
different  language  =• 

Note  S.     p.  275. 

Tills  section  comprises  rery  little  of  what  is  commonly  im- 
derstood  by  the  application  of  algebra  to  geometry.  The 
principal  object  has  been,  to  prepare  the  way  for  tiie  other 
parts  of  the  course,  by  stating  the  grounds  of  the  algebraic 
notation   of  geometrical  quantities,  and  rendenng  it  iamiliar 

by  a  few  examples.  „        , ,  at 

'  On  the  construction  and  solution  of  problems,  see  iNew- 
ton's  Arithmetic,  Simpson^s  Alg.  Sec.  IS  and  appenaix,  J.a- 
croi-v's  4r,n.  Alg.  Geom.  Saunderson's  Alg.  Book  xiii,  .-ina- 
\yt.  Instit!  of  Maria  Agnesi,  Book  1,  Sec.  2,  and  Emerson's 
Alg.  Bock  II.  Sec.  6. 

Note  T.     p.  288. 

On  the  equations  of  curyes,  the  geometrical  construction 
of  equations,^  the  finding  of  Zocv  &c.  see  Maclaurin's  A1-. 
Part  ill,  and  appendix,  Newton's  Arith.  Emerson's  Alg.  book 
ii.  Sec.  9,  Do.  Prop,  of  Curves,  Euler's  Anal.  Infin.  War- 
ino-'s  Prop.  Alg.  and  Mansfield's  Essays. 

%non<5^  the  subjects  which,  for  want  of  room,  are  entirely 
omitted  In  this  introduction,  one  of  the  most  interesting  is 
the  indetcminaie  analysis.  No  part  of  algebra,  perhaps,  is 
better  calculated  to  exercise  the  powers  of  invejihoji.  But 
other  branches  of  the  matheiBatics  are  so  little  dependent  on 
this,  that  it  is  not  absolutely  necessary  to  give  it  a  place  in 
an  elementary  course. 

See,  on  this  subicct,  Euiers  Algebra,  V  ol.  ii,  with  l^a- 
grange's  addition?,'  Saunderson's  Alg,  Book  vi,  and  the  Ed- 
inbursb  Pink  Transaction",  Vol.  ii. 


1 


ALGEBRA. 


PI.  I. 


C  EG 


Ftg.2. 
D 


D  ^'^' 


C  ^^ 


A^       B       D    H  I 


_B         E 


E 


O 


Fiff.4. 


JL  B 


Q  R 

^e^i.  6. 
Fio.  J.  D        "^  (-, 

M       D ^         C 


Fy.lO. 


D C 


Fy.lX 


D^:'- 


-^     A. 


B     A/1. 


C      i^.iA 


Fiq.16. 


A  E         I     F      JB 


N.J^.-,t,n   s^.X/l. 


PLU. 


J^.  JTocc  lirt.^Se._:^.M. 


ALGEBRA. 


FIJI. 


1^.26 


X 

D 

-H 

X 

r> 

.^ 

y 

X 

D/-^ 

^ 

V 

\y 

-P 

My.18,     H 


^      B      B"      B"      B" 


Ji'.Jbcetin    Sc.J^JI. 


g> 


1 


